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Abstract

Of interest here is the stability of a rectangular block subjected to a uniform magnetic field perpendicular to its
longitudinal axis. The two ends of the block are frictionless and kept parallel to each other. This boundary value problem is
motivated by the classical problem of magnetoelastic buckling in which a cantilever beam subjected to a transverse
magnetic field buckles when the applied field reaches a critical value.

This work presents a finite strain continuum mechanics formulation of the stability problem of a homogeneous,
compressible, magnetoelastic rectangular block in plane strain subjected to a uniform transverse magnetic field. The
applied variational approach employs an unconstrained energy minimization recently proposed by the authors.

The analytical solution for the critical buckling fields for both the antisymmetric and symmetric modes are obtained for
three different constitutive laws. The corresponding result for thin beams is extracted asymptotically for a special material
and the solution is compared to previously published results. The critical magnetic field is shown to increase monotonically
with the block’s aspect ratio for each material and mode type. Antisymmetric modes are always the critical buckling modes
for stress saturated and neo-Hookean materials, except for a narrow range of moderate aspect ratios (about 0.25) where
symmetric modes become critical. For strain-saturated solids no buckling is possible above a maximum aspect ratio.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction and motivation

Magnetoelastic solids exhibit coupling between their mechanical and magnetic responses. Their study in the
context of continuum mechanics goes back a few decades to Truesdell and Toupin (1960), Tiersten (1964),
Brown (1966), and Maugin and Eringen (1972). Due to novel technological applications, such as
magnetoelastic elastomers, there has been a renewed interest in these materials (e.g. DeSimone and James,
2002; Dorfmann and Ogden, 2003; Kankanala and Triantafyllidis, 2004; and Ericksen, 2006).

The solution of basic nontrivial boundary value problems is the obvious next step in further examining the
nature of the underlying coupling between magnetic and elastic effects. As such, attention is here focused on
the classical magnetoelastic buckling problem in which a bar in a transverse magnetic field buckles when the
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magnitude of the field reaches a critical value. The first authors to systematically address this problem are
Moon and Pao (1968) who present a mathematical model and experimental observations for the
magnetoelastic buckling of an elastic beam—plate. Above the critical field the bar rotates from its straight
equilibrium position while below the critical field, the bar is stable in the straight configuration.

These authors employ the classical thin-plate theory, assume a linear ferromagnetic material and neglect
magnetostrictive effects to find the critical field at which bifurcation in the equilibrium configuration of the
beam-plate exists. Their experimental observations indicate a critical value that is about a half of the
theoretical value. Pao and Yeh (1973) revisit this problem using a general theory of magnetoelasticity which
upon linearization yields the buckling equations for the structural beam problem. The antisymmetric buckling
result of Pao and Yeh (1973) is identical to the one obtained earlier by Moon and Pao (1968) and so we will
henceforth mainly reference Pao and Yeh (1973).

Subsequent articles (e.g. Wallerstein and Peach, 1972; Popelar, 1972; Dalrymple et al., 1974; Miya et al.,
1978) were published in the 1970s to investigate the source of the discrepancy between observed and
theoretical results. In all such published works, it seems only structural models were used to describe the
magnetoelastic phenomenon. The present work is a continuum mechanics based approach to the equivalent
problem of the buckling of a magnetoelastic block subjected to a transverse magnetic field. In contrast to
previous works, a continuum formulation is valid for arbitrary block geometries and constitutive laws and is
analogous to the hyperelastic problem (e.g. Hill and Hutchinson, 1975; Rivlin and Sawyers, 1974; Ogden,
1984).

The outline of the present work is as follows: in Section 2 we formulate the stability problem of a
homogeneous, compressible, hyper-elastic, magnetic rectangular block in plane strain subjected to a uniform
transverse magnetic field. More specifically, we start with an overview of a variational method in
magnetoelasticity proposed by Kankanala and Triantafyllids (2004), and based on an unconstrained energy
minimization, that yields the governing equations and boundary conditions. A description of the principal
solution is given next followed by the bifurcation analysis of the block for arbitrary constitutive laws and
aspect ratios. For efficiency in presentation, the lengthy intermediate steps in the bifurcation analysis are given
in Appendix A.

In Section 3 are given the applications of the general theory for three different constitutive laws: a Gent type
solid that exhibits strain saturation in a simple shear test, a neo-Hookean material and finally a solid that
saturates in stress under simple shear. The principal solution for the different materials is then discussed,
followed by the presentation of the block’s critical magnetic field and eigenmode, as a function of the block’s
aspect ratio. The critical magnetic field is found to increase monotonically with the block’s aspect ratio for
each material and mode type. For stress saturated and neo-Hookean materials antisymmetric modes are
always the critical buckling modes, except for a narrow range of moderate aspect ratios (about 0.25) where
symmetric modes become critical. In the case of strain-saturated solids no buckling is possible above a
maximum aspect ratio. The section concludes with an asymptotic analysis in the slender limit using, without
loss of generality, a special material and the solution is compared with the well-known result from structural
approximations (e.g. Pao and Yeh, 1973). Concluding remarks and suggestions for future work are provided
in Section 4.

2. Mathematical model

This section presents the formulation for the plane strain stability problem of a magnetoelastic rectangular
block. The first subsection outlines the general 3D energy formulation for a magnetoelastic material. The next
subsection presents the principal solution for the plane strain problem of the rectangular magnetoelastic block
subjected to a transverse magnetic field. The bifurcation analysis for the block is presented subsequently and
the section is concluded with an asymptotic analysis for the small aspect ratio rectangular block.

2.1. Variational formulation

A brief outline of the energy formulation of the isothermal, reversible finite strain magnetoelasticity is given
here for completeness. Readers interested in a more detailed exposition of the energy method are referred to
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Kankanala and Triantafyllidis (2004). Unless otherwise indicated, the usual continuum mechanics
convention is employed henceforth, according to which all field quantities in capital letters are associated
with the reference configuration while their counterparts in small letters are associated with the current
configuration.

In contrast to finite elasticity, a magnetoelastic solid not only stores energy inside the volume V it occupies
but its presence changes the magnetic field of the free space around it. The total energy, &, neglecting kinetic
and thermal effects, is the sum of the solid’s free energy plus the magnetic energy of the entire space

_ Ho
asa_/Vpnde/R} 5 (h-h) do, 2.1)

where p is the current mass density of the solid, ¥(F, M) is the Helmholtz free energy taken to be a function of
the deformation gradient F = xV (where V = 0()/0X is the gradient operator in the reference configuration)
and the specific magnetization M(x). In addition h(x) is the magnetic field and g is the magnetic permeability
of vacuum (g, = 411077 N A72). The existence of the free energy is based on the assumption there are no
hysteretic or rate effects in the magnetoelastic solid and that there is no energy dissipation in a closed loading
loop in strain and magnetization space (under fixed temperature).

__Itis important to separate the magnetic field h into the externally applied field hy plus the perturbation field
h due to the presence of the magnetoelastic solid, namely

h=h+h (2.2)

To find the potential energy 2 of the magnetoelastic solid, one has to add the potential #~ of the applied
loads to the total energy &

W =— /V[,uo(ho-m) + p(f-w)]dv — /aV t-uda, (2.3)

where the hy-m term is the contribution of the applied external magnetic field hy, p(f-u) is the contribution due
to the body force f (u = x — X denotes the displacement field) and the t-u term is the contribution of the
mechanical surface traction t.' In view of Ampére’s law, the magnetic energy of the entire space can be
rewritten as (see Kankanala and Triantafyllidis, 2004)

/ Ko (henydo = / Ho hahydo + / o (hy-ho) dv. (2.4)
R 2 R 2 R 2

Hence the potential energy # of the system (solid plus surrounding free space) is found to be from Egs.
(2.1), (2.3), (2.4)

P=6+W = / (pY — poho-m — pf-u)dv + / Mo by do — / tuda + / 0 (ho+ho) do. (2.5)
14 R 2 v R 2

The last term in the potential energy expression (2.5) is fixed (it depends on the applied external magnetic field
hy which exists in the absence of the magnetoelastic solid) and as a constant can be omitted from the potential
energy.

Using the b versus h relation, (b = y(h + m)), where b is the magnetic flux, and noting that by = pyho, one
has the following relationship for the perturbation fields b and h:

b = po(h + m). (2.6)

Since in addition the perturbation flux b has to satisfy the divergence free (or nonmonopole) condition and the
corresponding boundary condition:

vb=0, n[b]=0, 2.7)

"By specifying the body force and surface traction to be mechanical in nature, no @ priori assumptions for the magnetic terms of the
body force and surface tractions are made—especially since these terms are dependent on the choice of the arguments of the free energy.
The approach employed here directly yields the magnetic parts of the body force and surface traction from the divergence of the general
stress measure and from Cauchy’s tetrahedron relation, respectively.
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one can express b in terms of a vector potential a:

b=vxa. (2.8)
By using (2.6) and (2.8), one can rewrite the potential energy (2.5), without the constant term representing the
magnetic energy of the imposed external field hy, as

P = /(pl/j — oho-m — pf-u)do + /
14

1 N ~
. ﬂ(v x a— uom)-(v x a — yom)do — / t-uda. (2.9)
3 240

ov

For addressing the stability problem of interest here, the potential energy (2.9) will be rewritten with respect
to the reference configuration where all field variables are functions of X (the reference configuration
coordinate of a material point). Thus, the potential energy which is expressed in the current configuration in
Eq. (2.9), takes the following form in the reference configuration:

ﬂzﬁﬁﬁwﬂM%—@ﬂm—thjde jMEWxKﬂM’
1
+/ —/1mm. (2.10)
R 210 ov

In the above expression for the potential energy of the reference configuration 2(u(X), M(X), K(X)), the
following quantities have been used: p, the mass density of the reference configuration and M the specific
magnetization (i.e. magnetization per unit mass) are given by

po=pJ, J=detF, m=pM, F=I+uV. (2.11)

Moreover, T is the reference mechanical traction on the boundary (force per unit reference area) and C is the
right Cauchy—Green deformation tensor related to the deformation gradient, F by

C=F'"F. (2.12)

The current magnetic flux perturbation b in Eq. (2.8) has been replaced in Eq. (2.10) by its reference
configuration counterpart B, where

B=JF'b, B=VxA. (2.13)

The first variation of £ with respect to the independent variables u(X), M(X), and K(X) gives as its
Euler—Lagrange equations the equilibrium and mechanical constitutive equations, the magnetization
constitutive relation and Ampere’s equations, plus the corresponding boundary conditions. It should also
be noted here that the field of admissible flux perturbation potentials A(X) is any continuous vector field
defined over R® while M(X) is defined only on ¥ and M = 0 for X ¢ V. The situation of the displacement field
u(X) requires clarification: Although only the values of u(X) for points X € ¥ make physical sense, one can
without loss of generality continuously extend the admissible displacement fields over R*.

The variation of the potential energy 2 with respect to M is considered first. By taking the extremum of £ in
Eq. (2.10) with respect to the specific magnetization M>

2,mOM = / po{g\'b/l-SM — Uoho-M + 1iopM-0M — BF(V X X)] -5M} dV =0. (2.14)

In view of the arbitrariness of M and by considering the relations between M and m in Eq. (2.11); and the
perturbed current and reference magnetic fluxes b and B in Eq. (2.13), one obtains from Eq. (2.14) the
following Euler-Lagrange equation:

o |- ~

“Henceforth, P 408, (2 g4 Ag)dg denote, respectively, the first and second Frechet derivatives of the potential, energy 2 with respect to
the independent variables g = (u, M, A).
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The extremum of the potential energy 2 with respect to the potential A of the perturbed magnetic flux
113
yields®

~ 1/1 " R
#-5h = /R { [v y [7 (M_O(v < A)C — pOM-F>” -6A} dv
1/1 ~ R
+ /GV{ {N x [L <ﬂ0(v x A)-C — pOM.F)M -SA} d4 = 0. (2.16)

Recalling relation (2.13) between the reference and current magnetic flux perturbations B and b, definition
(2.12) of the right Cauchy—Green tensor C and definitions (2.11), of the reference density p, and (2.11); of the

specific magnetization M, the vector field appearing in the volume and surface integrals in Eq. (2.16) is in view
of Eq. (2.6)
1

— (1 (V x K)-C) — pM.F = (15 - m> F=hF=H. (2.17)
o \J Ho

Consequently, and in view of the arbitrariness of the vector field K, one can restate (2.16) in view of Eq. (2.17)
as the Euler—Lagrange differential equation

VxH=0 inR? (2.18)
and the accompanying boundary condition
Nx[H]=0 ondV, (2.19)

where H is the perturbed magnetic field in the reference configuration which is related to its current
configuration counterpart h by the last expression of Eq. (2.17). It can easily be shown that (2.18) and (2.19)
are the reference configuration counterparts of Ampere’ s law (v x h = 0) and (n x [h] = 0), respectively.
The final step in the variational approach is the derivation of the equilibrium equations and traction
boundary conditions for the magnetoelastic solid by extremizing the potential energy with respect to u(X).
From Eq. (2.10), one obtains the following expression for the first variation of the potential energy with

respect to the displacement:
o\ ot (1
) -2 (_—_F.B-pM
po(aF) 2\t P

-(LF-E - pM) F'+B (iF-ﬁ - pM)] --(SuV)} dv
toJ toJ

—BF-B)——— | —FB|:| —FB|F ' |..(6uV) ; dV
+/113\V{ L‘of ) 2 \ud toJ (6u¥)

+ / [T-5u]dA = 0. (2.20)

P,udu = /V {po[—qu-mOV)-Fl — f]-5u +

It has been shown in Eq. (2.15) that the vector appearmg repeatedly in Eq. (2. 20) namely (uoJ)~ 'F.B — oM =
b/,u0 m =h for points X € V. Similarly (yyJ)™ 'F.B=h for points X € R*\ V' (since M = 0 outside the
magnetoelastic solid). Integration of Eq. (2.20) by parts for the terms involving duV and subsequent
application of Gauss’ divergence theorem (assuming adequate continuity of the field quantities involved and
recalling that b — 0 as ||X]|| — o0) yields, in view of the arbitrariness of du, the following Euler—Lagrange
differential equations:

XeV: {J( % — —(h h)F~T + hb- F‘Tﬂ .V + J[pf + pem-(hyV)-F~1] = 0,
X € R\V : [/ (hh — {(h-)D-FT}-V = 0, 2.21)

*Here and subsequently [ f] denotes jump of f across a surface of discontinuity.
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plus the boundary condition on 0V
Xe@V:H < v 'uo(hh)F Ty 4 hb-F~ >H-N:T. (2.22)

Given the following identity from continuum mechanics (e.g. see Chadwick, 1976, p. 59, Eq. (19)) valid for
any arbitrary rank two tensor Il

1
J
one can identify IT with the perturbation first Piola—Kirchhoff stress I, ie. the additional (reference
configuration) stress due to the presence of the magnetoelastic solid

o
oF

V. = J(v6), o=-FII, (2.23)

n' = J[ FT — py(h-h)I + hb} FT, (2.24)

From Eq. (2.23), the corresponding ¢ is identified with the Cauchy stress perturbation @, namely

B I
6= |ppF = () +hb| . (2.25)

When the total h and b fields are substituted for their perturbed counterparts hand b, Eq. (2.25) yields the total
Cauchy stress expression

oy 1
T T 0
=p—-F +hb—=—"(h-h)L 2.26
o' = poFT +hb— 2 (heh) (2.26)

Converting the interface condition from the reference to the current configuration requires again the
definitions in Egs. (2.24) and (2.25) plus Nanson’s relation (nda = JF~T.NdA) to give

nfo] =t (2.27)

The assertion that for stable equilibrium solutions, the extremization of the potential energy corresponds to
a local minimum is better seen from the first of the two equivalent expressions for £ in Eq. (2. 9) Notice that
the magnetic field’s energy over the entire space R’ is always positive and it depends on u, A M which are
independent variables. Ignoring the linear terms of the potential energy and assuming a positive Helmholtz
free energy yy with reasonable growth conditions and noticing that in the absence of external forces and
magnetic fields >0, one can see how for stable solutions the extremization of 2 corresponds to a local
minimum.

2.2. Problem description and principal solution

Consider a two-dimensional magnetoelastic rectangular block subject to a transverse (i.e. X,-direction)
magnetic field /4 as depicted in Fig. 1. The reference configuration of the magnetoelastic solid is its stress-free
configuration with an aspect ratio of r = 2L, /2L,. The block deforms under finite plane strain conditions due
to the action of the imposed magnetic field.

The rectangular block is made of a magnetoelastic, isotropic, compressible material with a two-dimensional
free energy, W(I,J,J1,J2) that can be readily obtained from its three-dimensional counterpart. Due to
isotropy, it can be shown that (Kankanala and Triantafyllidis, 2004) the free energy depends on the two
invariants I and J of the rank two left Cauchy—Green deformation tensor B, the invariant J; of the
magnetization vector M, and the invariant J, (which depends on B and M), namely”:

1= B[l', J = detF[j, Jl = MZ'MI', J2 = MZB,]MJ (228)

“This assertion can be shown to be valid for small strains but does not, in general, hold for arbitrary strains.
56,7 is the Kronecker delta.
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Fig. 1. Schematic representation of a rectangular block subject to a transverse magnetic field /. The 2L; x 2L, block, made of a slightly
compressible magnetoelastic material, is traction free at the ends by virtue of the rollers.

Adopted throughout this paper is the Einstein’s summation convention with repeated Latin indices, which
range from 1 to 2, as well as the use of a comma to denote partial differentiation with respect to the
corresponding Cartesian coordinate, i.e. f; = 0f /0x;.°

To avoid boundary layer effects near the ends, X, = £L,, the two ends remain flat and free of shear
tractions. Consequently, the admissible displacement field and the (magnetic) vector potential must also satisfy
the essential boundary conditions’-*:

ur1(x1, —A2Lo) = up1(x1,22L),  u1(0,0) = u2(0,0) =0,

(A1 L1, X0) = 0S (£ L1, x2),  alxy, HAaLy) = o (x, HAaLo), (2.29)

where the second set of constraints eliminate rigid body translations along x; and where continuity of the
magnetic flux perturbation scalar potential and its derivative (2.29), 4 is a consequence of the reference form of
the jump condition Eq. (2.7),.

For the sake of algebraic simplicity, the current configuration of the magnetoelastic block is used in
obtaining the principal solution. Due to the (transverse) nature of the applied field, the vertical components of
the magnetic quantities are nonexistent, i.e. b, = hp = M, = 0 leaving A, 4>, M| as the three unknown
quantities. As detailed below, the unknown magnetization and stretch ratios may be obtained
from a simultancous solution of the m — /& constitutive equation (2.15) and traction condition (2.27)
applied at the sides and at the ends of the block. Substituting (2.28) in the constitutive equation (2.15) for the
magnetic field
WL oY
o, I+ o B} -M. (2.30)
Using the expression for the stress ¢ in Eq. (2.26), noting the objectivity and isotropy of y and the symmetry of
6, using the constitutive relation for h Eq. (2.15), one can show that the surface traction t in Eq. (2.27) is given
by the following expression:

ﬂoh_z[

d
t= { {alﬁ B+ B. %-{-MOMh} }-n—%(m-n)z n 2.31)

®For sake of convenience, we use small case indices for both current and reference configuration coordinates.

"Since B =V x A and we > ignore X3 dependence of the quantities and B; =0, the only nonzero component of Alis 4. For the sake of
simplicity in notation, a = A;

8Unless otherwise indicated, o denotes the component of the vector potential inside the solid.



1154 S.V. Kankanala, N. Triantafyllidis | J. Mech. Phys. Solids 56 (2008) 1147-1169

With the deformation gradient, F, expressed in terms of the principal stretch ratios, the nontrivial
component of the magnetic constitutive equation (2.30) becomes

Yo oy
h—M:Z——,M 2.32
tolho — pMy) (6J1+6J - (2.32)
The traction boundary condition (2.31) requires that at x; = £4,L,
Loy [(R e TN R 3 :
l1—0—2p[(al Wt T o M+ = HohoMl —Eﬂo(PMl), (2.33)
and at x, = +A, 1,
oy 2 J oy
h=0=2p [61 +§§ . (2.34)
Noting that the invariants of y are expressed as
I=03+23, J=hi, Ji=M, Jy=(0,M)> (2.35)

The principal solution (i.e. 4y, 4>, M), that corresponds to the uniform strain and magnetization equilibrium
of the rectangular block, is obtained by numerically solving Eqs. (2.32)—(2.34) using the straightforward
Newton—Raphson approach, as discussed in Section 3.

2.3. Bifurcation analysis

For every value of the applied magnetic field %y in the x,-direction, the corresponding values of the
equilibrium displacement, magnetization, and magnetic flux potential can be found, according to the general
theory in Section 2.1, by extremizing the potential energy #(g), with respect to the three independent fields
g=uMA, ie.:

2 4(g)dg = 0. (2.36)

One obvious solution to Eq. (2.36), denoted by g, which corresponds to zero displacement and
magnetization for zero applied magnetic field is the *“ Principal Solution™ derived in Section 2.2. At small values
of the magnetic field, the principal solution is stable, i.e. it is a local minimizer of the potential energy
satisfying (2 g4(8,)9g)0g >0, for arbitrary perturbation, 8g. As Ay increases, it reaches a value 4. where the
principal solution g, (/) is no longer a minimizer of the potential energy, but where the energy vanishes along
a particular direction Ag, called the “critical mode” which satisfies the condition’:

(2 ga(8o(Ne), he)Ag)dg = 0, (2.37)

The objective of this work is to determine the critical buckling load /. for the rectangular block as a function
of the aspect ratio r for different magnetoelastic materials. Taking the second Frechet derivatives of Egs.
(2.14), (2.16), and (2.20) with respect to the independent variables (u, M, A) and recalling that A; = a, the
block’s eigenvalue problem in Eq. (2.37) may be rewritten as (the interested reader is referred to the Appendix
A for details of the derivation):

/[jljklAukl + jl]k AMIC l]kAa k]6ulJ dA = 0
/ (Lri Auiy + LY AM + L3 AoJ5 M dA = 0,
/ (LA + L3 AM )+ L1 Aa 180 dA = 0, (2.38)

“Henceforth, for the sake of convenience, the subscript ‘0" will be used only when required and it is noted that all quantities,
J, Ziyhi, M, Fj, are only defined in the principal solution.
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where the coefficients appearing in Eq. (2.38) are given in Appendix A. Using Eq. (2.38) (noting that ou, oM,
and o are arbitrary), and upon application of standard integration by parts and the elimination of AM from
Eq. (2.38),, the pointwise form of the governing equations for the eigenmode are obtained:

[Liji At + Ly Ac]; = 0,
X € 4, [LiAui; + LigAa], =0,

X eR\4, [ZL}Ax]; =0, (2.39)
with the corresponding natural boundary conditions:

Xy =Ly, (LM + L Aag] =0 (=1,2),  [LiAuy + LAz] = A,

Xo=+£Ly, [LijjAuks+ Ly Aok =0 (i=1), (2.40)

since du;, Ou are arbitrary on X| = &L but duy = 6ae = 0 on X, = £L,. The definitions of the coefficients L
defined for X € A4 are also given in Appendix A.

The symmetries in the problem allow for the following Fourier decomposition of the eigenmodes solution of
Eq. (2.39), (2.40) (see also Triantafyllidis et al., 2007 for the analogous case of a hyperelastic block) for
Au;(X), Ao(X):

AM] = U](X]) Sil’l(szz)
Auy = v2(X1) cos(p, X2) — v2(0)
' Aa= —a(X ) cos(p, X>) (2.41)

Auy = v1(X1) cos(py X2) — v1(0)
Auy = —vp(X ) sin(p, X2)

Ao = a(X ) sin(p, X7) ’ .
p, =nn/Ly Py = (n—z)n/Lz

where the symbols ! and .#' denote the symmetric and antisymmetric modes with respect to X .
Upon substitution of the eigenmode expression (2.41) into the governing equations (2.39) one obtains the
following expressions for v;(X), (X ):

vy = V1 sinh(ép, X 1) vy = Vycosh(ép, X 1)

vy = V5 cosh(ép, X ) vy = Vysinh(ép, X)

o = Acosh(ép, X ) o = Asinh({p, X 1)

a0 = Agexp(Fpyii/raX1) a = A exp(Fprii /22X 1)
cosh(ép,Ly) sinh({p,L1)

As= A P A, =+A
exp(—py21/22L1) exp(—py2i/22L1)

g2 ; (2.42)

where the symbols % and .2/ denote the symmetric and antisymmetric modes with respect to the reference
coordinate X,. Expressions given by (2.42), are obtained from the solution of Eq. (2.39); subject to the far-
field condition «°"'(X;) — 0 as X| — oo and the symmetry condition «®"'(X ) = a®"(—X}).

The constants & and V', V3, 4 entering (2.42) are related by

Q(6)-V =0, (2.43)
where the 3 x 3 matrix of coefficients Q and the 3 vector V are defined by
EL, — LYy —&Ly + Lity) &L + LiT) Vi
Q= | —CLy, + L8y —EL + 1y, ELY —L%, |, V= |12, (2.44)
S(LTY, + L3, ELY — LY, &L+ LY

h
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where ¢ is the solution of the bi-cubic:

det Q(&) = 0, (2.45)

with R(&)#0 to ensure solution of the system of differential equations (2.39) lies in the elliptic domain.'”

Having established the general expressions for the eigenmode, the critical field /. can be found by enforcing
the boundary conditions Eq. (2.40), at X'; = L, (automatically satisfied for X, = £L,) which in view of Eq.
(2.41) become:

uu uu uo —
Lij v — Lijpvap, + Lijop, =0
uu uu uo —
Lyt a01p2 + Layjy 021 — Lyjyo1 =0
ou ou ool _ oo out
LY{,v1py + L5001 — Lijoy = — Loy (2.46)

The solution to the boundary conditions Eq. (2.46) depending on the symmetry/antisymmetry of the mode
with respect to X, requires the following linear combinations of the eigenmodes in Eq. (2.42) where Hp are the
yet to be specified amplitudes of each mode component:

3 sinh(&gp, X 3 cosh(&gp, X
o= HyV! h( ﬁPle) o= HyV! h( ﬁszl)
=1 cosh(¢ppy L) p=1 cosh(¢gp, L)
3 cosh(&égp, X 3 sinh(&gp, X
pm=3 H/;Vg h( /iPle) =3 H/;Vg h( ﬁPle)
=1 cosh(ppy L) p=1 cosh(&gp, L)
cosh(Eppr X1) 3 sinh(¢gp, X'1)
g la=Y HpA— P2 , 2 da=Y HpAl— P2 2.47
2 0 cosh(@ypaL) & M acosh@paL) 247
ot — i H, PP /72X 1) Lout i H, PEXPEP 1 /72X 1)
p=1 * cosh(épp,yLy) p=1 “ cosh(égp,Ly)

cosh(&gp,Ly)
exp(—py21/42L1)

The critical buckling field 4. is found from the requirement of a nontrivial solution of the 3 x 3 system
resulting from substituting Eq. (2.47) into Eq. (2.46), namely:

sinh(Egp, Ly)

AP = 4P A
* exp(—pai1/7aLy)

Al =4

3
> Dyp(h)Hpg =0, o=123, (2.43)
p=1

where for the symmetric ? mode the coefficients D,p are
Dy = Lt &V — Litn Vi + popMi LY,

B B
Doy = [L,, V1 + Liy, &gV — nop MLy &gl tanh(Egpy L),
Dsp = (L, V] + L% &gV — mop M LY;Ep) tanh(Egp, L) + p M, (2.49)
and for the antisymmetric /> mode the coefficients D, are
Dig = (L) &gV — LY,V + iop M L, tanh(Egp, Ly ).
Day = Lyt Vi + Liin &g Vs = topMiL5 &y

Dip = L2V 4 L8 6V — uopM L + pM tanh(Egp, Ly). (2.50)

'"Note that although the material does not have to be rank 1 convex (see Kankanala and Triantafyllidis, 2004), its bifurcated solution is
always expected to be in the elliptic regime of the governing equations (2.39). This condition is numerically verified in all the calculations
reported here.
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Note that, for scaling purposes, the constant 4 in Eq. (2.48) is taken as 4 = pyp M. Numerical solution of Eq.
(2.48) gives the critical field, /. as the lowest root of det[D,g(%)] = 0. Details of the corresponding calculations
are given in the next section.

3. Results and discussion

The general theory presented in the Section 2 is now applied to three different materials. Following the
introduction of their constitutive laws in the first subsection, the second subsection deals with the principal
solution while the third subsection pertains to the critical buckling field, as a function of the block’s
slenderness ratio, for each of these materials. Finally, the last subsection pertains to an asymptotic solution of
the magnetoelastic buckling problem for a special material and the result is compared and contrasted to the
magnetoelastic beam buckling papers of Moon and Pao (1968) and Pao and Yeh (1973) which employ
classical structural approximations.

3.1. Material selection

Three different isotropic material models are used to represent a slightly compressible, magnetoelastic
elastomer. The material models are constructed such that the three solids’ response coincide asymptotically for
small strains and arbitrary magnetization. For plane strain deformations, their Helmholtz free energy per unit
reference volume takes the form

G J1 v Jl 1 2
=2l co+rcn i) [ 200 dy + [ Coo+ Con 2L (7= =
pol 2 {( 10 11M§>/0 S0 dy ( 2 21M§>( J)

Ji Js 1 J? J o N
+Co1—5+ Coo~—5+ Chy |zIn| 1 ==L | + = tanh™' | = || ¢. 3.1
01 g 02 g 01 2 ( 7‘[?) 4[? 7‘[? ( )

where the shear strain function, used to differentiate the three cases of material behavior, is given by

\
ytanh™! (L) “Strain-Saturated”,

m
P=T-2J, s()=27 “Neo-Hookean™, (3.2)
Tm tanh (l> “Stress-Saturated’.

Tm

In the absence of magnetostriction, the first model, which uses the shear strain term (3.2);, and henceforth
referred to as the “strain-saturated”” model, simulates the behavior of a natural rubber in which 7, determines
the locking strain in a simple-shear test. The model using the shear strain function given by Eq. (3.2),, is a
compressible neo-Hookean solid. Finally, the third model is for a compressible foam type rubber whose shear
strain term is given by (3.2);, in which 7, determines the saturation stress of the material in a simple shear test.
It can be shown that as y,,tm — oo the “strain-saturated” and ‘‘stress-saturated” models, respectively,
approach a “‘neo-Hookean” solid. The values of the coefficients in Eq. (3.1) and used in these calculations are
obtained from experiments with a class of Magnetorheological Elastomers (Kankanala et al., 2007) and are
given in Tables 1 and 2.

Table 1
Chosen material constants for the different constitutive models

G (MPa) HopoMss (T) v Ym Tm

1.0 0.45 0.4286 0.05 0.075
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Table 2
Coefficients chosen for the free energy based on magnetization, uniaxial and simple shear response observed for a typical
magnetorheological elastomer (Kankanala et al., 2007)

Cio Cy Cn Cy Cor Co2 G
1.0 0.625 0.0791 0 p/6 p/2 0.05
1.2
: strain sat.
115 ¢ N - - - b
: neo-Hookean
Ay - - i
1.1 2 stress sat.
= 105 |
Re]
o
c 1
S
[0)
& 0.95 |
0.9 t
0.85 | : 1
0.8 1 1 1 1 1 1

0 0.5 1 1.5 2 2.5 3 3.5
Non-dimensional applied magnetic field, hy/(pgMs)

Fig. 2. Comparison of the stretch ratios versus dimensionless external magnetic field 4y/(p,M;) for a two-dimensional magnetoelastic
block subject to a transverse magnetic field. Notice the strain behavior of the three different constitutive laws, (i) strain saturated (dashed
line), (ii) neo-Hookean (solid line), and (iii) stress-saturated (dotted line), coincides as Ay /(py M) — 0. Note that all three constitutive laws
used have the same initial shear modulus G and Poisson’s ratio v.

The nondimensional constant f§ appearing in Table 2 is defined by

B = 1o(poMs)’/G. (3.3)

3.2. Principal solution

The principal (uniform strain and magnetization) solution of the rectangular block subjected to a transverse
magnetic field, for the three different constitutive laws just introduced is obtained by numerically solving the
system of Eqgs. (2.32)—(2.34) using an incremental Newton—Raphson method (e.g. Press, 1986) with the load
parameter being the applied magnetic field /.

The effect of the nondimensional applied magnetic field /o /(p,M;) on the stretch ratios, 41, A, of the block
is plotted in Fig. 2 for the three materials introduced in Section 3.1. In all the plots, the response of the strain-
saturated model is denoted by a dashed line, the neo-Hookean response is shown using a solid line and the
response of the stress-saturated model is depicted using a dotted line.

The magnetostrictive response of the three materials (Fig. 2) is indistinguishable at dimensionless
magnetic fields below 1 while differing remarkably at fields above 1.5. All materials are seen to constrict in the
direction of the applied field (i.e. A;<1). In the case of the strain-saturated model, magnetostrictive
strains in direction perpendicular to applied field initially increase, subsequently decrease and finally reverse
sign as the material stiffens significantly due to strain locking. Strains in direction of applied field increase
monotonically, albeit at a slower rate, with increasing applied field. For the stress-saturated model, with the
significantly reduced stiffness near saturation stress, at /iy/(p, M) = 2.25, the magnetostrictive strains increase
without bound due to the material’s loss of stiffness. Finally, for the neo-Hookean solid, magnetostrictive
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N
N
o

0.75 |

0.5 strain sat. T
neoHookean
0.25 | stress-sat. |1
test
(o]

0 0.5 1 1.5 2 25 3 35
Non-dimensional applied magnetic field, hy/(poMs)

Non-dimensional magnetization response, M;/Mg

Fig. 3. Magnetization response for three different constitutive laws. Plotted is the dimensionless magnetization M, /M versus the
dimensionless external magnetic field 7/ (pOM S). Parameters Co;, Cpz, and Cj; are adjusted so a close fit with experimental data (symbol
‘0’) may be obtained. We point out that Cy;, Cp, mainly control the initial slope of the curve while the parameter Cp;, affects near
saturation behavior. Note the virtually identical magnetization behavior of the constitutive laws considered.

strains increase monotonically, bounded above and below by strain- and stress-saturated models, respectively,
as expected.

The nondimensional magnetization (M /M) response of the block is shown in Fig. 3 with the test data
(symbol “0”") from the magnetorheological elastomer of Kankanala et al. (2007). The magnetization response
of all three materials considered (Fig. 3) is essentially identical and remains practically unaffected by the
different stretch ratios of each model. It thus seems that the strains need to be significantly larger than those
seen in the principal solution (Fig. 1), i.e. much larger than 18%, to yield a discernable difference in the
magnetization response of the materials. It can also be seen that the magnetization begins to saturate at
ho/(poMs) = 2.25.

3.3. Critical loads and modes

The critical buckling fields as functions of the block’s aspect ratio, r, for the three constitutive laws in
Section 3.1 are plotted in Fig. 4. More specifically, plotted in Fig. 4 are the absolute value of the lowest
buckling field, /., that satisfies the bifurcation equations for the antisymmetric mode (2.50) and the
corresponding results for the symmetric (2.49) mode. In each case the lowest critical field always occurs for an
eigenmode with the lowest wave number, i.e. n = 1 in Eq. (2.41).

As expected the critical magnetic field increases monotonically with r for each material and for both mode
types. For very low aspect ratios, beam bending (i.e. antisymmetric) mode is expected from existing structural
models to be critical. Indeed, an examination of Fig. 4 shows that for slender beams with aspect ratios
r<0.235, only antisymmetric buckling modes are found, while symmetric buckling modes also exist for
r>0.235."" For stubby beams in the narrow aspect ratio range approximately 0.235<r<0.25, the critical field
for symmetric buckling is actually lower than what is required for the antisymmetric counterpart. A physical
explanation for this somewhat unexpected result is not immediately apparent. For even stubbier blocks with
aspect ratios »>0.25, buckling is predicted to initiate in an antisymmetric mode for the neo-Hookean and

""Our inability to obtain a solution for the symmetric mode as r — 0 is in contrast to the results obtained by Pao and Yeh (1973) who
derive an expression that seems to be valid for very slender beams as well. A brief overview of their method will be presented at the end of
this section.



1160 S.V. Kankanala, N. Triantafyllidis /| J. Mech. Phys. Solids 56 (2008) 1147-1169
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4l strain-sat. N

35 | neo-Hookean |

stress-sat.

3

25 ¢

2+

1.5 |

1

05 t

Non-dimensional critical buckling field, h/(poMs)

O 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

Block slenderness ratio (L4/L5)

Fig. 4. Critical dimensionless buckling field, /4./(p,Ms), as a function of the block’s aspect ratio r under plane-strain conditions (for
symmetric and antisymmetric bifurcation modes with n = 1) and for three different constitutive laws.

stress-saturated materials. For the strain-saturated material, however, only symmetric buckling modes may be
predicted for the higher aspect ratios.

For each case (symmetric and antisymmetric), and for /. /p,M<0.75, no appreciable difference in r is seen
among the materials, as expected from Fig. 2. An inspection of the nondimensional magnetization response as
a function of the nondimensional applied magnetic field (Fig. 3) shows that magnetic saturation is approached
(i.e. My/My — 1) for hy/pyMs>2.25 in all the materials chosen. Hence, the magnetization corresponding to
the critical buckling field, for the antisymmetric case, approaches saturation levels only for a very stubby
(r>0.45) neo-Hookean material. For the symmetric case, however, the magnetization levels at criticality
approach saturation for both strain-saturated and neo-Hookean materials for less stubby beams (r>0.33).
Finally, it seems a stress-saturated block buckles (symmetrically or antisymmetrically) before magnetic
saturation is achieved, for even very stubby blocks (r =~ 0.5).

Antisymmetric buckling of the strain-saturated block was not found at aspect ratios »>0.263 (for r=0.263,
he/(pgM)=1.734). From Fig. 2, this is likely due to the decrease in the axial stretch, 1,, for values of the
nondimensional applied field of Ay/(p,Ms)>1.688. In the cases of the neo-Hookean and stress-saturated
blocks, critical fields for symmetric buckling are shown for aspect ratios up to r=0.35.

3.4. Asymptotic solution

It is interesting to compare the present exact continuum solution to existing structural approximations that
are based on thin beam/plate models (e.g. Pao and Yeh, 1973). To this end and in order to alleviate the
admittedly long calculations, and without loss of generality, a special neo-Hookean material of the general
form (3.1) will be used which exhibits no magnetostriction in its principal solution. Moreover, since buckling is
expected to occur in the linear regime of the material’s elastic and magnetic response, the constants Cy; =
Cy1 = Cj, are neglected.

To eliminate the magnetostriction effect, i.e. to guarantee that A;(hy) = 42(hy) = 1 in the principal solution,
requires (see definition of the dimensionless parameter  in Eq. (3.3)):

Co1 +2Cp2 = 1, (3.4)

to satisfy the traction condition (2.33) at the sides (the traction condition (2.34) at the ends is automatically
satisfied). Separately, the slope of the magnetization curve (see Fig. 3) is taken as [py M /hol,,—o=0.6, which
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from Eq. (2.32) and the simplified version of Eq. (3.1), requires that
Cor + Cop = 2p. (3.5)

Hence from Egs. (3.4) and (3.5), one has Cp = 58/6 and Cyp, = —f/6. To further simplify the lengthy
asymptotic calculations'? a numerical value of v = % is adopted for the Poisson’s ratio thus resulting in

G 5 P Spa B s
=1, =2 - RN R 3.6
poyY = ll J+8(J J) +6M§ 6M§ (3.6)

Using the small parameter ¢ (for convenience defined as the ratio M /M), the moduli from the general
expression (A.11) in Appendix A can be expanded as
0 uu 2 uu 1 uo 0 oo Ml

uo oo oo —
Lljk,—L,jk,—i—s Ly, Lk_ka_Lklj, L7 =L; =L}, g:M
S

which, on the account of Egs. (3.1) and (A.11)—(A.15) (from Appendix A), for this special case the nonzero
(fourth order tensor) elastic moduli reduce to

(3.7)

Ouu Ouu 2G Ouu Ouu
Ly =Ly = 11—’ Ly =Ly

2111/! 7 2Mll 2 2uu 3

Ly = _%Gﬁ: Lyyy, = gGﬂa Ly = _EGﬁ’

0 uu 0 uu 0 uu 2 uu 29 2 uu 1 2 uu 1 1

Lyyy =Ly =Ly =G, Ly = 60 GB, Ly = “ 60 GB, L= 60 GP,

L35 = Lity,  Lin = L), 3.8)
while the nonzero (third order tensor) elasto-magnetic coupling moduli are given by

1 uo 4 1 uow 1 1 uo 11 1 uo 2

Ly, = 3 poMs, Ly, = o poMs, Ly = 10 poMs, Ly = 3 poMs,

L3, = Lil,, Liy =Ly, Lih =Ly, Ly =Ly, (3.9)
and finally the nonzero (second order tensor) magnetic moduli take the simple form

00(9( 010( 8

Lll :LZZZS—’UO. (310)
The characteristic equation from Eq. (2.45) becomes

(& = D(do(B. &) + di(B.&)E + da(B, &)Y + -+ - =0, (3.11)
where d; are functions of f and &, as indicated.

By assuming an expansion for the roots £z as
23 4% 68
Sp=1+elp+eép+eip+---, ' (3.12)

and noting £3 = 1 on account of Eq. (3.11), jﬁﬁ (and hence the roots {g) in Eq. (3.12) are obtained by equating
like powers in ¢ upon substitution of Eq. (3.12) in Eq. (3.11).

The corresponding amplitudes, V’f , Vg of the eigenmodes in Eqs. (2.43), (2.44) are obtained from the
solution to the 2 x 2 system

2 yuu uu uu uu
(LY — Lig)  —<p(Li) + L)
—Cp(Lony + Lan) (= 5ﬂLgL1lz1 + L3,

—Cp(LY5) + LiT)uopMse
(L5, — ff;Lgfl)HoPMSE

p
Vl

(3.13)
v

2As it turns out asymptotic results depend on v in a much more complicated fashion than in the case of structural models.
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Asymptotics
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0 0.1 0.2 0.3 0.4 0.5
p2L1 (=1/2 T r)

Fig. 5. Critical nondimensional magnetization, ¢ = M./ M, as a function of the block’s aspect ratio r under plane-strain conditions for
antisymmetric bifurcation modes with n = 1 using, without loss of generality, a special neo-Hookean material. To avoid magnetostriction
(i.e. 41 = Ay = 1, Vhy#0), a material parameter constraint Co; + 2Cpp = uo(pOMs)z/G is imposed. Further, Cj; = C5; = Cpj; = 0. The
asymptotic solution (solid line) is compared with (i) the numerical solution (dotted line) and (ii) the result (dashed line) obtained used the
formula of Pao and Yeh (1973). Notice the convergence of the asymptotic solution to the numerical solution for small aspect ratios
(r<0.1).

where as mentioned earlier, for scaling purposes the constant 4 in Eq. (2.42) 4 = pyp M ¢, while the constants
V/f , are assumed to take the expansion:

B 2 B 4B
B 0 2 4
Viao=Via+eVi,+eV i+ (3.14)

Substitution of expressions for £z (3.12) and Vf,2 (3.14) in det[D,p(h:)] = 0 (from Egs. (2.48), (2.50)) results
in a (purely imaginary) polynomial in &:

&(Lipy)’ [ao + a\(Lip,) + ax(Lip,)’]
+ B> (L1py)[bo + bi(Lip,) + ba(L1py)” + b3(Lip,)’ + b3(L1py)’1+ O(E") = 0.

As ¢ — 0, and with p, = n/(2L;) (i.e. for n = 1 in Eq. (2.41),), then retaining the dominant terms yields

1 a 1/2
Ee E (m) (TU'), (3 16)

where, ay/by=0.5302, is calculated for the assumed Poisson’s ratio (v = %). A corresponding solution for the
critical magnetization for the symmetric mode, however, could not be obtained suggesting that the block
buckles in a symmetric manner only for finite slenderness ratios, a conclusion in contrast to the result of Pao
and Yeh (1973).

The asymptotic solution for the nondimensional critical magnetization (solid line) is plotted against a
measure of the aspect ratio, p,L;, in Fig. 5. For sake of comparison, the corresponding numerical solution
(dotted line) and the solution obtained by using the result of Pao and Yeh (1973) (dashed line) are also plotted
in Fig. 5. As expected, the asymptotic solution serves as a tangent for the numerical solution and the two
converge for vanishing aspect ratios. There is a noticeable difference, however, between the asymptotic result
and the result obtained using Pao and Yeh’s (1973) formula (Eq. (8.13)). The highlights of their paper, and the
eventual result, are given in the next subsection.

I
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3.5. A brief note on Pao and Yeh's (1973) solution

To understand the possible sources for the difference, in the antisymmetric mode, between our results and
those of Pao and Yeh (1973), we take a closer look at their model for the buckling of an elastic plate under a
transverse magnetic field.

For sake of clarity and to the extent possible, we use our notation to represent the major equations in their
paper. Based on the assumption of small strains and a negligible magnetostrictive effect, they obtain for thin
(i.e. pyLy < 1) plates:

B: _ 2u(u(prL1) + Dy L)

~ 3.17
HoG S 17
where p, is the relative permeability given by u, = 1 4 y, where h; = y~'m;. So in our notation:
1 2 5
Xﬁl:B(Cm-i-Coz):? p=l+y=5, Bi = (' + pMi. (3.18)

It is important to note that for most ferromagnetic materials, the magnetic susceptibilities are of the order
10%, and on this basis Pao and Yeh (1973) argue that u,p,L; > 1 and y, = y. For the materials of interest to
us, i.e. magnetorheological elastomers, the magnetic susceptibilities are much smaller so that u.p,L; < 1 and
(3.17) becomes

Bg 2/1, 2

— ~——T ~(p,L1). 3.19
1G = 31— P G4
For sake of comparison with the asymptotic solution, (3.17) is first converted to a thin beam solution. Taking
V= % (which is the 3D value of vyy = % used in the current work), Pao and Yeh’s result in terms of critical
nondimensional magnetization may be written as

¢ 1 Cpy 172
¢ ;§<7> (nr), (3.20)

where, ¢py=0.3467 compared to ay/by=0.5302 from the asymptotic solution. The slight difference in the
coefficients from the asymptotic solution and the published structural model is likely due to the complicated v
dependence that is not captured by the structural models.

4. Conclusion

In this work we present a continuum formulation to the stability problem of a homogeneous, compressible,
magnetoelastic rectangular block in finite plane strain subjected to a uniform transverse magnetic field. This
boundary value problem is motivated by the classical problem of magnetoelastic buckling of a thin beam. The
benefits of the continuum approach over traditionally employed structural models are in (a) the ability to
assess effect of different nonlinear material responses and (b) the validity of the formulation for a wide range
of block aspect ratios.

Critical magnetic fields, i.e. those corresponding to the onset of a bifurcation buckling, in the form of
symmetric and antisymmetric modes, are obtained for three different constitutive laws. In general, the critical
magnetic field is shown to increase monotonically with the block’s aspect ratio for each material and mode
type. For most aspect ratios, antisymmetric modes are always the critical buckling modes for stress saturated
and neo-Hookean materials. In the narrow range of moderate aspect ratios (about 0.25) symmetric modes
become critical. For strain-saturated solids no buckling is possible above a maximum aspect ratio. As
expected, the results for stubby blocks are found to be very sensitive to the nonlinearity of the governing
constitutive laws.

Furthermore, an asymptotic solution is obtained for slender beams that shows a linear relationship between
the critical buckling field and the block’s slenderness ratio. This result is found to agree reasonably well with
the formula obtained from structural models.
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The general methodology described here covers only the onset of magnetoelastic instability (analogous to
the works of, for example, Rivlin and Sawyers, 1974; Ogden, 1984 for hyperelastic materials). Of particular
interest would be the study of the post-buckling behavior in magnetoelastic solids corresponding to the recent
article of Triantafyllidis et al. (2007), also for hyperelastic materials.

Appendix A. Detailed derivations of bifurcation equations
A.1. Bifurcation equations for rectangular block

The eigenvalue problem of the magnetoelastic block is according to Eq. (2.37)
(2 ga(80(he), he)Ag)dg = 0. (A1)
The above bilinear (i.e. linear in Ag and 6g, where g = (u, M, «)) equation is expanded as
[Z wAu + Z MAM + 2, AaJdu = 0,

[@,MuAu + @’MMAM + e@,MaAOC]SM = 0,

(2 wAu + P ;AM + 2, Act]d0 = 0. (A.2)

Prior to taking the second variations of the potential energy, 2, with respect to u,M and o, the following
intermediate relations—based on the definitions of F and mass conservation given in Eq. (2.11)—are noted:

AF;" = —F ' Fy ' Augy,  Ap = —pFy' Auyy. (A.3)

Using the above results, the three terms of the du component of the bifurcation equations (A.2) are:

62
(2, Au)Su = /A pJ{ - F“alkal + %MMM,”[F;TF;,T + F;TF;_/T]}AukJSu,- .dA,
y

2

7 — _ v =T -
(2,umAM)du /A pJ{aF,;,@Mk topMiF; }AMkSHU d4,

(,@,MAOC)BU = /{pMm(leF,‘;‘T - 51‘1715_/1)811(}Aa,k8ui,/ d4. (A4)
A

Similarly, the three terms of the 6M components of the bifurcation equations (A.2) are
2

— _T s
(‘@’MUAu)SM_/APJ{W_HOPM/(FU }AL{,JSMde,

2

(P A AM)SM /A {pJ 537 Mj—i—,uopéy}AMjéM, da,

(2 Mo A)OM = /{—pFﬂs;j}AocJSM,- dA, (A.5)
4
while the three terms of the do component of the bifurcation equation (A.2) are

(2, uAu)d0 = /{pMpsqk(quF,-jfT — 0ip0jg)}Au; ;00 ; dA,
A
(Z,;mAM)d0 = /{_pFikgkj}AMiéaJ d4,
4

1
(ﬁ,onc)Szx:/ {—ayekickl}Aoc,iéondA. (A.6)
r Lo/
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Upon substitution of Egs. (A.3)—-(A.5) into Eq. (A.2) one rewrites (A.2) in the form of Eq. (2.38) with the
following definitions'? for the coefficients L in R%:

uu azlp — — - uu
ij k
’ T
— Mu
fyk = J[@F,-jaMk — Hop M F; } = ,fkijl,
ﬁ = [pM(F, qu;'T - 5ip5jq)8qk] = gzg‘a
MM ’ MM
L = PJ[W‘F #oP(SkI] =L

LU = [—pFrjea] = L3,

1
L = {%—J“?/‘l‘gl‘kcﬁ} =2k (A.7)

From the second equation in Eq. (A.2) one can express AM in terms of Au;; and Awy at each point of the
block thus rewriting (A.2) as

/(L;Z/Auk,/ + L;}%AO(,/C)8LI,‘J =0,
A

/ (L,(UAu,i, L Ao )oa e = 0, (A.8)

where the following definitions of the coefficients L’ are used for X € 4:

L) = L, — LM @M My L = g MMM M

ijp qkl > ik = tjk ijp

LY = 23 — LNy el L = 25 — 2l 1L 2. (A.9)

qy rq

A.2. Coefficients for final Euler— Lagrange equations for the bifurcation problem

The coefficients of the final bifurcation equations (A.8) can be further detailed for the case of
isotropic materials considered here. Since y(7y,J,J1,J2) is a function of invariants, the following identities
are recorded:

aaFIl/ = 2Fy, ,;J/ = JF;", 2;2/ = 2M;M,Fy,

a@% =2Mj, aa%zk = 2B M

% = 20ik0;1, % =J(F; " Fi" = F F ),

% =2M ;M o, aFa:%l\lk = 2(0u M, Fj + MFy)). (A.10)

138,']' denotes the alternating symbol in R,
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The nonzero components of the fourth order incremental moduli are listed as
R M\? R M, R M,
L —pJd =) o=/ _ - -7 _ -
i =F {GF“@F” + ”0”< p? oFy oM, P )M \arom, TP ) (¢

Lity =pJ

]‘42 azl/j Ml aZw M] _
OF110F 2 Hop Mis  \OF,0M, Hop Ph Hu 0F10M, Hop T = Loir»

%y M3 0%y
Luu _ ZLHM
121 = pJ 0F;0F 12 2 Hop 2122 <6F216M2) 6F126M2>} e

{err-

i .
tit = ot {sre— (o (s aM)}

(o }

o

[ i o’y
1212 = PINSFL0F,  \oF oM, )" 6F126M2

M\? R M, R M,
) - naly (v L R S nany
2 =p) anzaF22+”°” (;Q) (6F226M1 by )M \arsom, ~ P, ) [

2y - w; =0, i#j,
= (Y s ) b M
Hy {(aMian+#0p f) u#0,  i=j,

while the non-zero components of the third order incremental moduli are given by

uo azl// Ml o
Ly, = (m - MOPTI)#llpll =Ly,

; oy
Ly, = — <6F216M2) toapa = Li3;,

u A oy M,
Ly, = {(PMI /12) + (6F226M — P T >ﬂnp/{1} L35,

uo azw ou
L5 =pM, — m Unpir = Li,

and finally the second order moduli are expressed as

2
p 2
Lai == ;u <_> A ‘u N
11 OJ 2 pJ 20422

2
p 2
2+ (E) 2
()J 1 <pJ> 14115

L =15 =0,

oo __
L22

(A.11)

(A.12)

(A.13)
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It can be shown that the moduli as functions of the principal stretches, A; and specific magnetization M;
(MM, = 0) are given by

G v, Y XV s Y,
_ M 2
oFoF, ~ Yaren Mt 4anar Mt g, MM T e 2
Gl Gl oy oy
4—" )M+ 4 MY+ 2 42" M?
tara, M g A, M St ea M
azlp azlp a2lp 5 aZl/I 62
= o +2 B2 4+ d———d Ao (M? + M
oF 0y — Yanan, M2 T anas M T Tagp e MM+ My) + 5755
Y ara e o’y e LY 2
2 2M2 4 22MP) + 4 202 4 2
2570, MM M) +dgr e MMM, + 5 = s
o’y o, Y Y o Y
0F»0Fy, ol,01, /12+46116J/11/12+86116J2 MM+ aJaJ)
2 2
oY G G
4—" M3 4 —— B3M3+2 2" M?
A5, MM A5 e AL M
621p o o
2
6F126F12 611 + aJZ b’
a%p o o
2 m
anlanl 611 + aJZ z
0%y _ 0%y
6F126F21 oJ 6F216F12
and
%y %y 3y oy Y,
— MM, + 4 PBM, 42 JoMy 42— 20 M
oF oM, Tonor, MV Sran, MM T agag, M T S5,
%y 3 Y sa O
+48J26J1 )“lMl +46J26J2 ;LIM +4ﬁ MMy,
G4 o’y Y, Y 3y s
= M oMy +2— 3Mm
oF oM, Tanou ! +4 ol,0J, MM aJaJ1 2M2+ 2557, M
oYL, Oy L,
OF . 0M,  ~oJ, 2% dFn,oM, “oJ, *Th
% LAY Y _ LAY
OF,0M, aJ 2 8F,,0M, aJ L
G/ GRY2 Y, G Y s
= M, +4 My 4+2— ) My +2—"3Mm
aFpoM, — taner, Mt allan’Hz agag, Mt 25, M
GRY2 GRY2 Y, @Zl// azl//
4 M, +4 M 2M
oo, ~ Yot PMetiAgrag, Mt 25 MMa+ 25 MM
o’ o 0
+46J15”J )2M3+46J é/'J 13M3+4a‘/’ oMo,

A2

(A.14)
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G Y, GV o’y PERYE alp alp P
=4 M M4 —— M2 — yi
st~ Yanon, Mt 85an MM T4, T2t han
oy Yy 0
OM\0M,  OM,0M,
Y _, O M3 +8 —— &y M3 +4—— oy 4M2+26¢ L) (A.15)
OM,OM, oJ,10J; 2 T dJ,0J, 0J,0J, oJ, oJ, % '

A.3. Detailed expressions of bifurcation equations and boundary conditions for isotropic block subjected to a
transverse magnetic field

The governing equations (2.39) reduce to
LYy Auy iy + Ly Auaor + L5 Au 00 + L5y Aug 1o + LTy Ay + L5 Aoy =0,

Xed- L2“2Au1 21 + L212]Au2 11+ L2222Au2 2+ L221]Au1 12+ LGAOC 11+ L222A(x »n =0,

131AM2 1+ Llleul )+ LHAOC 1= —Adout

X € R\A: BAdS + 2jAa%s =0 (A.16)
and the resulting boundary conditions (2.40):
Lty Aury + LiipAurs + Lij,Avy = Z1,A05",

uu uu uo. _ out
Ly Aurp + Ly Auay + Lyj Aoy = 251 Aa™,
i oo _ out
L112A“1 2+ L121Au2,1 + Lf{Ao, = f AOC

Moy = Ao, lim Ac;=0. (A.17)

X||— o0

of the buckling eigenmode. Substitution of the expression for the eigenmode (2.41) leads to the following ODE
form:

Lt oy — (L, + L )vaipy — Lisvips + (LY, + Lig)Doipy = 0,
Xed { (L5 + Ly )vips + Ly van — Lysy,0ap3 — L o1 + Lysyop3 =0, (A.18)
L v + (LYY, + L3 )Dpyviy — L35op3vn — Lijon + Lyjaps = 0,

in which use has been made of the orthotropy of the incremental moduli tensor L with respect to the
coordinate axes. The expressions for v;(X ), (X ;) in Eq. (A.18) are obtained from Eq. (2.42).
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