| An Analysis of Wrinkling in th
N. Triantatyliisis § Swift Cup Test ‘

Graduate Research Assistant. .
The onset of flange wrinkling in the Swift cup test is analyzed as a plastic bifur-

A. Needleman catio.n prob{em. 7 hq flange is modelled as an annular plate made of an orthotropic

. . e elastic-plastic material that is isotropic in the plane of the plate. The critical drawing
Associate Professor of Engineering. stress and displacement obtained employing a deformation theory of plasticity and
a flow theory of plasticity are compared. The effects of flange geometry and

Division of Engipeeripg, material properties on wrinkling are investigated. Employing a simple linear elastic
Providencgnl)-‘fwln Umvgrzsglgyz, spring model of the blankholder, the effect of blankholder stiffness on wrinkling is

studied. The present results for the critical stress at the onset of wrinkling and Jor
the number of wrinkles are compared with those obtained previously employing a
beam model of the flange.

1 Introduction

Much recent activity (as witnessed by the symposia volumes PUNCH
[1, 2]) has been directed toward analyzing tensile instabilities

in sheet forming processes. Less attention has been focussed BLANKHQLDER \§ BLANKHOLDER
on analysis of the compressive instabilities encountered in / \ /

sheet forming operations. Here, we analyze the onset of II/II
wrinkling, a compressive bifurcation instability, in the Swift \ & '\\\\

cup test, where, as sketched in Fig. 1, a circular flat sheet is NN

drawn into a cup by a cylindrical punch. In this context the
term wrinkling refers specifically to the formation of buckles DIE BLOCK
(or wrinkles) in the flange, which is the portion of the sheet
remaining between the die and the blankholder.

A principal objective of the Swift cup test is to determine
the limiting drawing ratio (LDR), defined as the largest
drawing ratio, b/a, from which a cup can be drawn without
fracture. Here, b and a are the radii of the sheet and punch,
respectively. For some sheet metals the LDR lies within the
range between 2.0 and 2.5. Unless sufficient restraint is
provided by the blankholder, wrinkling will occur for drawing
ratios in this range. For smaller drawing ratios, how much
smaller depending on the sheet thickness and properties,
wrinkling will not occur even without the blankholder.

We model the flange as an annular plate subject to
axisymmetric radial tension along its inner edge, as shown in
Fig. 2. Frictional forces on the flange are neglected. The
bifurcation problem governing the onset of wrinkling is
formulated within the context of the standard small strain
‘nonlinear plate theory employed in plate buckling analyses
[3]. A numerical solution is obtained by employing separation
of variables in conjunction with a finite element method.

Quite recently, Naruse and Takeyama [18, 19] have also
modeled flange wrinkling as a plastic bifurcation problem for
an annular plate. Aspects of their formulation and the
numerical method employed in [18, 19] differ from the
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Fig. 1 Schematic of the Swift Cup Test
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constitutive law which presumes isotropy (elastic and plastic)
in the plane of the sheet, but normal plastic anisotropy is
accounted for. Most of the numerical results are obtained
employing a deformation theory of plasticity since, as has

long been realized in structural mechanics applications, the -

classical smooth yield surface flow theories of plasticity often
over-estimate the critical stress for bifurcation.

The use of a deformation theory of plasticity in a bifur-
cation analysis can be rigorously justified by appealing to a
solid with a vertex on its yield surface at the current loading
point, see e.g., [4]. Indeed, such yield surface vertices are
predicted by physical theories of polycrystalline plasticity
based on single crystal slip, see e.g.,” [5], although ex-
perimental evidence concerning the existence of yield surface
vertices is ambiguous and contradictory [6].

The predictions of the deformation theory for the onset of
wrinkling are compared and contrasted with the
corresponding smooth yield surface flow theory predictions.
The effects of flange width and thickness and material
properties, in particular strain hardening and plastic
anisotropy, on wrinkling are investigated. The restraint
provided by the blankholder is modeled as a simple linear
elastic foundation on which the flange rests. The effect of the
stiffness of this foundation on retarding the onset of
wrinkling and on the number of wrinkles formed is explored.

The present results, for the critical stress at the onset of
wrinkling and for the number of wrinkles, are compared with
those obtained by Senior [7] employing a highly approximate
beam model of the flange.

2 Constitutive Relations

The present analysis is carried out within the framework of
plane stress theory and the in-plane stress increments, d,4,!
are taken to be related to the strain increments, €., by a
constitutive relation of the form

duﬁ :Laﬁyéé'yé (N

where the tensor of plane stress moduli, L is given in terms of
the 3-D moduli, L, by

7 Z’(xﬂﬂ Z"y633
Laﬂyé = Lotﬂ'yé -

2

L3333

Two constitutive laws are employed here. One is a flow
theory of plasticity with a smooth yield surface, while the
other is the corresponding ‘‘total’’ or deformation theory of
plasticity. In each case the total strain increment is written as

=€ +én @)
The elastic response is taken to be isotropic so that

) 1 . .
€= [(1+ V)o,j — V04 6] 4)
E

where E is Young’s modulus and v is Poisson’s ratio.
In the theory of anisotropic plasticity employed here, due to
Hill [8, Chapt. XI1], the effective stress, g,, is taken to be

In (5), the dependence of the effective stress on the shear
stresses o,; and 0,3 is not exhibited, since these stresses do not
enter into the constitutive law within the present plane stress
framework.

The parameter R measures the normal anisotropy. This
parameter is defined, in a uniaxial tensile test of a sheet
element, as the ratio of the width plastic strain in the plane of

" the sheet to the plastic strain through the thickness. For an

isotropic material R = 1.
For flow theory, with the yield surface given by ¢, = Y,
where Y is the current value of the tensile flow strength, the

plastic strain increments, €7, are given by

. 11 ) 3o, 3o, .
P R € e 6
i <E, E / 30, dog ¢ ©)

if o, = Y and 6, = 0; otherwise €] = 0. The tangent
modulus, E,, is a function of ¢, and is the slope of the ef-
fective stress-effective strain curve.

The deformation theory of plasticity is a small strain
nonlinear elastic constitutive law, which coincides with (6) for
proportional loading paths. Thus, by integrating (6) for
proportional loading, we obtain

1 1
i-(g-%

s

Yo o2 ™

i
where E_ is the ratio of effective stress to effective strain at
stress level o,.

Differentiating (7) with respect to some monotonically
increasing loading parameter gives

.P_<1__1)c')aeaog._}_(1_1)(7120,3_(.I
“UT\E, " E,/ 80, d0q " \E,  E /%8090y "
(8)

Employing (6), for flow theory, or (8), for deformation
theory, in (3) and using (4) gives the strain increments, €, in
terms of the stress increments, o,. This relation can then be
inverted to obtain the 3-D tensor of moduli L given in the
Appendix. _

Here, it is assumed that the effective stress and effective
strain are related by the piecewise power law

[ o
0y < 0y
9y
€
€ = 2 9
€y
I m
( ¢ ) o, = o,
Ty

where m is the hardening exponent and o, and ¢, are the

(1 +R)0%1 +(1 +R)U%2 +20§3 “‘ZRU]I gy _2011 033 _20'220'33 +2(1 +2R)0%2

LY

&)

(1+R)

1Here, and subsequently, Greek indices range from 1 to 2, with 1 denoting
the r-direction and 2 the f-direction in a polar coordinate system. The normal
direction is denoted by the index 3. Latin indices when employed subsequently
will range from 1to 3.
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uniaxial yield stress and yield strain, respectively. From (9)

E [ t—m o 1 —m
E,=—( e) EszE( e,> g, = o,
m a. [
y y

andE, = E; = Eforg, < 0,.

(10)
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The tensor of moduli, L, for flow theory has two branches;
one corresponding to plastic loading, the other to clastic
unloading. In the particular problem considered here, the
plastic loading condition (¢, > 0) is always satisfied sub-
sequent to initial yielding. Hence the plastic loading branch is
active everywhere in the current plastic zone.

The use of deformation theory in bifurcation calculations
where the prebifurcation path is one of proportional or nearly
proportional loading (as will be the case here) was first
justified by Batdorf [9]. This justification, which provides the
rationale for the use of deformation theory bifurcation
formulae in structural mechanics applications, is based on the
observation that for nearly proportional loading increments
there exists a flow theory with a vertex on its yield surface
whose instantaneous moduli coincide with those of defor-
mation theory. In fact Sanders [10] explicitly constructed such
a corner theory whose moduli in this total loading regime
coincide with those of the isotropic (R = 1) version of (8).
Very recently, Christoffersen and Hutchinson [11] have
constructed a class of phenomenological vertex theories which
coincide with a deformation theory for nearly proportional
loading increments and give a smooth transition to elastic
unloading for increasingly nonproportional increments.
Hence, the deformation theory moduli employed here can be
regarded as being those associated with the total loading
regime of some incremental theory with a corner on its yield
surface.

3 Analysis of the Onset of Wrinkling

The inner radius of the annular plate representing the
flange is specified by @ and the outer radius by & as depicted in
Fig. 2. The thickness of the sheet is denoted by 4. The plate is
assumed to be thin (h/a < < 1) and the standard Kirchhoff
hypotheses of plate theory are invoked.

In the specific annular plate problem considered here the
loading is taken to be applied through a monotonically in-
creasing tensile radial displacement, U, at the plate’s inner
edge, while the outer edge remains stress free. One state of
deformation consistent with this loading is an axisymmetric
planar deformation state. In this prebifurcation state, the
displacement of a point on the middle surface is specified by a
radial in-plane displacement u(r), where r is the distance of a
point on the middle surface from the axis of symmetry.

The boundary conditions take the form

wa)y=-U (11a)
a,;(b)y=0 (11b)

The non-vanishing membrane strain increments are
e, =u, €exp=ulr (12)

where ( ),, denotes differentiation with respect to the radial
coordinate, r.

By employing the relations (12) we have presumed that the
prebifurcation strains are small. As will be seen subsequently,
over virtually the entire range of parameters considered here,
the assumption of small prebifurcation strains is indeed
appropriate.

The boundary value problem governing the axisymmetric
prebifurcation state can be formulated in terms of the
following variational principle: Among all displacement
increment fields u(r) that satisfy the kinematic boundary
condition (11a), the actual field satisfies

8I=0 (13)
where

b
I= whj‘ (61,61, + Gpp630)rdr (135)
a
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In (115), the radial and hoop stress increments, ¢;; and d,,,
respectively, are related to the strain increments in (12) by the
plane stress moduli, L, for flow theory or deformation
theory, as appropriate.

The variational principle (13) forms the basis for im-
plementing a finite element solution for the prebifurcation
state. The interval ¢ < r =< b is divided into a number of
subintervals and the displacement increment is expressed in
terms of Hermitian cubic polynomials within each sub-
interval. The prebifurcation deformation history is then
calculated in a straighforward linear incremental manner.

Bifurcation from this planar axisymmetric deformation
state into a non-planar state is then considered at some stage
of the deformation history. We denote by w the lateral
displacement in the bifurcation mode, which is, in general, a
function of the polar angle ¢ as well as of the radial coordinate
r.

The bifurcation mode curvatures, «,g, are given in terms of
the bifurcation mode displacement, w, by

1 . 1.

= W T 3 Wagg
rohor

. 1 .
Ky = = Wig Jor
r

The bifurcation mode moments Maﬂ are related to the
Curvatures £,q by

Ky = =Wy K=

(14)

h3

Ma5= “ELaﬁ,yé K.'Y5 (15)

where in Hill’s {12, 13] terminology L is the tensor of moduli
associated with an appropriate linear comparison solid. The
appropriate linear comparison solid moduli for flow theory
correspond to the plastic loading branch being active
everywhere in the current plastic zone and the tensor of elastic
moduli being active in the current elastic region.

As discussed previously, the deformation theory moduli are
regarded as those of the linear comparison solid associated
with a flow theory with a vertex on its yield surface. Hence,
the bifurcation calculations carried out here employing the
deformation theory moduli in the current plastic zone are
rigorously valid for some flow theory with a singular yield
surface [4, 9-11]. Although the analysis here is limited to
consideration of bifurcation, we note that a consideration of
post-bifurcation behavior, which involves strongly non-
proportional loading, would require a specification of the
constitutive behavior outside the total loading regime, as for
example given in [11].

We assume that no bending moment is transmitted across
the die throat so that the annular plate representing the flange
is simple supported at r = a. Thus,

W(a,0)=0 M, (a,6)=0 (16)

The outer edge of the plate, r = b, is assumed to be stress
free so that the shear force and bending moment vanish there,
so that

M (5,00=0 Q(b,6)=0 (17)

where Q.;; denotes the Kirchhoff effective shear [3].

One way in which the blankholder loading may be applied
is by springs or by the stiffness of the bolts holding down the
blankholder plate, giving rise to a surface load which depends
on the lateral displacement of the flange.

A rigorous representation of this induced surface load leads
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to an eigenvalue problem in which the region of contact
between the blankholder and the flange, in the buckled
configuration, must be determined as part of the solution.
Here, to explore the effect of the blankholder on wrinkling,
we rest the annular plate on a continuous linear elastic
foundation, which gives an effective surface load, p, of the
form

P(r.0) = — ko(r,0) (18)

where £ is the spring constant of the foundation. The elastic
foundation spring constant, k, is related to the blankholder
stiffness, K, by equating the elastic energies stored in the
foundation and in the blankholder. Thus, since the deflection
of the spring blankholder is twice the amplitude of the
wrinkles,

2r pb
g SO S w2 (r,0)rdrd
k=o—a Y

4n(b? - a?) 19

where w(r,0) is taken to have a unit amplitude.

Under these conditions, bifurcation from the planar
axisymmetric deformation state is possible when a nontrivial
solution exists to the homogeneous equations

0F=0 (20a)

1 i ’ h3 . . . . .
= S S [1—2 Laﬁ'yb Kap Kys +h0aﬁ w’cxw’ﬁ +kW2]

7 0 a
rdrdé=0  (20b)
Here, ¢ is the prebifurcation stress state and the linear
comparison solid moduli L are evaluated at the stress state ¢.
Any admissable bifurcation mode displacement, w, in (20)
must satisfy the kinematic boundary condition, w = 0, at the
inner edge r = a. Due to the requirement of periodicity, w,
can be expanded in a Fourier sine or cosine series of the form

W(r,6)= Wo() + Y, W, (r)cosnd @1)
n=1

Substituting (21) into (195) and integrating with respect to
0, while exploiting the orthogonality properties of the
trigonometric functions leads to the bifurcation functional F
in (20b) assuming the form

1

= LEW,)

n=1

Fw)=Fy(Wy)+ (22)

where each F), has the form

b1 B3
F,(W,)= Sa [“— (le W

nr

1 n?
+2Ly 5 W - Wor— ey w,

1 n? 2 nW, 2
+ Lo <7 W, — = Wn) +4L 3, {( - - )J} ) (23)

nw,

2
+h011 VV?I’r‘{‘hUzz( ) +kW3,]rdr
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Fig. 3 Critical drawing stress, (¢3; (a)/ay), versus the drawing ratio
(b/a) for deformation theory () and flow theory (--) with hardening
exponents, m = 1, 4, 10. For all points below the (—+—.— ) curve, the
entire flange is in the elastic region. Results obtained for
h?la?e, = 0.9,» = 0.3,R = 1andK/ha, = 0.
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Fig. 4 Critical drawing displacement, Uc/aey, versus the drawing
ratio (b/a), for flow theory with hardening exponents m = 1, 4, 10. For
all points below the (———) curve the entire flange is in the elastic
region. Results obtained for hzlazey =0.9,»=0.3,R = 1,K/hcry = 0.

Bifurcation first occurs at the smallest value of the applied
displacement, U, for which some F, satisfies

oF,(W,) F,(W,)=0 24

The corresponding bifurcation mode is of the form W, (r)
cos nf (or W, (r) sin nd).

The bifurcation calculation is carried out by a similar
numerical procedure to that described in [14]. An increment
of the prebifurcation solution is calculated as described
previously. The lateral displacement W, (r) for selected values
of n is then expressed in terms of Hermitian cubic
polynomials within each element., The stiffness matrix
associated with each F,(W,) is assembled and when the
determinant of this stiffness matrix vanishes, the current
value of U is the critical one for bifurcation into the nth
mode. Several checks were made on the numerical procedure.
For a pure power law hardening material, that axisymmetric
prebifurcation state agreed with that given by the analysis of
[15]. When the loading was changed to external compression
and attention confined to axisymmetric bifurcation, the
results obtained by the present analysis were in agreement
with those in [17].
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Fig. 5§ Critical drawing displacement, Uc/aey, versus the drawing
ratio (b/a) for deformation theory with hardening exponents m = 1, 4,
10. For all points below the (--) curve, the entire flange is in the elastic
region. Results obtained for h /azey =09,»=03R=1, K/hay = 0.

4 Numerical Results

The critical drawing stress, of,(a), for the onset of
wrinkling normalized by the yield stress, o,, depends on the
geometric and material parameters through the following
dimensionless groups

n b K
f( 2 y_ym:V)Ry_‘)
a’e,  a ho,

of1 (@) -
gy

@25

where h/a is the flange thickness divided by the punch radius,
¢, =0,/E, with ¢, denoting the yield stress and E Young’s
modulus, b/a is the drawing ratio, m is the strain hardening
exponent, v is Poisson’s ratio, R is the plastic anisotropy
coefficient and K is the blankholder stiffness.

Figures 3-6 display the results obtained here for the onset
of wrinkling without a blankholder (K = 0) as a function of
the drawing ratio, b/a. In these calculations Poisson’s ratio,
v, was taken as 0.3 and plastic isotropy, R = 1, was assumed
to hold.

Figure 3 depicts the dependence of the normalized critical
drawing stress, of,(a)/g,, on the strain hardening exponent,
m, of the flange material. The normalized flange thickness,
h*/a%e,, is taken to be 0.9, corresponding to a flange
thickness to punch radius ratio, 4/a, of 0.03 if ¢, = 0.001, or
if ¢, =0.004 then #*/a’*e, = 0.9 corresponds to #/a = 0.06.
Results are shown for two values of m; m = 4, corresponding
to a moderately hardening material and m = 10
corresponding to a lightly hardening material. For com-
parison purposes results are also displayed for a linear elastic
material, m =1,

The dashed curves in Fig. 3 are the flow theory predictions,
while the solid curves are the corresponding deformation
theory results. Of course, for m = 1 the two theories coincide.
For drawing ratios greater than about 1.8 most of the flange is
in the elastic regime and, due to this elastic restraint, the
critical drawing stress differs little from that for a linear
elastic material for drawing ratios in this range.

Except for the linear elastic material, none of the curves in
Fig. 3 exhibits a monotonic depenence of the critical drawing
stress on the drawing ratio. For drawing ratios less than 1.6,
the deformation theory predicts a decreasing drawing stress
with decreasing drawing ratio while the critical drawing stress
obtained from flow theory increases. The flow theory curves
in Fig. 3 are terminated before the deformation theory curves
since the strains in the flange at the predicted onset of
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Fig. 6 Critical drawing displacement, U./ae,, versus the drawing
ratio b/a, for deformation theory with thickness parameters
h2a? ¢, = 0.1, 0.9, 2.5. For ali points below the (———) curve, the
entire f{ange is in the elastic region. Results obtained form = 4,» =
0.3,R = 1,K/hay = 0.
wrinkling, according to flow theory, rise very steeply beyond
the depicted range. .

If as in [15] we assume that the punch load, P,, is related to
the drawing stress of, (@) by

P, =2wa(l +nho§,(a) (26)

where 7 is an empirical constant intended to incorporate the
effect of friction at the die throat, then Fig. 3 implies that
according to deformation theory, the punch load at the onset
of wrinkling decreases with the drawing ratio for drawing
ratios less than about 1.6. On the other hand, flow theory
predicts an increasing critical punch load for wrinkling in this
regime. Assuming (26) holds, neither theory predicts a
monotonic dependence of the critical punch load for
wrinkling on the drawing ratio. Figures 4 and 5 show the
results of the same calculations as depicted in Fig. 3.
However, in Figs. 4 and 5 the critical radial displacement, U,
for the onset of wrinkling is plotted as a function of the
drawing ratio, b/a. The radial displacement is normalized by
the punch radius, a, and the yield strain, ¢,, with the quantity
U,/ae, representing critical hoop strain at the die throat
divided by the yield strain.

Figure 4 displays the results for flow theory while Fig. §
displays the corresponding results for deformation theory.
Note that in each figure the critical displacement for the onset
of wrinkling increases monotonically as the drawing ratio
decreases. According to flow theory the value of U, /¢,a is
higher for a lightly hardening material, m = 10, than for a
moderately hardening material, m = 4, except for the larger
drawing ratios where the role of plasticity is not significant.
On the other hand, deformation theory predicts an increasing
critical die throat displacment, U,, as strain hardening
capacity increases.

Figure 6 illustrates the effect of flange thickness on
wrinkling. Here, deformation theory was employed with a
strain hardening exponent, m, of 4, For a thin flange, h*/d%¢,
= 0.1, wrinkling initiates prior to plastic yielding over most
of the range of interest.

The calculations with a blankholder present, displayed in
Tables 1 and 2, were carried out for fixed values of v~!
K/ha,. In Table 1, the values y~'K/ho, = 100 and 500 were
employed, while in Table 2 y~'K/ho, = 100 and 1000. The
quantity v was calculated for selected cases and these values
of v employed to obtain the values of K/ho,, rounded to an
integer, listed in the tables. The values of vy obtained did not
depend significantly on the drawing ratio. For example, y~!
K/ho,,= 500 and b/a = 2.0 gave a value of v = 0.035 while

CRITICAL DRAWING DISPLACEMENT
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Table 1 The effect of the blankholder stiffness on wrinkling,
for deformation theory with #/a%¢, = 0.1, R = 1, » = 0.3,
m=4

K b afl (a) UC
— — — n
ha, a a, aey,
0 2.0 0.07 0.13 3
0 1.6 0.11 0.28 4
0 1.2 0.20 1.24 5
6 2.0 0.69 1.59 10
6 1.6 0.52 1.58 11
6 1.2 0.24 2.49 16
17 2.0 0.92 3.09 19
17 1.6 0.63 2.96 21
17 1.2 0.29 6.27 27

Table2 The effect of the transverse anisotropy ratio R on
wrinkling, for deformation theory with #2/a%¢, = 0.9, b/a
=16,»=03,m=4

d§;(a U
K R 11(@) ¢ "
hay oy aey
0 0.5 0.58 1.85 4
0 1.0 0.55 1.78 4
0 2.0 0.54 1.85 4
0 4.0 0.53 1.81 4
4 0.5 0.75 5.26 9
4 1.0 0.75 6.09 9
4 2.0 0.75 7.16 9
4 4.0 0.75 8.16 9
24 0.5 1.11 26.59 22
24 1.0 1.14 34.89 22
24 2.0 1.18 45.92 21
24 4.0 1.20 56.08 21

for b/a = 1.2, v = 0.033. Furthermore, it was found that the
bifurcation mode deflection Ww(r) increased monotonically
from r = ator = b, as expected, for the cases with b/a = 2.0
or less. For a larger drawing ratio, b/a = .2.4, radial
oscillations in the deflections pattern were obtained, which
was taken to indicate that the linear elastic foundation model
of the blankholder was not appropriate for such a large
drawing ratio.

Table 1 illustrates the effect of the blankholder stiffness on
wrinkling behavior. These results were obtained using the
deformation theory, with the flange thickness and material
properties taken as shown in the table. In addition to con-
siderably delaying the onset of wrikling, the blankholder
stiffness greatly increases the number of wrinkles. For
example, for b/a = 1.6, without a blankholder wrinkling
initiates at U,/ae, =1.24 with 5 wrinkles. With. a non-
dimensional blankholder stiffness of 17, for b/a = 1.6, the
number of wrinkles is increased to 21 and U, /ae, = 6.27.

Table 2 illustrates the effect of the normal anisotropy
parameter, R, on wrinkling. These results also employ the
deformation theory and are for b/a = 1.6. In the absence of
the blankholder, X = 0, U, /ae, is virtually independent of R.
With a blankholder present, the critical displacement for
wrinkling increases monotonically with R.

This result of our analysis is consistant with the observation
of Naziri and Pearce [16] who inferred the effect of R on
wrinkling by measuring the blankholder force required to
suppress wrinkling. Naziri and Pearce [16] found that the load
required to suppress wrinkling generally decreased with in-
creasing R. The results displayed in Table 2 also indicate that
if an attempt was made to investigate the effect of R on
wrinkling without a blankholder, this effect of the normal
anisotropy, R, would not be observed.

Figures 7 through 9 compare the present results with those
obtained by Senior [7] employing a beam model of the flange.
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the critical drawing stress. Resuits obtained for m = 1, 4, 10
hla?c, = 0.1,0.9,25,» = 0.3, R = 1,K/ha, = 0. T
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Fig. 8 Average hoop stress at bifurcation, {s,,,/0,) versus drawing
ratio, b/a, for deformation theory (---.- «) and flow theory (--) with har-
dening exponent m = 4 and comparison with the results given in [7].
Results obtained for h?/a% = 0.9, = 0.3,R = 1,K/ho, = 0.

Senior’s [7] analysis for the onset of wrinkling without a
blankholder predicts that the number of wrinkles will lie in the
range

b/a+1
2(b/a—1)

165 29t <23

T 2bsa-1) T T @n

The lower and upper bounds in (27) are plotted in Fig. 7.
The points shown in this figure correspond to wavenumbers,
n, which are either the critical ones or have critical drawing
stresses, of,(a), which differ by less than 0.01¢, from the
critical drawing stress. Senior [7] found that the number of
wrinkles observed tended to lie within the range given by (27)
or, for smaller drawing ratios, to be somewhat greater than

" the upper bound in (27). The present results tend to lie slightly
below the lower bound. This is most likely due to our
idealization of the flange as being simply supported at the die
throat, r = a. A few calculations were carried out for the
extreme case in which the edge r = a, is clamped. For a
drawing ratio, b/a, of 1.6, #2/a*¢, = 0.9 and m = 4 withr =
a simply supported, the critical drawing stress, of,(a)/0,, is
0.55 and the number of wrinkles formed is 4. When r = a is
clamped, then of;(a)/0, = 0.61 and the critical number of
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Fig. 9 Average hoop stress at bifurcation (aave/ay), versus the
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{--) with hardening exponent m = 10 and comparison with the results

.2 14 |6

given in [7]. Results obtained for h"’laey =09,» = 03,R -1, K/hey = 0.

K/he

wrinkles is 6. In the presence of the blankholder this dif-
ference is less, with K/ho, = 3.5 for both boundary con-
ditions (7“‘K/hay = 100), of,(a)/0, = 0.75, withn = 9 and
ofi(a)/a, = 0.76 with n = 10, for the simply supported and
clamped cases respectively.

Senior’s [7] analysis leads to the condition that the onset of

wrinkling is bounded by
oave h 2
— < 0.64 (— )
E b—a

0

o.46($)2 < 28)

where

4EE,

Ey=—""t 29
* WE+VE) @)

and g, is the average hoop stress in the flange.

In Figs. 8 and 9 the bounds in (28) are compared with the
present results. The values of o,, corresponding to the
present results were obtained by numerically integrating the
hoop stress, g, (r), from r = ator = b. The discontinuity in
the bounds from (28) arises from the discontinuity in E, at o,
for the piecewise power hardening model employed in the
present analysis, (9). Note that for small drawing ratios the
dependence on the drawing ratio given by (28) is qualitiatively
like the present results employing the deformation theory.

The flow theory results give average hoop stresses at the onset
of wrinkling much in excess of (28).

5 Concluding Remarks

The present analysis predicts that the critical drawing stress
for the onset of wrinkling is not a monotonic function of the
drawing ratio. However, the critical displacement for the
onset of wrinkling does increase monotonically as the drawing
ratio decreases.

As shown in [15] the limiting drawing ratio (LDR) increases
with the plastic anisotropy coefficient R. Here we find that
the critical drawing stress and displacement for the onset of
wrinkling, with a blankholder present, also increases with R.
Results of Senior [7] for the average hoop stress at the onset
of wrinkling give a similar qualitative dependence on the
drawing ratio to that exhibited by the present results em-
ploying deformation theory. However, such a beam model,
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which employs a uniaxial constitutive law, does not reveal the
dependence of the onset of wrinkling on the plastic anisotropy
coefficient R.

Naruse and Takeyama [18, 19] also formulate the onset of
wrinkling as a plastic bifurcation problem for an annular
plate. In [18, 19] attention is confined to the classical smooth
yield surface flow theory for an isotropic material and, in
[19], a spring type blankholder model differing from that
employed here is adopted. Results presenied in [18, 19] focus
on drawing ratios in the range 1.7 to 2.0 and blankholder
stiffnesses, K/ho,, in the range between 0.0 and 1.0.

The present analysis has focussed on the critical conditions
governing the onset of wrinkling. Consideration of the rate of
growth of wrinkles, or their ironing out, requires a post-
bifurcation analysis, which is not undertaken here. Such an
analysis is probably most appropriately carried out within the
context of a finite deformation formulation.
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APPENDIX

For the flow theory of plasticity the three dimensional

incremental moduli are given by

do, do,
. E 1 ¥ aoij doy
Ljy= ol 7 (8 8y +6il‘sjk? + '1?276"6"’ 1 (A1)
+ do, ao,
E 1 acmn aomn
E—, -
where g, is given by (5).
For the deformation theory
do, do,
Ay ‘ kir. ‘
E 4 v 00,y : g,
Ly = Ay + —5 80 — (A2)
1+ 1-2» 1+v aO’e aGe
E E 60',,,,, e a‘Trs
E, E
Here, Aijk[ has the symmetries Aijkl =Ak1ij = Ajik[ = Ajilk and
satisifies
- 1 32(d?%,) - 1 3%(d%,) -
At | Lomn > 8 m =Lt B 50, a;k[ kimn = Lijmn (A3)

with I, being the fourth order identity, I, = 1/2 (8
61-, +6”5jk) and B = (E/Es e 1)/(1 +’Y)'
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