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Abstract The results of a linear and a non-linearstability analysis are presented for the system composed of a
cohesive, frictionaloverburden restingon a viscous substratumof lower density. Stability dépends on
the in situ stress and not solely on the density contrast, as for visco-elasticmodels. It is shown that an
unstable system evolves towards a stable fold whose finite amplitude is a function of the tectonic
force. However, if faulting occurs in the overburdenduring the fold development,the structure then
collapses in a chevron mode.
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Résumé Stabilité d'un système à deux couches stratifié en densité
Les résultats présentés concernent la stabilité linéaire et non-linéaire du système stratifié, composé
d'un matériauà cohésion et à friction reposant sur un fluide visqueux de moindredensité. La stabilité
dépend de la contrainte tectonique et pas seulement du contraste de densité comme pour les
modèles visco-élastiques. Le système initialement instable évolue vers un nouvel équilibre : un pli
dont l'amplitude finie est fonction de la contrainte tectonique. Cependant, si l'initiation de failles
dans le solide se produit lors de ce développement,une ruine du systèmestratifié en un mode de che-
vron est observée.

Mots-clés : Instabilité,Pli, Chevron, Faille, Grande déformation.

Version
française
abrégée

LE modèle bidimensionncl considéré
consiste en deux couches horizontales
(fig. 1). Les propriétés du matériau de la

couche supérieure sont décrites par le modèle
élasto-plastique de Rudnicki et Rice (1975)
qui prend en compte les grandes déforma-
tions. La couche inférieure contient un fluide
de viscosité constante et de densité inférieure
à celle du solide. Les effets de pression de
pore et de viscosité dans la couche supérieure
sont négligés. Une condition de glissement
sans frottement est imposée entre la couche
inférieure et le socle rigide. Les contraintes,
dans la couche supérieure, dans les directions
1 et 3 ont pour gradient /t et /;., fois le gra-
dient lithostatique, respectivement; la
contrainte à l'interface entre les deux couches
dans les directions 1 et 3 est notée

a() cos (cp) et o0 sin (tp). La contrainte dans le
fluide résulte de la pression hydrostatique et
lithostatique. L'hypothèse d'un chargement
proportionnelet l'adoptiond'une loi puissan-
ce pour la courbe contrainte-déformation per-
mettent de calculer la déformation perma-
nente associée à la contrainte in situ, en tout
point de la couche supérieure.

Lhie analyse de stabilité linéaire de ce sys-
tème de longueur infinie a été présentée par
Leroy et TriantafvHidis (1995). Elle est fondée
sur l'hypothèse qu'une perturbation ne peut
induire de décharge élastique,si une déforma-
tion plastique est associée à la contrainte in
situ. Les résultats de l'analyse linéaire sont pré-
sentés en figure 2 sous la forme d'isocontours
de coefficient de stabilité, dans un espace
décrit par le nombre d'onde sans dimension
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co H et la contrainte a. normalisée par la
cohésion. Notons l'existence d'états stables
ainsi que d'une longueur d'onde à croissance
maximum pour toute contrainte supérieure à
ar Ces résultats s'appliquentà un système de
taille finie - pour lequel une analyse de stabi-
lité par les éléments finis est réalisée - si la
longueur d'onde de la perturbationest un
sous-multiple de la longueur de la structure.
L'épaisseur de la couche supérieure est choi-
sie dans ce qui suit, de telle façon qu'une per-
turbation de longueur d'onde égale à la lon-
gueur de la structure ait pour nombre
d'ondes sans dimension (co H)* (iwfig. 2).
Pour cette géométrie, le système est stable si
a0 est plus petit que aT. Pour une valeurde an
suffisammentgrande, des perturbations de
grand nombre d'ondes (e.g. 2 (to H)*) ont
une croissanceplus rapide que la perturbation
associée à (co HJ* ; ceci est illustré par les
points 2 et 3 de la figure 2.

Les résultats numériques obtenus repo-
sent sur une formulation Lagrangienne avec
coordonnées convectives, afin de tenir compte
des grandes transformations (Massin, 1995).
Le nombre sans dimension T est introduit
comme le rapportdu tempscaractéristiquedu
chargement sur le tempsde relaxation du flui-
de visqueux. Ce dernier, noté lR, correspond à
la viscosité du fluide, divisée par le module
d'élasticité en cisaillement du solide. L'équi-
libre correspondà T égal à zéro; un charge-
ment passif, réalisé en augmentantde façon
monotone la force ou le déplacement de la
paroi latérale (fig. 1), requiertque Tsoit petit
devant l'unité.
L'évolution d'un état d'équilibre per-

turbé ne correspond pas aux prédictionsde
l'étude linéarisée, en raison d'une décharge
élastique partielle dans la couche supérieure :

la stabilité neutre n'est pas détectée pour une

contrainte ar, mais pour une contrainte plus
grande aR. La prise en compte d'une com-
pression passive lors de l'analyse numérique
permet de retrouver les résultats de l'analyse
linéaire. Une comparaisonentre ces deux ana-
lyses est présentée en figure 3 pour les condi-
tions initiales correspondantau point 1 de la
figure 2. Lorsque la contrainte in situ est com-
prise entre ar et aR, la vitesse de croissance
des perturbations est positive, mais reste de
l'ordre de la vitesse de compression imposée
par les conditions aux limites. Ce n'est que
pour une contrainte supérieure à oR, que la
vitesse de croissance des perturbations n'est
plus gouvernée par la compressionpassive.

Le développement de l'instabilité à partir
d'un équilibre ne conduit pas à la ruine du
système, mais à la formation d'un pli d'ampli-
tude finie, fig. 4. La sélection de ce nouvel
équilibre dépend de la contrainte tectonique,
ainsi que du type de conditions aux limites,
fig. 5. Notons que la couche supérieure est
entièrementélastique lorsque le pli est formé.
La restabilisation ne se produit pas si des
failles sont initiées (perte d'ellipticité, Rice,
1976) dans la couche supérieure. Dans ce cas,
des rotules plastiquesse développent à la crête
et au creux du pli qui prend la forme d'un
chevron. Le chevron présenté en figure 6 a
été obtenu grâce à deux perturbations simi-
laires à celles des points 2 et 3 de la figure 2.
La perturbationde courte longueurd'onde a
eu la croissance la plus rapide. Le chevron
n'est pas un état d'équilibrestable, si la force
est maintenue constante à la frontière latérale.
La prise en compte de la compression passive
ne change pas le développementde l'insta-
bilité décrit ci-dessus. La seule différence est
que le pli, une fois formé, continue de se
développer à une vitesse déterminée par les
conditions aux limites.

1. INTRODUCTION
AND DESCRIPTIONOF MODELPROBLEM

The two-dimensional model problem
considered consists of two horizontal layers
resting on a rigid basement (fig. 1). The

overburden is composed of a cohesive, fric-
tional solid whose properties are described
by the fïnite-strain, pressure-sensitive elasto-
plastic model of Rudnicki and Rice (1975).
Effects of pore fluid are disregarded by set-
ting the pore pressure to zéro. The substra-
tum material is a fluid with a constant visco-
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sity and a density lower than that of the over-
burden solid. The rate-controlling mecha-
nism during the évolution of this stratified
system is assumed to dépend on the fluid vis-
cosity and, conséquent!}', any strain-rate sen-
sitivityofthe overburdenmaterial is disregar-
ded. A condition of slip with no friction is
assumed between the substratum and the
rigid basement. The in situ stress distribu-
tions in direction 1 and 3 in the overburden
are characterized by a vertical gradient, res-
pectively, ft or k.s times the lithostatic pres-
sure gradient; the stress along directions
1 and 3 at the interface between substratum
and overburden are o() cos (m) and
o"Qsin (m), respectively. The substratum sus-
tains a hydrostatic stress resulting from the
lithostatic and hydrostatic pressures.
The choice of an elasto-plastic model for

the overburdenrenders possible the study of
various modes of instabilities such as folding
and faulting. The onset of faulting, signalled
by the loss of ellipticity of the governing
équations (Rice, 1976), cannot be predicted
with classical viscous-fluidmodels, which lack
one of the appropriate destabilizing mecha-
nisms responsible for faulting (Poirier,
1980). This defîciency is alleviatedwith non-
associated elasto-plasticity models that allow
certain stress states to lead to a loss of ellipti-
city in the positive work-hardening range of
déformation (Rudnicki and Rice, 1975).
The need to develop a solution to the

folding problem for elasto-plastic models has
several motivations.The prédiction of the
initiation of distributed fracture in a fold
requires the application of a fracture cri-
terion and the knowledge of the stress state
(Price and Cosgrove, 1990). To this end, an
elasto-plastic model is an attractive alternati-
ve to the viscous-fluid approach considered
by Lemiszki et al (1994). It predicts the ani-
sotropic development of a population of
faults or defects, whose initial size is small
compared to the fold dimensions (Lehner
and Kachanov, 1995), prior to the onset of
faulting at the length scale of the fold. An-
other motivation stems from the study of
laboratory analogue models, such as those
composed of viscous and granular materials
in sandboxes, which seek to reproduce faul-

ting in the compétent layer. A linear and
non-linear stability analysis, such as the ones
reported hère, will establish the différences
between the initial developmentof instabili-
ties (prior to major faulting) in the analogue
model and the corresponding field case,
shedding new light on accepted scaling
rules.
The rest of this Note is organized as fol-

lows. Sections 2 and 3 pertain to the linear
and non-linear stability analysis of the strati-
fied system, respectively. The non-linearana-
lysis reveals the importance of an elastic
unloading at the onset of instability, which is
ignored in the linear analysis, and establishes
that the initially unstable stratified system
evolves towards a new equilibrium in the
form of a finite-amplitude fold. That ampli-
tude is function of the magnitude of the
compressive in situ stress. The emergingfold

Fig. 1 Geometry of the model proble
and in situ stress distribution.The
density of the overburden andof the
substratum are, respectively,denoted
by pand p.

Géométrie du problème
et distributionde contrainte.
L'épaisseuret la densité des couches
supérieure et inférieure sont notées
par H., p et par H., p, respectivement

Fig. 2 Isocontours of dimensionless
stabilityexponent'/. in a spacespann
by the dimensionlesswavenumber
coHa and stress o.. normalized with
respect to the cohésion o,.

Isocontours de coefficientde stabilité
adimensionalisé dans l'espacedécrit
par les nombres d'ondes
adimensionaliséso>H? et la contrainte
o0 normalisée par la cohésion a.
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Fig. 3 Evolutionwith time of the
perîu'Dation amplitude growth rate for
a stress a larger than afi. The solid,
dottea and dashed curves, respectively,
correspondto a passivecompression,
the .îssociated prédictionsof the linear
stab. :v analysis and the évolution from
an eii'jilbnum state.

Evolutiondans le tempsde la vitesse de

crois^a'ce d'une perturbation pour une
cont'dnte o,. plus grande queor Les
couinescontinues,en pointillés longs
et courts, correspondentaux résultats
obiers avec une compressionpassive,
aux prédictionsde l'analyselinéaireet
à l'évolution à partir d'un équilibre,
respectivement

transforms into a chevron if faulting occurs
at its crest and trough. This Note is conclu-
ded by a discussion in section 4.

2. LINEAR STABILITYANALYSIS

The linear stability analysis of the strati-
fied system of infinité latéral extent makes
use of the methodology developed by Biot
(1965) for solids under initial stress and sub-
sequently applied to bifurcation problems
for elasto-plastic materials by, e.g., Hill and
Hutchinson (1975). Neutral stability results
for a stratified system with an infmitely deep
substratum hâve been reported by Triantafyl-
lidis and Leroy (1994). An asymptotic solu-
tion to the same problem-except that the
substratum thickness is taken to be finite-has
been presented and validated by the same
authors for the whole unstable range of
wavelength and tectonic force (Leroy and
Triantafyllidis, 1995; Triantafyllidis and
Leroy, 1995). In thèse analyses the state of
stress described in figure 1 is assumed to be
reached by proportional loading; the accu-
mulated plastic déformation is computed
according to this loading path with the same
power law for the stress-strain curve at every
point of the overburden. It is further assu-
med that a perturbation induces a plastic
strainingif the in situ stress has already gene-

rated a permanent déformation. A possible
elastic unloading upon perturbation is thus
disregarded.

Typical results of the linear analysis are
presented in figure 2 for a substratum to
overburden thickness ratio H. /H of 9. Theb' adata used to obtain thèse results are found in
the références cited above. The various
curves are isocontours of dimensionless sta-
bility exponent X, (le., the rate of growth of
the instability if positive) in a space spanned
by the dimensionless wavenumber co H and
' athe normalized stress oQ. Note the isocon-
tour of neutral stability (k = 0) and the exis-
tence of a range ofwavenumbers that lead to
instability for any given stress larger than a
certain stress, denoted by a.f for reasons
given in the concluding section. In that
range there is a perturbation with fastest
growth. The striking différence between the
results presented in figure 2 and any stability
results based on the visco-elastic model (e.g.,
Biot and Odé, 1965) is the existence of
stable states like those for an elastic beam on
a viscous foundation. Our results are more
realistic than those of the beam model,
however, since we take into account a non-
linear rheology, a realistic in situ stress distri-
bution in the overburden and géométrie
effects due to the prestress.
The results of the linear stability analysis

are applicable to the case of a stratified Sys-
tem of finite latéral extent-for which we
conducted a finite-elementstabilityanalysis-
if the length of the structure is a multiple of
the perturbationwavelength. In what fol-
lows, the overburden thickness and the per-
turbation wavelength are chosen such that
the value of to H corresponds to the ordi-
nale of the furthest left point on the neutral
stabilitycurve, (to H)*, in figure 2. The abs-
cissa of that point is a.f. Hence, for that par-
ticular structure, stability is guaranteed if the
in situ stress oQ is less than ar Note that for
large values of aQ compared to or, perturba-
tions with shorter wavelengths are also uns-
table. This is illustrated in figure 2 in which
point 3 corresponds to a perturbation
half the wavelength of the perturbation at
point2.
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3. NON-LINEARSTABILITYANALYSIS

The numerical results présentée! in this
section are based on the finite-element
method (Massin, 1995). A fully Lagrangian
formulation of the governing équations is
adopted, with the convected-coordinates
approach discussed by Hutchinson (1973) to
account for large strains. The finite éléments
are four-noded and isoparametric with the
displacemenls as nodal unknowns. The
mean-dilatation method is employed in view
of die nearly incompressible response of the
material in the overburden and in the sub-
stratum.
The dimensionless number 7' is defined

as the ratio of the characteristic time
associated with the loading rate to the one
associatedwith the fluid relaxation. The lat-
ter, denoted bv /;;, is defined as the viscosity
of the fluid divided by the modulus of elasti-
city in shear of the overburden material.
Loading is performed by increasing with
time the total applied force or the displace-
ment at the latéral boundarv (fig. 1). An
equilibrium corresponds to T equal to zéro
and a passive compression requires T to be
small compared to one.
The initial évolution of a perturbed equi-

librium (T= 0) with an in situ stress o(| grea-
ter than o.;, does not correspond to the pré-
dictions of the linear stability analvsis. This
discrepancyarises from the elastic unloading
that is always induced when the stratified
system is perturbed; the distribution ofmate-
rial points unloading elastically and loading
plastically takes the form of a chessboard in
the overburden. It is found that the stress o()
has to be larger than a critical stress, deno-
ted by oR for reasons to be explained later,
for the initial rate of growth to be positive. It
is only in the présence of a passive compres-
sion (T« 1) that the rate of growth at the
onset of instability is precisely the one pre-
dicted by the linear analysis. The results pre-
sented in figure 3 are obtained bv choosing
the stress state corresponding to point 1 of
figure 2 as the initial conditions. The ordina-
te in figure 3 is the derivative with respect to
time ofthe perturbation amplitude, normali-
zed by the initial value of that derivative; the

perturbation amplitude is the L9 norm of the
displacemenl field. This amplitude growth
rate is found to be positive. Hence, the per-
turbation increases with time, but its growth
rate always remains of the order of the rate
of passive loading if the in situ stress o() is less
than oR. For an in situ stress larger than o ,the instability develops at a rate that is not
controlledby the loading rate.
The development of the instability in the

absence of passive loading does not lead to
the collapse of the stratified system but to
the formation of a stable fold of finite ampli-
tude (fig. 4). This new equilibrium dépends
on the initial in situ stress as well as on the
type of boundary conditions, as seen in fi-
gure 5. For the same initial stress, the fold
amplitude A is larger in the case of force
control than in the case of displacement

Fig. 4 Final stable equilibriumin the
form of a fold resulting from the
development of a long-wavelength
perturbationm the mitially unstable
stratifiedsystem.The initial substratum
to overburden thickness ratio is 2.

Equilibre final stable en forme de pli
résultant du développement d'une
perturbationde grande longueur
d'onde dans un systèmestratifié
initialementinstable. Le rapport
d'épaisseurentre les couches inférieure
et supérieure est de 2.

Fig. 5 The fold amplitudeA, defineda
the vertical distance between crest an
trough, as a functron of the latéral
compressée stress.

L'amplitudedu pli, définiecomme la

distanceverticale entre le creux et la
crête, en fonction de la contraintede
compression latérale.
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Fig. 6 Collapse of the stratified system
in a chevronmode due to faulting.
Each star identifiesan intégration point
at wh'ch plastic flow is taking place.
The initial substratumto overburden
thicknessratio is 2.

Ruine du système stratifié en un mode
de chevronà la suite de la formation
de failles. Chaqueétoile indique la
position d'un point d'intégrationoù
l'écoulement plastiquese produit. Le
rapport d'épaisseurentre les couches
inférieureet supérieureest de 2.

control. In ail cases the new equilibrium is
characterizedby a fully elastic response of
the structure. This restabilization to a new
equilibrium does not take place if a loss of
ellipticity occurs in the overburden, as hap-
pens when oQ is larger than oR. In that ins-
tance, plastic hinges form at the crest and
trough of the developingfolds and the limbs
straighten, resulting in the formation of a
chevron. The chevron is not a stable equili-
brium if the applied force at the boundary is
kept constant. The chevron shown in fi-
gure 6 is obtained with two perturbations
similar to those of points 2 and 3 in figure 2.
The second perturbation had the fastest
growth, resulting in the final mode seen in
figure 6. In that figure the stars identify the
intégration points of the finite éléments
where plastic flow is taking place. Note the
localization of the déformation at the
hinges. In the présence of a passive compres-
sion, the instability development is similar to
the one reported above, although the stable

fold amplitude continues to increase at a
rate governedby the passive loading.

4. CONCLUDING DISCUSSION

The linear stability analysis indicates tiiat
the initial compressive stress has to be larger
than oT in order for the two-layer System to
becomeunstable. The non-linearanalysis pre-
dicts a critical stress of oR which is larger than
a?, (see comparisonin figure 5). For an in situ
stress aQ larger than oR, partial elastic unloa-
ding occurs in the overburdenas the instabili-
ty develops at a rate larger than the passive
rate of loading. A similar response is found
during the loading of the classical rigid T-
column model with two discrète elasto-plastic
supports (Shanley, 1947; Massin, 1995). This
model has received a lot of attention in engi-
neering in view of its simplicity and the
potential generalization of its results on stabi-
lity and bifurcation to the case of continua.A
stable bifurcation is detected at oT (referred
to as the tangent modulusload, in view of the
plastic response of the two column supports)
and loss of stability occurs at oR (denoted the
reduced modulus load since one of the sup-
portsunloads elastically).
The main différence between the results

presented hère and those typically obtained
with a fluid model is the potential restabiliza-
tion of a fold. The onset of faulting results in
the formation of a chevron for perturbation
wavelengths that are long compared to the
overburden thickness. Shorter wavelength
modes, which could resuit in collapse
mechanisms more reminiscentof a pierce-
ment, remain to be explored.
The non-linear analyses should be

extended to account for érosion, déposition
and compaction of the overburden material.
They should also include elasto-plastic
models appropriate for monitoring damage
development and the initiation of distribut-
ed fracture.
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