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1. Introduction

A fundamental problem in the study of composite materials (such as fiber-
reinforced materials, layered materials, honeycombs, foams, etc....) is the
determination of their macroscopic (or ‘‘average’’) behavior as a function of
their microstructure. The calculation of these macroscopic properties is called
the homogenization (or ‘‘averaging’’) problem for the composite and has at-
tracted a great deal of attention both in the engineering as well as the
mathematics literature.

The first homogenization problems to be addressed in the engineering
literature were concerned with linearly elastic composites. For the simplest
possible microstructures, namely the periodic ones (obtained by the infinite
repetition in space of a fundamental unit cell), the homogenized elastic moduli
can be calculated exactly (see Hmwi [H 63]). Since exact calculations are no
longer possible for the more complicated case of aperiodic microstructures,
there are two philosophically different approaches to the problem. On one
hand, approximate methods have been developed to calculate the homogenized
moduli of aperiodic composites. Perhaps the most popular of these methods
are the several variations of the “‘self-consistent’’ scheme developed initially
by Hmr [H 65] and KrOnerR [K 67] and subsequently employed by many
researchers in this field. On the other hand, a successful approach has also
been developed to construct bounds for the macroscopic moduli of arbitrary
linearly elastic composites. Although the simplest arithmetic and harmonic
bounds have been known for about a century, interest in this approach has
been revived with the work of HasHiN & SHTRIKMAN [HS 62] and continues
strongly to date. For a brief review of the aforementioned approaches in the
engineering literature see WiLLis [W 81} or Hirvyarp [HI 82] and references
quoted therein.

In parallel to the above developments, a rigorous mathematic approach to
the homogenization problem in linear elastic solids has been developed in the
early sixties and seventies. A justification of Hiwrr’s results for periodic media
has been given via the asymptotic expansion method proposed by SANCHEZ-
PaLencia [SP 74]. The considerable progress that has been made in the mathe-
matical study of various aspects of the homogenization in linearly elastic com-
posites can be reviewed in BENssoussaN, Lions & Papanicoraou [BLP 78],
SaNcHEzZ-Pa1ENcIA [SP 80] and Koun & STrANG [KS 86]. In addition to these
results in linear elasticity, one should also mention the more recent generaliza-
tions in linear viscoelastic (see [SP 80]) and thermoelastic periodic composites
(see Francrort [F 83]).

The study of nonlinear composite solids presents considerable additional
diffculties. The main difference with the linear case is that the macroscopic
behavior of the nonlinear composite can be of a nature completely different
(and often unknown) from the microscopic behavior of its constituents. As a
result, the majority of the numerous engineering papers on this subject involve
a variety of approximations difficult to verify. Consequently, the engineering
studies in this area have not fostered an analogous development in the
mathematics literature as for the linear case. The only apparent deviation
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from this trend seems to be the case of nonlinearly elastic composites, the
topic of interest in the present work.

The simplest, and yet practically meaningful and theoretically tractable type
of nonlinear composites, are the periodic nonlinearly elastic composites. In the
engineering literature, ABEYARATNE & TRIANTAFYLLIDIS [AT 84], motivated by
the desire to understand why the experimentally produced energy density func-
tions for a certain type of foam rubber show the possibility of a shear band
(in mathematical terms the energy density loses its rank-one convexity), have
studied numerically the behavior of an elastomeric composite with periodic
holes. It was found that although the matrix material is polyconvex in the
sense of BarL [B 77] and hence always rank-one convex, the homogenized in-
cremental (or linearized) moduli of the composite lose their rank-one convexity
at adequately high macroscopic strains.

In an effort to further understand the reasons for such a behavior, TrRIAN-
TAFYLLIDIS & MAKER [TM 85] have studied the bifurcation problem of a finitely
strained layered nonlinearly elastic composite. They found that there exists an
intimate connection between bifurcation at the microscopic level and loss of
rank-one convexity at the macroscopic level. More precisely, they showed that
bifurcation of the composite at a wavelength much larger than the unit cell
size corresponds to the loss of rank-one convexity in the homogenized in-
cremental moduli. As it turns out, this very interesting connection between
microscopic and macroscopic instability mechanisms in nonlinearly layered
composites is a much more general property that holds for all nonlinearly
elastic periodic composites and will be proved (under suitable hypotheses) in
Section 5.

One should also mention the work of TarBor & WiLLis [TW 87] on bound-
ing theorems for aperiodic nonlinearly elastic composites, in a spirit that
follows the corresponding work for the linear case.

On the mathematical side, the study of problems in nonlinearly elastic
composites has greatly advanced through the introduction of the notion of I'-
convergence by DrGiorcr [D 75]. Using that notion Brames [Br 85] and
MULLER [Mi 87] obtained results relevant in nonlinear elasticity. They study
materials with a periodic microstructure which are characterized by a stored
energy density W(x/e, F) depending on the local position x/¢ and the deforma-
tion gradient F, & being the period of the structure. They find that in the limit
€ — 0 the material is described by a (homogeneous) stored energy density W(F)
depending only on the deformation gradient (and not explicitly on the posi-
tion) and they give an abstract formula for W (see Section 2 below).

One fundamental difficulty encountered in nonlinear elasticity is that W is
not a convex function of the deformation gradient. In fact, the homogeniza-
tion result for convex integrands (see MARCELLINT [Ma 78]) differs substantially
from that for nonconvex integrands (see Section 2), this difference being
related to possible instabilities such as buckling on the microscale (see
Sections 1 and 4 in [Miu 87]).

The purpose of the present paper is twofold. First, we study the relation
between microscopic instabilities (i.e., the existence of nontrivial solutions to
the linearized homogeneous problem) and the corresponding macroscopic in-
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stabilities (i.e., the failure of strong ellipticity for the homogenized incremental
moduli). One of the main results is that long wavelength instabilities for the
linearized problem lead to loss of rank-one convexity of the homogenized
energy density (see Theorems 3.4 (iii) and 5.1 (ii)).

Secondly, we investigate the commutability issue between the homogeniza-
tion and the linearization operations in nonlinear periodic composites. For
convex W a rigorous derivation of that formula is included, extending some
previous results of ArtoucH [A 84] (see also [FM 91]). This result may be
stated as the fact that homogenization and linearization commute.

Some of the results of this paper have been announced in [GMT 90].

The outline of the paper is as follows: In Section 2, we review the notion
of Iconvergence and the homogenization results in nonlinear elasticity.

Sections 3 and 4 concern homogenization results in linearized elasticity; in
fact, they apply to more general symmetric second-order strongly elliptic
systems —div L(x) Va = f in divergence form. The main difficulty is that in
general the 4-tensor L (x) is not pointwise coercive (i.e., L(x) does not satisfy
(L(x) G, G) = C|G|?, C >0 for all NXN matrices G) so that solutions may
not be a priori bounded in H' (see LEDrET [LD 87]). This difficulty is over-
come by introducing the quantity

A =inf{ | (L®) Vu, Vu) dx/ §IVa|?dx|ue Z(RY, H%N)},
Ry RN
(see below for notations) which measures the overall coercivity. One result
which is important in applications (cf. in particular Section 6.1) is that A can
equivalently be characterized in terms of Bloch waves e“*p(x), p being
periodic on the unit cube (see Lemma 4.2). Other measures of coercivity are
also introduced and their properties are summarized in Section 3.3.

We show (in Theorem 3.1) that the equations have the usual homogeniza-
tion limit if A > 0, while I“convergence holds if A4 =0 (Theorem 3.4(j)).
Moreover, if A =0, the whole space problem admits a non-trivial solution,
and according to the character of that solution (Bloch wave or the long-
wave-length limit) the linearly homogenized problem retains or loses strong
ellipticity (Theorem 3.4(ii), (iii) and Theorem 3.5).

In Section 5, we combine the results from the linear and the nonlinear
theory and study in particular the question whether homogenization and
linearization commute, i.c., whether the second derivatives of the nonlinearly
homogenized energy density W can be obtained by studying the homogenized
energy of an associated linear problem.

We show that under certain technical hypotheses (see (H1) and (H2)) W
has the expected second-order Taylor expansion and that loss of strong ellip-
ticity for the homogenization of the linear problem implies loss of ellipticity
for W (see Theorem 5.1).

To complement these results we show (see Theorem 5.3) that for strictly
convex W, with quadratic growth, homogenization and linearization do indeed
commute and that no technical assumptions like (H1) or (H2) are required in
that case.
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Section 6 contains an application of the general theory developed in Sec-
tion 4 to the case of a layered nonlinearly elastic composite. The composite
is under a state of plane strain with one of its principal stretch axes constantly
aligned with the direction of lamination. For this problem one is able to
calculate the quantities A, Af, A%, af, as functions of the applied stretch
ratio 2 in the lamination direction. One can also calculate for the given layered
composite the critical values A and A, corresponding to a first bifurcation
in tension and compression of the composite, respectively, as well as A, and
A, , which are the stretch ratios corresponding to the first loss of ellipticity
in tension and compression, respectively. The application is completed by an
example where all these quantities are calculated for a composite made of a
nonlinear elastic material with a given energy density.

Notation. Vectors (with the exception of the current point of RY) and vector-
valued functions are represented by a boldface minuscule. Tensor of order 4
are represented by an outline majuscule. The matrix inner product of C and
D is (C, D) =trace C- ’D, where D is the complex conjugate of D. By
H'7(Q; RY) or H'?(Q;CY) (1 <p<w) we denote the usual Sobolev
spaces of vector-valued functions on an open set Q, and we drop p for p = 2.
Moreover Hi? and Hif denote the spaces of all Hi?(RY; RY) functions
periodic on the unit cell ¥=[0, 1]V and on k¥ = [0, k]", respectively, and #"?
and %1#’" refer to the corresponding spaces of CM-valued functions. We use
the symbol — to denote weak convergence. By N* we denote the strictly
positive integers.

2. Homogenization of Nonconvex Integral Functionals

Here we briefly review the results of [Mi 87] (cf. also [Br 85]). We consider
a (hyper-) elastic material with a periodic microstructure described by the
stored-energy density W(x, F) depending on the position x and the local defor-
mation gradient £ We assume that W is Y-periodic in x, where ¥ = [0, 1]V,
N = 2, and has polynomial growth in F ie.,

Wx+z,F)=Wx, F) VzeZV, 2.1)
c|F|? = W(x, F) = C(1 +|F|?), (2.2)
1 %} (x, F)| = CA +|F|P7h, (2.3)

where C,¢>0, p> 1. Let ¢ > 0 be the scale of the microstructure‘; then

I(u) = | W(f, vu(x)> dx 2.4
Q &

is the energy corresponding to a deformation u:Q — RY of a piece of ma-
terial filling the region Q. As & — 0, i.e., as the microstructure becomes in-
creasingly finer, we expect I¢ to converge (in a sense to be defined below) to
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some homogenized functional

I(w) = { W(Vu(x)) dx (2.5)
Q

where the homogenized energy density W depends only on the deformation gra-
dient and not explicitly on the position. A crucial point in passing from (2.4)
to (2.5) is to define a suitable notion of convergence for the functionals I°.
This problem was solved by DeEGiorat [D 75} by introducing the notion of I
convergence. The importance of this notion Hes in the fact that, under ap-
propriate technical hypotheses, it implies the convergence of minimizers which
in our setting are solutions of the elastic equilibrium equations. I-convergence
has been studied in a context much more general than ours; see DeGiorcI
[D 79], DeGiorai & DatMaso [DD 83], DarMaso & Mobica [DM 81] and
ArtoUCH [A 84] for an overview. For our purpose the following definition is
sufficient.

Definition 2.1. Let {{¢},.. be a family of functionals on H'? (2; RY) (1 < p < o).
We say that {I%,.q is T-convergent to a functional I, with respect to weak
convergence of sequences in H'* as ¢ — 0 if the following conditions hold:
@) If u® — u (weakly in H'P) as ¢ — 0, then

lim ionf If(u®) = I(u).
a—)
(ii) For every u ¢ H"P(Q; RY) there is a sequence u® — u weakly in H'”?

such that
lir% I8(u®) = I(u).
&

One easily deduces the following result on the convergence of minimizers
(for a proof see ATToucH [A 84, pp. 39—41]).

Lemma 2.2. Assume that {I1%},.q is T-convergent to I as ¢ - 0 and that g is a
weakly continuous functional on H'“P(Q; RY). Let u® be an approximate mini-
mizer of I° + g, ie.,

I5(u®) + g(uf) < inf{I®(u) + g(u)| u € H"P(Q; RY)} + &.

Assume furthermore that {u®}, is weakly compact in H"? and let u®» — u be
a weakly convergent subsequence with limit u as &, — 0. Then

I(u) + g(u) =I(v) +g(v) VwveH"?(Q;RY),
min{l(u) + g(u)|u € H(Q; RY)} = lir% inf{7%(u) + g(u)| u € H> (2; RM)}.

The homogenization result for (2.4) becomes (cf. [Mi 87, Thm. 1.3,
Cor. 2.3]):

Theorem 2.3. Assume that Q is a bounded and Lipschitz domain and that
(2.1)—(.3) hold. Then the I® as given by (2.4) are I'-convergent to I given by
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(2.5), and
W(F) = inf W*(F), (2.6)
keN

where 1
WKF) = inf{k-N [ Wix, F+ Vg)dx|q eH,l,;P} . 2.7
kY

MARCELLINI [Ma 78] has proved that if F — W(x, F) is convex the expres-
sion for W s1mphf1es to W=W=W! while [Mii 87, Thm.4.3] gives an ex-
ample where W < W, It seems that not much is known about specific proper-
ties of W; see PONTE-CASTENEDA [PC 89] for some non-trivial bounds on W.

We remark that Theorem 2.3 does not require any convexity assumption on
W. In fact, by an abstract result from the theory of I-convergence (see, €.g.,
[A 84, Chapter 2.1]) the I-limit remains unchanged if we replace 7° by its
lower semicontinuous envelope with respect to weak convergence of sequences
in H'?, which amounts to replacing W(x,-) by its quasiconvex envelope
OW({(x, -) (see AcerBI & Fusco [AF 84]). Here the quasiconvex envelope Qf of
a given function f is the supremum over all quasiconvex functions less than
or equal to f (cf. MorRREY [M 52, M 66]). A function g:RV*¥ > R is said
to be quasiconvex if for all NXN matrices F, all open sets £ and all
¢ € H-*(2; RY),

{g(F+Vo)dez | g(F)dx
Q 0

An example of a quasiconvex but not convex function is given by F ~ det F

If g is quasiconvex, it is rank-1 convex, i.e., for all NxN matrices F and
rank-1 matrices G = a ®b with a, b ¢ RY the function ¢ — g(F + tG) is con-
vex. Whether or not rank-1 convexity in turn implies quasiconvexity has been
a major open problem in the vector-valued calculus of variations. Very recently
SverAk [Sv 92] has found a striking counterexample showing that for N = 3
rank-1 convexity does not imply quasiconvexity., Assuming adequate differen-
tiability of g, rank-one convexity is equivalent to

¥’

o (G0 20,

for all G = a®b. In the present work we always assume that W(x, -) is quasi-
convex and strongly elliptic, i.e.,

2
512/ (x, F) (a®b, a®b) = cgla®b|?, ¢ >0,

since we want to study possible instabilities (such as buckling), due to the way
in which the different base materials of the composite are mixed, rather than
instabilities which would already occur in a homogeneous block made of one
of the base materials.

Again by abstract results on /-convergence (cf., e.g., ArtoUucH [A 84],
Chapter 2.1) the limit functional 7 is always weakly lower semicontinuous so
that W is always quasiconvex, and hence rank-1 convex. We are interested in
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whether or not W is strictly rank-1 convex (for a twice differentiable W,
whether or not W is strongly elliptic).

Failure of strict rank-1 convexity (or strong ellipticity) in the homogenized
energy density W indicates the possibility of instabilities for the homogenized
material. The connection between internal buckling in the composite and the
loss of strict rank-1 convexity of W will be discussed in Section 5.

3. The Linearized System (I): Results

3.1. Convergence of solutions for A >0

Let 2 be a bounded Lipschitz domain of RY and let be vy € H (2; RY),
feH(@; RY). In this section we study the linearized system

—div (IJ_ (%) Vv5> =f i Q, (3.1)

v®* =y, on 4Q. 3.2)

We assume that the real 4-tensor L is defined on all RV, is measurable
and a.e. in RV satisfies

L(x+z)=0L(x) for all zeZV, (3.3)
(L(x)A, B) = (4, L(x) B) for all real NXN matrices 4, B, (3.4)

|L(x)A| = C|4| for all real NXN matrices 4, (3.5
(L(x)a®b, a®b) =cla®b|>*=c|a|*|b|>, c¢>0 for all a, beRY.
(3.6)
The best ellipticity constant for the nonhomogeneous tensor I (x) is
oy =ess inf min (L(x) a®b, a®b), 3.7
xeY  |a|=|bj=1
a,be RV

and from the previous assumptions it follows that oy > 0.
The previous assumptions imply that the bilinear symmetric form

at(u, v) = g(ﬂ. (£> Vu, Vv) dx
€
o3

is continuous on H'(Q; RY). A weak solution v € H'(2; RY) of (3.1), (3.2)

is a solution of the following problem where ¢ , > denotes the duality pairing

between H~!(Q; RY) and H(Q; RY).

(P?) Find v® ¢ H'(Q; RY) such that v® — vy € H§(Q; RY) and such that
at(v%, @) =(f, ) for all g € H{(Q; RY). (3.8)
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Since a® is a symmetric, (3.8) is the weak form of the Euler-Lagrange
equation corresponding to a critical point of the functional
I°(u) =% a®(u, u) —<{f, u— vp) (3.9
on the affine set
Ky, =tw € H'(Q; RY); u —vg € H)(2; RY)}.
Thus a weak solution of (3.1), (3.2) is also a solution of

(Q°) Find v® € K, such that for all u€K,,
1¢(v%) = I¢(u). (3.10)

We are interested in the behavior of the solutions »° of the problem (P?)
or (Q%) as ¢ —» 0. If u is a scalar, (3.6) implies that the bilinear form a®(x, v)
is uniformly coercive (with respect to ¢ > 0) on H§(£2) and so the existence
and the uniqueness of v® and the boundedness in H'(2) of the sequence v°
follow.

The situation is completely different when u is a vector. Indeed, even when
the coefficients of the 4-tensor L are continuous, the strong ellipticity condi-
tion (3.6) only implies Garding’s inequality, i.e., that there exist ¢; > 0 and
d(e) > 0 such that for all u € H}(Q; RY),

a®(u, u) z Cl”””fqg) ~do(e) ulf.

This inequality does not imply uniform coercivity, as shown by LEDRET
[LD 87]. In order to measure the coercivity of IL we introduce the quantity

A =inf{Q(Vuv; RM)|v e Z(RY, RV}, (3.11)
where
_ Ja (L) w, wydx

Q(w; #) = T2 w) ds (3.12)

We can now state our first result in terms of the constant A.

Theorem 3.1. Assume that (3.3)—(3.6) hold and that A > 0.
(i) For every € >0 the system (3.1), (3.2) has a unique solution v® and there
exists C >0 such that for all € >0,

[0l = C(| f g + [lvollas) s (3.13)

and v¢ — v weakly in H'(Q; RY) for € = 0.
(ii) v is the unique solution of

—diviMVo) =f in Q, (3.14)
v=vy; on 082, (3.15)
where the constant real symmetric 4-tensor M can be characterized by

MF = { L(x) (F + V) dx, (3.16)
Y
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where T € H} satisfies

F (L) (F+ V1), Vz)de =0 for all z€ H}. (3.17)
14
Equivalently, N is characterized by
(ME F) = inf{s (Lx)(F+ Vq), F+ Vq)dx|q€H;}. (3.18)
Y

Moreover, for all a, be RY,
(Ma®b, a®b) z Ala®b|?> =A|a|*|b|% (3.19)

(iii) The same conclusions hold if the prescription of v° and f is replaced by the
prescription of sequences v0 and f, with v0 — v° strongly in H'(2; RY) and
f > f strongly in H™'(Q; RY).

For A < 0 the problem (Q°f) has no solution, since we have the following
result.

Proposition 3.2. Assume that A < 0. Then, for 0 < ¢ < g with & sufficiently
small, there exists w® € H}(Q; RY) such that |Vw®|pz =1 and

at(w?, wt) = %A < 0.
Consequently 1° is not bounded from below on K,

Proof. It follows from the definition of A that there is a v e 2 (RY; RY)
such that ||Vvl|z=1 and

§ (L) Vo, Vo) de = L A.

RN

Let K denote the support of v. For all sufficiently small ¢ > 0 there exists
7. € Z¥ such that e(—z, + K) C Q. Let

wé(x) = 43“(1\’_2)/21:(i +z£>.

&

Then w® € H{(2; RY), |Vw?|;2 =1 and, by the periodicity of L,

at (w®, w') = S (LI_ (f> Vwe, W8> dx = S (L(x) Vo, Vo) dx = 4 A.
Q

&
RN

To show that /° is not bounded from below on K, consider 7°(vy + tw®)
and let t > +o00. [



Homogenization of Nonlinearly Elastic Materials 241

3.2. I'-convergence for A =0

For A =0 the following quantities which measure the coercivity of L are
needed:

Ay =inf{Q(a®b + Vq; Y)|acC", beRY, ge Z}3, (3.20)
As = lim inf inf{Q(V (e q); Y)| g€ 74, (3.21)
Ag = inf{Q(Vg; V)| ge 7} (3.22)

Here we have extended Q to complex-valued functions due to requirements
of the subsequent discussion. Note that if X is a subsequence of H!(.%; R")
and X@®iX its complexification, we have

inf{Q(Vv; Z)|veXPiX}=inf{Q(Vv; Z)|veX].

Indeed simply write v = Re v + i Re(—iv) = w; + iw,. Then, by symmetry
of L,

f (L) Vo, Vo) dx = | (L(x) Twy, Vw,) dx + | (L(x) Ty, Vw,) dx
B k74

k74

and hence
Q(Vv; #) 2z min{Q(Vw,; F), Q(Vwy; F)}.

The interest of the previous quantities rests on the following result. Recall
that «; is the best ellipticity constant of L (x) given by (3.7).

Theorem 3.3. Assume (3.3)—(3.6) hold and so oy >0 (see (3.7)). Then

D A=M=A5=sAs=oy.
(i) f A =0, then for all k =1, 2, 3, ... and every N XN matrix F the functionals

1
4~ A F) =y k§Y (L(x)(F + Vq), F+ Vq) dx

are convex and weakly sequentially lower semicontinuous (wslsc) on 7 L.
(iii) If A = Ag =0, define

Nk={q6%%#

[ (L(x) Vg, Vq) dx =0, 5qu=0}.
kY kY

Then Ny is a closed subspace of # 4. Its orthogonal complement is denoted by
N
(iv) If A = 0, define for all k=2, 3,... a symmetric 4-tensor My by
(M E, F) = inf{Z;(q; F)| g € Z 44}
Then for all matrices F,

(M E F) = (MEF), (3.23)
where the 4-tensor M is defined by (3.18).
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(v) For Ay =z 0 the 4-tensor M defined by (3.18) satisfies
(Ma®b, a®b) =inf{.Z(¢; aRb)| g€ Z 3z As|a®b|* for all a,be RY,
(3.24)

i) If Ag> 0, then &, attains its minimum on 7} for every NXN matrix F.
(vid) If Ag = 0, then for every w € RN the functionals

g Gilgs @) = | (LE V(™ g), T () dx
are convex and weakly sequentially lower semicontinuous on #'}.
We can now state the result in the case A = 0.

Theorem 3.4. Let (3.3)—(3.6) hold and assume that A =0, Ag > 0. Then
() The functionals a®(u, u) on Ky, are I-convergent (with respect to the weak
convergence of H'(Q; RY)) to the functional

a(u,u) = (MVu, Vu) dx
o)
where M is the 4-tensor defined by (3.18).
(i) If A =0 and Ay > 0, then M remains strictly strongly elliptic, i.e.,
(Ma®b, a®b) =z Ay|a®b|? (3.25)

for all a,beRY, the infimum in (3.18) is attained and there exists w * 0
(mod(27Z)¥) and q € Hj with Vq =0 such that

—div(L(x) V(e *q)) =0 on RN, (3.26)
(ii) If A = Ay =0, then there exists a, b € R¥\{0} and q € H} such that
—div(L(x)(a®b + Vg)) =0 on RY. 3.27)

Moreover, for that choice of a, b,
(Ma®b, a®b) =0, (3.28)

i.e., the homogenized 4-tensor M loses strict strong ellipticity.

If the coercivity of the homogenized tensor M is measured by its best ellip-

ticity constant

o =, ’m‘ibr!l (Ma®b, a®b), (3.29)
al= =
a,beRN

then an immediate consequence of Theorem 3.4 is
Corollary 3.5. Let A = 0. Then apy = Ay and oy =0 if A4, =0.

Remark. The functions e®*g in (3.26) are sometimes referred to as Bloch
waves, while those in (3.27) may be associated with shearing deformations
(modulated by a periodic contribution). Failure of ellipticity for the homoge-
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nized material is thus related to the existence of these shearing deformations
or equivalently to long-wavelength (w — 0) solutions (cf. the definition of As
and the fact that A5 = A,).

The study of the case A = A =0 is less complete. Recall the definition
of Ni* from Theorem 3.3 (iii).

Proposition 3.6. Let (3.3)—(3.6) hold and assume A = Ag = 0. Define
Ay =inf{Qa®b + Vq, Y)|acC", be RY, geNiJ,
As = lim igxf inf{Q(V (¢’ *q), Y)| q € N{}.
o) —

Then Ay = As = 0 and the 4-tensor M defined by (3.18) satisfies
(Ma®b, a®b) = A,|a®b|>. (3.30)
If A, =0, there exist a, b € RVN\{0} such that
(Ma®b, a®b) =0.

3.3. Summary of the coercivity constants

To clarify the meaning of the various coercivity constants, let us briefly
summarize their relevance and their mutual relationship.

A measures the global coercivity of the nonhomogeneous tensor I (x).
It can be computed by using smooth functions (see (3.11)) or
equivalently by using Bloch waves (see Lemma 4.2 below).

A4 = A5 measures coercivity with respect to long-wavelength (w — 0) pertur-
bations or, equivalently, with respect to shearing deformations (both
modulo Y-periodic contributions).

Ag measures coercivity with respect to Y-periodic, possibly highly local-
ized deformations.
o is the best ellipticity constant for L.

One has (assuming as always A = 0):
AsAy=As=Ag=oy.
Finally

Oy measures the coercivity of the homogenized tensor M and satisfies
24V 2/14 and Oy =0 if A4=0

3.4. Layered materials
In Section 6, we consider a layered (or stratified) material, i.e., a material

whose elastic properies only change in one coordinate direction. Here we brief-
ly indicate how the theory developed above simplifies in that special case.
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Assuming that the elasticity tensor IL(x) is independent of xq, ..., xy_;
and periodic with period 1 in xy we define the following quantities in
analogy with (3.18), (3.20)—(3.22), (3.29) and (4.4). We do not distinguish be-
tween a function on R and its extension to RY as a function of the last
variable only.

A5 =inf{Q(Vv; Y)|v =e“%p(xy), @€ RN"1X]0, 27, p € Z}([0; 11)},
(3.31)
A4 =inf{Q(a®b + Vq; Y)|acC", be RN, ge ZL([0; 1])}, (3.32)

As = lim inf inf{Q (V (™ q); Y)| g € Z3(10; 1}, (3.33)

A§ = inf{Q(Vg; Y)| g € Z}([0; 1])}, (3.34)

1
(M°G, G) = wez}&fo,u)§ (Lew) (G + V), G+ Vy) dxy,  (3.35)
Ay =‘ ﬂ%?ﬂ (Ma®b, a®b). (3.36)

a,beR

A stratified material may be viewed as a material having a periodic cell
Z=1[0, Hi]x... [0, Hy_11x][0, 1], for any choice of H;>0. The homo-
genized tensor should thus be given by

MyG, G) = inf L G+ Vy), G+ Vy)dx. (3.37
(MyG, G) = imf — — J(LW(G+Vv) w)de.  (3.37)

The results for stratified materials can be summarized in

Theorem 3.7. Let (3.3) to (3.6) hold and assume A% = 0. Then

i A=A45.

(i) A]=sA;=A45=5A45.

(iii) If A5 > 0, then the unique solutions v* of (3.1), (3.2) converge weakly in
H! to the unique solution of

—divM*Vo=f in Q,
v=1vy on 0Q.
(iv) The functionals a®(u, u) on K, are I'-convergent to the functional

a(u, u) = | (M*Vau, Vau) dx.
Q

In particular,

MS = MH
for all choices of H= (Hy, ..., Hy_y) (with H; > 0) and moreover
(Ma®b, a®b) = A5|a®b|?, (3.38)

so that
oy = A5 (3.39)
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V) If A1 =0 and A > 0, then there exists a Bloch-wave solution, i.e., there
are  w€RY, with (w,...,0y_.1) 0 or wy=0 (mod2r), and
g€ HL([0, 1]), Vg = 0 such that

—divll(x) V(e?*q) =0 on RV,

(i) If A =A3=0 and if A§>0, there exists a long-wavelength solution,
i.e., there are a, b € R™\{0} and /K3 H;([O, 11), Vq %= 0 such that

—diviL(x)(a®b + Vg) =0 on RV
Moreover, for this choice of a and b
(Ma®b, a®b) =0.

(vii) Define the best stratified ellipticity constant for L as

af =ess inf min (L(xy) a®ey, aRey). (3.40)
xy€[0,1] la| =1
acRN
Then
oy = A =af . 3.41)

Remark. Two cases can occur: either 4 < A§ or A = A§. In the latter case,
A=q =AF=aj.

4. The Linearized System (II): Proofs

4.1. Preliminary results

We begin with some preliminary results.
For w € RN let us define

2 2

Clw) = inf{%; z¢ ZN} : @.1)
2 2

C*(w) = inf{%; ze ZN\{O}}. 4.2)

Recall that 7} denotes the space of C-valued H! functions periodic on
the unit cell ¥ = [0, 1]V

Lemma 4.1. (i) For every g€ #} and every w ¢ RY,
C<w>1§{|q12+|w|2}dx§y§|q®iw+Vqlzdx=§t<7(e"‘”q)12dx- 4.3)

(ii) If, moreover, fyq dx =0, then (4.3) holds with C*(w) instead of C(w).

Proof. It suffices to prove (4.3) for finite sums

q(x) = E e27riz-Jcaz

zeZN
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since these ¢ are dense in #Z}. Now

I§|q®iw + Vqlzdx=1§]‘7(e"“""q)|2dx

=Y g |* o +2mz|* 2 C(w) ¥ |a,|2(1 +|272|?)

Z 14

= Clw) [{lql” +]Vq|*} &x
and (4.3) follows. If Syq dx = 0, then a, = 0 which gives the result. [
The following characterization of A as defined in (3.11) will be crucial.

Lemma 4.2. Let (3.3)—(3.6) hold and define

Ay =inf{Q(Vv; Y)|v=¢e“"p, w€[0, 2n[", pe Z}}, 4.4
Ay =inf{Q(Vv; kY)|v = e *q, w e RN, ge Zty, ke N*¥},  (4.5)
Az =inf{Q(Vuv; kY)| v e Z}y, ke N*). (4.6)

Then A =A1 =/12 =A3.

Proof. (a) A = A,;. We employ a transformation well known in the theory
of Bloch waves (cf. [RS 79], [BLP 78]). For ve D (R"; CY) and we ¥* %
[0, 27[ define
Ty (x) = E ey (x + 7). 4.7
zeZN
Note that for a fixed value of x the sum is finite since v has compact support.
Since ¥, (x + z) = ¢ ® %%, (x) for z € ZV, we have

¥y (x) = € *p(x) (4.8)
with p € #}. We assert that
§1Vo2de= Qa) ™| ||VD,|? do dx, (4.9)
RN Y Y*

§ (L) Vo, Vo)de = @) V| | (L(x) V&, V6,) do dx.  (4.10)
RN Y ¥*

Clearly (4.9) is a special case of (4.10). To prove the latter identity, set
w = Vv and observe that V&, =W,. Now

{1 (L(x) Wy, W) dew dix
Y Y*

(Lw, w) dx = 2n)™ § (LL(x) Vo, Vo) dx,
RN RN

where we used [y ¢ @D dw = 27)N 6.



Homogenization of Nonlinearly Elastic Materials 247

Let us assume that A; > — oo; otherwise (a) is obvious. Then by (4.8) and
the definition of A,

| (LV%,, V8,) dx = 4; || V5,|? dr.
Y Y

Integrating over w and using (4.9), (4.10) we have

[ (LY, Vo)de = A, | |Vo|? dx
RN RN

for all ve Z(RY; CV), and the assertion follows.
(b) Az A. This is a standard cut-off argument. Set J > 0 and choose
w=e“*p(x), weY* pe #} such that

§ (LVw, Vw)dx < (A, +0) §|Vw|? dx.
Y Y

Note that for z € ZV one has
§ (L(x) Vw, Vw) dx = | (L(x) Vw, Vw) dx. 4.11)
Y

z+Y
Let k€ N and let # € 2 (RY) be such that =1 on A, = (—=k; k)Y, =0
outside Ay, = (—(k+1),k+ 1), |Vy| = Ci; let v=rnw For x € A, \4;
we have Vo= Vw + w®Vny and therefore

{ (LVv, Vo) dx

z+Y

for ze{—(k+1), ..., M\{=k, ..., k— 1}V
If w =0, we may assume that ij dx =0, so that

flwlPaxsc||Vw|? dx (4.13)
Y Y

=G {{w|? +{Vw|?} dx, 4.12)
Y

by the Poincaré inequality. If w =+ 0, then (4.13) follows from Lemma 4.1
(with ¢ = C(w)~!). We obtain

[ (LYo, Vo)dx = Y § (ILVw, Vw)dr + [(2(k+ 1)) — 26) "] ¢ || Vw|?dx
RN Y Y
<{@CY (A, + ) + [(2(k + )Y = 2)M e} | | Vw]|? dx,
Y

FIVe2dxz || Vo2 dx. QN || Vw|? dx

RN Ay Y
and hence

As (A +0)+ (A+kHV 1) c.
Therefore, A4 = A, + 6* for all 6* > 0 and the assertion follows.

L 2n k—1\)¥
(c) A, = A,. This is analogous to part (a). For wel=]0, ?, o 2n — ,
and v =¢@"*q, g€ #},, define k

Tox) = Y eereNy(x gy,
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A calculation shows that for z ¢ Z%,

{w+w’)z

P,(x+z)=e ¥, (x),

so that .
Ty (x) = 0T p(x),

with p € #}. Analogously to (4.10) one establishes

f (LVo, Vo)dx =k~ § Y, (LV&,, V§,)dx,
kY

¥ wel

and the proof is finished in the same way as in part (a).
(d) A = A;. Together with the obvious inequality A3 = A, and part (c) this
will finish the proof of the lemma. Let w = " p, p € #} and remark that

ENE (LVw, Vw) de = § (LVw, Vw) dx,
kY Y

kN Vw2de=§|Vw|*dx, kN[ |w|>dx=[|w|?dx.
kY Y kY Y
For any a € R let [a] denote the largest integer less than or equal to a, set
2
W = ?” (Rkn ], ..., Rrkowyl),

and set v® = ¢®"* p. Then v¥ ¢ Z}, and
k) = pilw'~w)x w,
Vol = i@ =05 (Vy 4 j(w — w).®w).

It follows that as k — oo,

ENF (L Vo ®, To®) — (LVw, Vw)| dx - 0,
kY
EN§ | Vo® |2 = | Vw|?| dx - 0.
kY

Therefore
Q(Vw;Y) = 1i§cn inf Q(Vo'®; k¥) = A;.

The assertion follows by taking the infimum over w. O

4.2. Proof of Theorem 3.3

(i) We have only to prove that A, = A5 and Ag = «y.
(@) We first show that A, = As. Let a € CV, b€ RY and q € #} be given
with |a®b + Vg| % 0. For s >0 let

v (x) = "L a + q(x)},

By definition of As, lir% Q(Vu,; Y) = As. On the other hand,
§—

Vo, = e"** {a@b + isq®b + Vg} > a®b + Vg
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in L? as s — 0. Therefore,

and hence A4 = As.

(b) To prove the opposite inequality A, = As let v = ¢@"* g™ be a mini-
mizing sequence for As. We have w, — 0 and may assume that | Vo™ |, = 1.
Set M, = {y g™ dx. Then

Vo™ = e iM, Qu, + i(¢™ — M,) ®w, + Vg™M},
so that
1= Vo™ |5 =|M,Quw,|* +]i(g"™ — M,) Qw, + Vg™ 72

by L? orthogonality since

[ (@™ -M)yde=[Vg™dx=0.
Y Y

From Lemma 4.1(Gi) it follows that (for sufficiently small w,)
g™ — M, |; = C, and hence
Vo — el (iM Qew,+ Vg™} -0 in L
Now
O(e“n* (iM,Qw, + Vg™}; ¥) = Q(iM,Qw, + Vg™; ¥) = A,

by definition of A,, and therefore A5 = A4.
(c) To show that Ag = «;, we use highly oscillating test functions which
concentrate near y € ¥ Recall that y € Y is a Lebesgue point of L if

lim ——— it - L dx =0,
I s 5.0) B}y)' (x) = L)

and that almost every point of Y is a Lebesgue point since IL € L*.

Fix a Lebesgue point y, fix d > 0, choose r > 0 such that

1
—— [ L)~ L) dx<$ (4.14)
meas B,(y) B,y

and choose w€ F(B,(y)) with [p() y?dx=1 and y* < 4/meas B,(y).
Finally choose a* b* € RY, [a*| =|b*| = 1 such that

(Lo a* @B, a* @) =, () E | min  (L() a®b, a®b).

Consider v (x) =]1. w(x) €% g, Clearly vV -0, Vo) —ig*y (x) Q b*
e/@%) — 0 in L? and hence, by also using (4.14),

f VD, Voydr — | w?(x) (L(x) a* @b, a* Qb*) dx
Y Y

= (L) a*®F, a*®F*) + 40 = o, () + 4.

It follows that /A¢ = o (y) whenever y is a Lebesgue point of I and the asser-
tion is proved.
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(ii) The functionals .%(q; F) are strongly continuous and quadratic.
Then the assertions follow immediately since for all ¢ € #},, one has,
thanks to the assumption that A = 0 and the Lemma 4.2,

(g, 0) =kSY (L(x) Vg, Vq) dx = 0.

(iii) Obviously the set N, is a (closed) subspace. For later use, let us also
remark that for g€ N,, a€ CY, be RY and g* ¢ N;* we have

{ Re(L(x) a®b, Vq) dx =0, 4.15)
kY
| Re(L(x) Vg, Vgt) dx=0. (4.16)
kY

Indeed, since for all 1 € R and ¢ € Ny,
0§ (L(x)(a®b+1Vg), a®b+ AVq) dx
kY

< | (L(x) a®b, a®b) dx + 24 | Re(L(x) a®b, Vgq),
kY kY

one must have (4.15). In the same way one deduces (4.16). By (3.6) Garding’s
inequality holds (on the torus TV = R¥ / (kZ)"), ie., there exist constants s,
4 >0, such that

§ (L) Vg, V) dez L2 [|Vg|2dx - | |q]* dx. 4.17)
kY kY kY

The standard reasoning by contradiction then shows that N, is finite-dimen-
sional and that there exist ¢, > 0 such that

§ (L(x)Vq, Vg) dx =z ¢, | |Vg|*dx for all ge Nt 4.18)
kY kY

~ (iv) Fix k and F Let g¥) ¢ #}, be a minimizing sequence for (M,F, F),
ie.,
Z(qVs F) > (MyE F).

Observe that for z€ 7, Z(qV(- +2); F) = Z(qV); F). Let

(i 1 )
0= ¥ qVe+);
k z€{0,..., E—13V

LGV F) = LGV F) =

Hence
(M E F) = (M, E F).

As the opposite inequality is obvious, the result follows.
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(v) Note that for g € #}, §Y Vq dx = 0. The assertion then follows from
(3.18) and the fact that by L>-orthogonality,

{la®b+ Vq|*dx =a®b|*+ [ |Vq|*dx = |a®b|?,
Y Y

which implies -7 (a®b; q) = A, |a®b|>.

(vi) If Ag>0, the result follows from (ii) and the coercivity of
§v (L(x) Vg, Vq) dx on 7}

(vii) This follows from (ii) by virtue of the compact imbedding of #}
into #%. O “

4.3. Proof of Theorem 3.1

() Let p € 2 (Q; RY) be given. Extending ¢ by zero to RY we obtain
from (3.11) after a change of variables that

a (o, co)gA[j‘lwcode,

and so by the Poincaré inequality, a® is uniformly coercive (in €) on H§(2; RY).
It now follows from the Lax-Milgram theorem that for every ¢ — 0, the prob-
lem (P®) has a unique solution v* satisfying (3.13). Passing to a subsequence
we have ©® — v weakly in HY(Q;RV) with v—vo€ H}(Q; RY) and
L (x/e) Vot — ¢ weakly in L% as & — 0.

(i) Note that Theorem 3.3(i) and again the Lax-Milgram theorem imply
that (3.17) has a solution 7€ Hj unique up to a constant. Hence M is well
defined by (3.16). Moreover M is symmetric since L is. To see that (3.18) gives
an equivalent characterization of M note that by Theorem 3.3 (ii) the infimum
in (3.18) is attained. The minimizer has to satisfy (3.17) and is hence unique
(up to a constant). Using (3.17) once more one sees that the right-hand side
of (3.18) equals (M F, F) with M defined by (3.18), (3.17). Finally note that
M is determined by the values of (M F, F) for all F since M is symmetric.
Inequality (3.19) follows from Theorem 3.3 (v). The proof that ¢ = M Vv and
that therefore (3.14) holds is identical to TARTAR’s proof (see [BLP 78] for the
scalar case and [SP 80] for classical elasticity).

(iii) This is a simple exercice. [

4.4. Proof of Theorem 3.4 (i) when A > 0

In this case I-convergence can be deduced in a standard way from the con-
vergence results for the Euler-Lagrange equation obtained in Theorem 3.1. We
provide the details for the convenience of the reader.

According to Definition 2.1 we have to show
() If u®€ K, and u®—u in HY(Q; RY), then

lim inf a®(uf, u®) = a(u, u).
g0
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H : & RN : 1 . PN
Y, Yy ? 2 s
(i) For every u € K, there is a sequence u®€ K 0 U u in H'(£2; RY)

with
lim a(u®, u®) = a(u, u).
e—0
To show (ii) fix u € Ky, and let
f=diviMVu) e H1(2; RY),

where M is the homogenized tensor in (3.18).
Let v € Ky, be the (unique) weak solution of

at (v, @) +<f, > =0 for all ¢ € H}(Q; RY).

It follows from Theorem 3.1 and its proof that

v¥ = v (weakly) in H'(Q2; RY),
&L (i) Vo — a MV (weakly) in L2
&

Moreover v is the unique solution in K, of
a(v, 9) +<{f, 9y =0 for all p € H}(2; RY)
and hence, by the definition of f, v = u. Now by (4.20) and (4.21),
a®(v?, v%) = a®(v° v° — ) +a® (v, vy)
= —(f, v* — vp) + (0%, V)
- —(f, u —vp) + (g, Vp)
=a(u, u — vy) +a(u, v9) =a(u, u).

This finishes the proof of (ii).

4.19)

(4.20)

@4.21)

(4.22)

(4.23)

To show (i), let u and f be as above, let u®e Ky, and let u®—u in
H'(Q; RY). Now (4.19) implies that v° is the (unique) minimizer in K, of

I%(u) =% a®(u, u) —<{f, u — vp).
Therefore (4.20) and (4.23) yield that

lim inf 7¢(uf) = lim inf 7¢(v®) = I(u).
e—=0 e—0

Now (i) follows since {f, u® — vo) = {f, vo>. [

4.5. Proof of Theorem 3.4(i) when A =0 and Ag> 0

Following the Definition 2.1, we verify condition (i) and condition (ii).
Condition (i). Let u®€ K, and let u®—wuelK, weakly in H'(Q;RY).

Then, in particular,
lim sup e = C.
&e—
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For 6 >0, set L9 =1L + ¢ Id; then A (L°) = J > 0. Applying Theorem 3.4 (i)

to
a’(u, u) = a®(u, u) + 6| Vu”,%z = S (LL" <i> Vu, Vu) dx
e
2

we have
lirél ionf a%¢(u?, u®) z a’(u, u) = a(u, u).

On the other hand,
lim sup |a®¢(u?, u®) — a®(u®, u®)| < 0 lim sup [ wf | 2, <6C
& &>
Thus

lim ionf at(ué, u®) = a(u, u) — 6 C.
6—)

Since ¢ > 0 is arbitrary, the result follows.

Condition (ii). This is more complicated since we have to explicitly construct
the desired sequence. By using linearity we achieve this in two steps, consider-
ing a smooth limit # first. While the details of that procedure are well known
to experts in homogenization we include them here to keep the exposition self-
contained. Since Ag > 0, Theorem 3.3 (vi) implies that for every N XN matrix
F there exists a unique rp€ # } with SY rp(x) dx =0 such that for all g € Z},

§ (L(x)(F+ Yrp), Vo) dx = 0.
¥
Moreover,
[ VrF||L§ = C|F|. (4.24)
Define a 3-tensor p(x) and a 4-tensor R(x) by
p(x)F=rp(x), R@)F=Vrpx).
It follows from (4.24) that

JIRMPdr=C%  [p)dx=0, [|p0)|*dx=C2  (4.25)
Y Y Y

Step 1. Let u e C*(2; RY) and set
ut(x) = u(x) + &p <f> Vu(x).
€

Vut = Vu + rR(fi> Vu + ep <ﬁ) V24 (4.26)

€ [

Then

By (4.25), u®—>u in L?(Q; RY) strongly and
lim sup | Vul | = C| Vulz. 4.27)
e—

As & — 0 the last term on the right of (4.26) converges to zero strongly in L2,
and hence

lim a®(u®, u®) = lim S f(x, f) dx, (4.28)
&0 -0 e
Q
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where
Fxy) = (LO) [Va(x) + Ry) Vux)], Vu(x) + R(y) Vu(x)).
Note that u® — u in H'(2; RY), and by (3.18) and the definition of R,
fx) = ff(x, y)dy = (M Vu(x), Vu(x)).

Moreover,
| F 1, ¥) = | = C@) |x ~ x| (14RO

from this it is easily shown that

lim Sf(x, %) dx = S Fx) dx = alu, u). 4.29)
0

e-0

The desired conclusion follows.
For future reference we remark that a similar argument implies that

2
ne(f)\ | V|2 dx
&

(4.30)
= Slﬂ%(y)lzdy SWz(x)\vl”zdxéczgl//2(x)|Vu|2dx.
Q

lim sup S w2 (x) |Vut — Vu|? dx < lim sup S w2 (x)
£— e
o

Step 2. Let u € K, be arbitrary. Choose u®e¢ C*(2; RY) such that u® - u
strongly in H'(Q; IRN ) (this is possible since Q is L1psch1tz1an and bounded
and one thus has an extension operator E: H'(Q) » H'(R") see [ST 70]).
Choose w° ¢ C*(2) such that
1 if dist(x, 0Q2) < 6,
Vi) ={ (x; 02)

0 if dist(x, 02) > 24,

sup |Vy®(x)] s 4671 with 4 independent of §.
xX€Q

By the previous step, there are u®%¢ C2(Q; RY) such that
lir% at(u®°, u®%) = a(u’, u’),
&E—
and (4.26), (4.27) imply that
fm sup 4 = s i,
£
u®® - y® in L*(Q; RY) strongly,
u®? — 4% in H'(Q; RY) weakly.
Define z%% = (1 —y°) ™’ + y’u and observe that z>° € K, . Now
Vz5% = Vu®? + w°(Vul — Vu>?) + v (Vu — Vul) + (u®° —u)Q Vy?°

and (u® - u®°)®Vy?® -0 in L? as ¢ » 0. Thus by (4.27), (4.28), (4.29),
o

(4.30) applied to w°, u®’, u’ one has
lim sup a®(z%°, z%%) = a(u’, u°) + C(a(u’, u’))\? TV? + CT;,
£~

Ts =y’ Vul |} + | w’ (Vu — Vad)| % + || (2 — w) @V 2.
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We may assume that ||z — u°|z = C 6% and thus obtain

lilgljélp lirgx_%m a®(z%%,z2%%) = a(u, u).

Consider now the quantity

E(e, 8) = (a®(z%%,2%%) —a(u, w))* +(25° — u |+ (|25°]

Ht — C” u HH1)+
where a* =a if a >0, and a™ =0 otherwise. By the triangle inequality,

. . -

hrg_%lp llrgljélp E(e, 0) =0.
We use now a diagonalization lemma of AttoucH [A 84, Cor. 1.16] to obtain
a function d(e) such that

lim sup E(e, 6(g)) =0.
e—

Set v =z, Then v° € K,

linsl S(}lp at(vé, v®) =a(u, u),

v® - u strongly in L?(Q; RY),
lim sup [v¥||m = Clu|m < + o,
8—)

and thus v® — u weakly in H'(2; RY). Now using condition (i) we deduce

that also lim ionf af(v°, v*) za(u, u) and thus obtain the desired result. [
Find

4.6. Proof of Theorem 3.4(ii)
By Lemma 4.2, A; =A =0 and thus there exists a sequence v™ = ¢'@n'¥ g
such that ¢™ € #} and
[Vo™ =1, LmQ(Vo™W;Y)=0, w,— wel0,2xr[".
n—oo

If w =0, then by definition of A5 and Theorem 3.3(i), A4, = A5 =0, con-
tradicting the assumption. Thus w % 0. Now by LZ-orthogonality,

2

1=|Vo® |} = [j g™ dx] Riw, + (q(”) — [j g™ de ®iw, + Vg™
Y Y 12
2 2
= [j g™ dx] Rw, | + (q(") - [f g™ dx]) ®iw, + Vg™
Y Y 12

Since w 0, {yq™ dx is bounded. Moreover, by Lemma 4.1, g™ — {,q™ dx

and thus ¢ is bounded in /#}. In particular, (for a subsequence) ¢ —¢

in L* and Vo —V (&% ¢™) — 0 in L2 Thus lim Q(V (¢/** ¢™); ¥) =0
n—co

and by lower semicontinuity (Theorem 3.3(ii)) and the fact that A, = 0 one

has ,
Z(q;0) =0(V(e®*q); Y) =0.
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We show next that ¢ 0. Assume otherwise. Then ¢ ® Ve™* - 0, and
hence

0=lim Q(V(e“*qg™);¥) =lim Q(e®*Vqg™; ¥) =1lim Q(Vqg™; Y)
= Ag| Vg™ |2

Thus g™ — 0 strongly in /#}, contradicting the assumption that || Vo™ || » = 1.
Since A; =0, ¢ is in fact a minimizer of %] and thus satisfies the Euler-
Lagrange equation

YS (L(x) V(e * q), V(e®*A))dx=0 for all #e #}.

This in fact implies that

{ (L(x) V(e q), V(e *n))dx=0 for all € Z(RY;CY). (4.31)
[RN

The desired inequality (3.26) follows. To verify (4.31) let (x) = ZZEZN n(x+2z).
Then # is Y-periodic and we have

j;v (L(x) Vei®* q), V (%)) dx =§ (L(x) V (e~ q), V(e“*h)) dx = 0.
R

Observe finally that the estimate (3.25) is only a restatement of Theo-
rem 3.3(v) since Ag=A,>0. [

4.7. Proof of Theorem 3.4 (iii)

Since A4 = 0, there exist sequences F™ =a™ ®b™ and ¢'™ ¢ #Z} such
that
5 q(n) dx =0,
¥

FIF® + Vg™ |2 de =|F® 2+ [|Vqg™W |2 ax =1, (4.32)
Y Y

lim Q(F™ + Vg™, ¥y ={ (L(F™ +Vg™),F™ + Vg™) dx = 0.
Y

Selecting a subsequence we have
F™ > F=a®b, ¢q"—gq weakly in #},
and we obtain from Theorem 3.3 (ii), (v) that
}5 (L(x) (a®b + Vgq),a®b + Vq) dx = 0. (4.33)

We assert that a®b + 0. Otherwise F™® — 0 and hence
§ (Lx) Vg™, vg™) dx - 0.
Y

Since Ag > 0 this implies that [y|Vg‘™|? dx > 0, which contradicts (4.32).
From Theorem 3.3 (iv) and (4.33) we deduce (3.28). Finally, (3.27) follows from
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the fact that ¢ minimizes %, the argument being analogous to the one used
to derive (3.26) in Section 4.6.

4.8. Proof of Proposition 3.6

The identity A, = A5 is proved in the same way as Ay = As; see Theo-
rem 3.3(1)) and Section 4.2. To show (3.30) let g =g, + ¢, € N; ®Ni-. For
F=a®b, by the definition of N; and by (4.13), (4.16) we have

Yf (L(x)(F + Vq),F + Vq) dx =1§ (Lx)(F+ Vqp), F + ;) dx.
Now (3.30) follows since
(|F+ Vg2 dx=|F|*+{|Vgq,|* dx = |F|2
Y Y

If A, =0, we can argue as in the proof of Theorem 3.4 (iii), see Section 4.7,
using (4.18) instead of Az > 0.

4.9. Proof of Theorem 3.7 (for stratified materials)

(i) By Lemma 4.2, 4 = A, and thus obviously A4 = A5. To show the op-
posite inequality it suffices, in view of (4.4), to establish that

1! (L (xy) Vo, Vo) dx = A §|Vv|2 dx,
Y

iwx

whenever v = ¢'“* p, where p € #} has a finite Fourier series. For any such
p one has the (finite) expansion

PO ) = Y e ag () (4.34)

'€ )N -1
with a, € #Z}([0; 1]). Thus, setting & = (a’, 0) we have
g (L(xy) Vo, Vo) dx

¥
=S E el —h)x <{L(xN) (aaf®i(& + w) + aj~ aar®eN) ,

7 OF w
ap Qi(f + w) + = a,,@eN) dx.
Now O
, ”jM Y, T L dxy g = Oyrp,s (4.35)
and hence ’ “l

s’ (U..(XN) Vo, vv) dx = Z S (LL(xN) v(ei(&+(u)~x aa,)’v(ei(&+w)-x aa'))dx
Y Y
gEA{S]v(ei(&-+t/))'xaa,)|2dx=/1.§§]vvl2 dx,
- ¥

o

and (i) is proved.
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(ii), (iii), (iv). These are proved as Theorem 3.3 (i), Theorem 3.1 (i), (ii) and
Theorem 3.4 (i), respectively, except for the assertion that M*= My We
sketch the proof of this and assume for convenience that H = (1,..., 1), so
Z =Y. Recall that the infimum in (3.37) may be taken over the complexified
space % }. Expanding v as in (4.34) and using the fact that A=A =4, 0
one finds by virtue of the orthogonality relations (4.35) that

§ (Lxw) (G + V), G+ V) dx
1
=1 (L0w) (G + Vag), G+ Vao) dy + J (L0 (Vv = a0)), V(v = a0)) s

= (M*G, G).

Thus (MgG, G) =z (M®G, G) and the reverse inequality is obvious.

(v), (vi). These are shown as Theorem 3.4(ii), (iii), respectively.

(vii) The inequality A§ < «f is proved analogously to Ag = oy ; see Sec-
tion 4.2. The inequality oy = «f is obvious. On the other hand, for gq(xy) €

di
H}([0, 1]) (extended to RY) one hasVg = Eq ®ey, so that
N

d d
S (L(xy) Vg, Vq) dx = 5 (um qu Qey, L @eN) dx
N
Y

dxy
1
;Sai
0]

Hence Af =z af, so that Af=«f. O

2 d

1
q
doy=aof | | A
N‘“de

2
de=O£SIL S|Vq12dx
N

5. Nonlinear Homogenization and Loss of Strong Ellipticity

5.1. General remarks

Here we take up the problem of analyzing the behavior of the nonlinear

homogenized energy density W. A formal calculation suggests that the second
fen

derivatives (Fy) are given by the homogenization of linearized prob-

dF?

lems of the type discussed in the two previous sections.
Of particular interest is the question whether W is strongly elliptic, i.e.,
whether

W

T (Fo) (a®b, a®b) = cla®b|?, ¢>0, Va, be R,

Failure of the strong ellipticity condition would allow for the possibility of
shear band instabilities in the homogenized material.
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It should be noted that by general results on I'-convergence (cf. Section 2), W
Zw
always satisfies — oF? (Fo) (a®b, a®@b) = 0 or, more precisely, t — W(F0+ ta®b)

always is convex. The question is whether one has strict inequality or strict
convexity.

To avoid technical difficulties we do not pursue here the question whether
W is indeed twice differentiable for general integrands W(x, F) and mainly
confine ourselves to second-order asymptotic expansions of W(F, + ta®b) as
t—0.

In Section 5.4 we show, however, how more complete results can be ob-
tained for integrands W(x, F) which are convex in F (which is unfortunately
an unrealistic assumption in elasticity).

5.2. Main results

We consider integrands W (x, F) satisfying (2.1)—(2.%) (as well as additional
assumptions stated below) and recall the definitions W* and W in (2.6) and
(2.7). Our first result depends on the following hypothesis.

(H1) There exists tg>0 such that for all 0 =t =<1ty and all H=a®>b with
|H| =1,
W(Fy + tH) = W(Fy + tH) ;.1)

and there exist minimizers OF,+H € wh>, ie.,

W(Fo + tH) = [ W(x, Fy + tH + Vor, . (x)) dx, (5.2)
Y

satisfying jy ¢r,+m =0 and
| @7, 45 — 05, llwi= = r(2), (5.3)
where r(t) - 0 as t — 0.

Equation (5.1) states that near F;, the homogenized energy is given by the
solution of an auxiliary problem on only ore periodic cell, while (5.3) requires
that no discontinuous bifurcation of minimizers occurs. The exclusion of
discontinuous bifurcation seems plausible from a physical point of view and
such an assumption is implicit in many numerical schemes to compute
minimizers (e.g., by path-following techniques). There are, however, no
rigorous mathematical results which would allow one to deduce (5.3) from
reasonable assumptions on W, Indeed the current theory of nonlinear elliptic
systems even leaves open the question as to whether ¢r,+:m is bounded in
W 500

The linearized elasticity tensor at F, is defined by

2w
Lr,(x) = I (JC, Fy+ Vg, (x)). (5.4)
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Corresponding to Lp (x) we can define as in Section 3

§rv (g, (x) Vu, V) dx
§ri| Vu|? dx

cf. (3.11), and similarly define A4(Fp), Ag(Fp), oy (Fp); cf. (3.20), (3.22),

3.7).

If A4(Fy) = 0, then in view of Theorem 3.3(v) we can define the 4-tensor
Mg, by the analogue of (3.18):

A(Fy) = inf{ ‘ u€ I(RY, [RN)} , (5.5

(Mg, G, G) = inf{f (Lg,(x) (G + Vg), G + Vq)dX|q€H%}, (5.6
Y

and Mg satisfies

(Mp,a®b, a®b) = A4(Fy) la®b|*> for all a, be RY. 5.7
Finally the average stress tensor is characterized by
_ ow
G(Fp) = S OF (x, Fo + Vg, (x)) dx. (5.8)
Y

We can now state the main result of this section.

Theorem 5.1. Assume that W(x, F) satisfies (2.1), (2.2), (2.3), (H1) and more-
over

Wi(x, ) is in C3, (5.9)
P>w
3 (x, F)| = h(F) (5.10)

where h is locally bounded.
@) If A4(Fy) >0, then for all H=a®b, with |H| =1,
W(Fo + tH) = W(Fy) + 6(Fo) Ht + 5 (Mg H, H) t* + 0(t*) as t - 0.
.11

(i) If A4(Fy) =0, Ag(Fy) > 0, then there exists H=a®b, with |H| = 1 such
that
W(Fy+ tH) = W(F,) + 6(F,) Ht + o(t>) as t > 0. (5.12)

Remark. Note that the result in (ii) implies that W loses uniform rank-1 con-
vexity in the direction a®b. Moreover (ii) remains valid if (H1) is replaced
by the weaker hypothesis W(F,) = W' (Fp).

Proof. (i) Let H=a®b with |[H| =1 be fixed. Set
V(t, H) = W(Fo + tH) — W(Fy) — &(F,) tH ~ § (Mg H, H) ¢*.
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From (5.1), the Euler-Lagrange equation for oF, and the Taylor expansion of
W(x, F) at Fy + V(oF we obtain for every w € Wy™ that

W(F, + tH)

= S Wi(x, Fo + tH + Vo + V) dx
Y
= W(F,) + &(F,) Ht (5.13)

1
2
SS(] n)[(a W(x Fo+Vor, +n(tH+ V) (tH+Vy), tH+Vw)]dl1dx
Yo

with equality for w = PF,+H — PF,

Step 1 (lim inf t 2V (1) = 0). Set v = @F,+m — ¢F, From (5.13) we deduce
fand

that

W(F, + tH) — W(F,) — &(F,) Ht

=3 { (L, @) GH + V), tH + Vy) dx (5.14)
Y
1
@ =m (L= Lr) ) GH + Ty, tH + Ty) dn d,
where we have set
. cw
L(x) = T (x, Fy + V(pp + n(tH + Vy)). (5.15)

From (5.9) and (5.10) it follows that

|(IL ~ Lr] () GH + V), tH + V)| = e1(t + | wl|wee) [tH + Ty|% (5.16)
Using A4(Fy) > 0 and (5.3) we have for ¢ small enough that

W(F, + tH) — W(F,) — &(Fy) Ht

(r+ r(t))] S (Lg,(x) (¢tH + V), tH + Vy) dx.
¥

= l 1-
2 /14(Fo
Thus from (5.6), (5.7), we obtain

W(F, + tH) — W(F,) — &(Fp) Ht = 1 [1

) (t+r(t)):| (Mg, H, H) %

/14(F0)
In conclusion, for s small enough we find that

W(Fy + tH) — W(Fy) — 6(Fp) Ht — 1 (Mg, H, H) £*
(5.17)

Cq
- —t H H
z - AL (F) (Mg, H, H) (t + r(1)) 72,
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and finally
lin% t72V(t) = 0. (5.18)
t—

Step 2. (lir% 72V () = 0>. Fix 6 > 0 and choose v € W}*® such that
t—

{ (Lp,(x) (H + Vo, H + Vv)) dx < (Mg H, H) + 6. (5.19)
Y

From (5.13) with w =tv we obtain
t "W (Fy + tH) — W(Fy) — 6(F,) Ht}

1 - (5.20)
= S S(l -n) [(5]«:2— (x, Fo+ Vg +nt(H+ Vv)) (H+ Vv), H+ Vv)] dx dn.
0¥
As t — 0, the right-hand side converges to
é (Lg,(x) (H + Vv), H+ Vv)dx = (Mg H, H) + 6,
and thus
lirrtl_)soup V(t, H) = 0. (5.21)

Since ¢ > 0 is arbitrary, statement (i) of Theorem 5.1 follows from (5.18) and
(5.21).

(i) By Theorem 3.4(iii) we may choose H=a®b * 0 such that
Mg, (H, H) = 0. Arguing as in Step 2 with W replaced by W', we find

lim sup (1 *W' (Fy + tH) — W'(F,) — 5, Ht) = 0.
t—

The result now follows from the assumption that W'(F,) = W(F,), the fact
that ¢t » W(F, + tH) is convex and the following proposition. Note in par-
ticular that (H1) is not required to prove (ii). [l

Proposition 5.2. Assume that g: R — R satisfies
lim sup t72(g(t) —g(0) —at) =0 (5.22)
t—

for some a€ R and that f: R — R is a convex function satisfying f(0) = g(0)
and f < g. Then

lim t72(f(t) = f(0) —at) =0.

[

Proof. Since fis convex there is a b € R such that f(¢) — f(0) — bt = 0. In par-
ticular,
1intn %nf t72(f(t) = f(0) = bt) = 0. (5.23)

Subtracting (5.23) from (5.22) and using f < g one finds
1 1
lim sup — (b —a) < lim sup - (g(#) —f() + (b —a) 1) =0.
t—0 t 1—0 t /

Hence a = b. Now the assertion follows from (5.22) and (5.23) since f = g.
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5.3. A weakened hypothesis

Assumption (H1) can be weakened a little when A(F;) > 0. More pre-
cisely, we assume

(H2) W(Fy) = W' (F,), and there exists a corresponding minimizer O, € Wi
satisfying ]Y 9r,(x) dx = 0. Moreover, there exists ty > 0 such that for all 0 s t = to,

all H=a®@b with |H| =1 and all k € N* there exist minimizers (pF s € Wk#
satisfying
kfyw§0+,ﬂ(x) dx =0,

. 1
W¥(Fy + tH) = min —

§ W(x, Fy + tH + Vo) dx
(aGW];;f &Y kY

kN 5 W(x, Fo + tH + Vo . z) dx,

L% +tH—(ﬂlzf*0HW1v°° = r(1) (5.24)

where r(t) -0 as t—-0 and (/)F € Wk# denotes the periodic exension of
9F, W

Proposition 5.3. Assume that W(x, F) satisfies (2.1), (2.2), (2.3), (5.9), (5.10).
Moreover, assume that (H2) holds and that A(Fy) > 0. Then there exists 6y > 0
such that for all 0=t=5 06y, all H=a®b with |H| =1 and all k€ N* the
minimizers (pFoHH appearing in (H2) satisfy

(pF +tH = (”F +tH - (5.25)

In particular, W(Fy+ tH) = W' (Fy + tH) and (H1) is satisfied. Moreover,
(0F +17 I8 locally the unique minimizer (in Wk# ) of

w — | W(x, Fy + tH + Vo) dx,
kN kY
i.e., there exists a 0, > 0 such that whenever (pF v+ W with | V/IIW1#°° < d; is

a minimizer (or merely a weak solution of the Euler-Lagrange equatzon), then
Vi =0.

Remark. Under the continuity hypothesis stated in (H2), Proposition 5.3 allows
us to apply the conclusions of Theorem 5.1 along a rank-1 path of matrices
F, (correspondlng, e g., to increasing uniaxial compression). More specifically,
if (pF —gpF, then (pF —-(oF and the expansion (5.11) holds around F, as long
as A(LLF) > 0. If/l(U_F ) = 0, then two cases may occur: Either A4(L|_F ) =0,
in which case the homogemzed energy loses uniform rank-1 convex1ty
(Theorem 5.1(ii)) and the linearized equation admits a shear-band type solu-
tion (Theorem 3.4(jii)), or A4(Lg,) >0, in which case the linearized equa-
tion admits a Bloch-wave solution (Theorem 3.4(ii)). In this case it is plausible

that W retains uniform rank-1 convexity at F, but we are only able to
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prove this under the more restrictive hypothesis (H1) (with F, replaced by
F+). This confirms the statement in [TM 85] that long-wavelength in-
stabilities (A5 = A, =0) correspond to loss of (strong) ellipticity for the
homogenized material.

Proof. It suffices to prove the uniqueness statement since the periodic exten-
sion of (o}OHH is a weak solution of the Fuler-Lagrange equation, i..,

1 114
— S (x, o+ tH+ Vor ) Vndx =0 Vye Wi

KN ) oF
kY

Indeed,

1 i) 4 ow .

T S IF (x, Fo+tH+ Vor 1) Vi dx = S aF (x, Fo+tH+ Vg ) VA dx,

kY Y
where 7(x) = Z n{x+2z)¢€ W;}’p and the second integral is zero since
Z€0,... k—1\N

(aF +:g 1S a minimizer in W
So assume that ¢ = (0F0+,H+ W€ Wk is a weak solution of the Euler-
Lagrange equation, i.e.,

1 (ow
kaSB , Fo+tH+ Vo) Vnde=0 VneWy (5.26)

kY

and ||Vt//||W1 » < d;, with d; to be chosen later. By the minimizing property
of (pF il and by the Taylor expansion around Fy + tH + Ve(x) we find

0 ;ksy (Lg, (x) Vi, V) dx + 2k§YOS (1 =) (IL - Lg] Vy, V) dn dx, (5.27)

where 32

- w
L=—37 (x, Fp+tH+ Vo —nVy).
S; oF
ince

|Fo+tH+ Vo —nVy— (Fo+ Vok)| =tH+ V(95 cn — 0%) + (1= 1) Vy|
<t +|V(@kwm—05)| + V],
it follows from (5.24) that we can choose d, > 0 such that
|Fo+tH+ Vo —nVy —(Fo+Vok)| =26, for all 0 5= 0.
Therefore by (5.9), (5.10) we have
(I Lr, e = Cd1.
In view of Lemma 4.2 we then deduce from (5.27) that

0z (A(F@—C«&)Slwﬁdx
A(Fy)

Choose d; = ; then V=0 and the proof is finished. O
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5.4. Convex integrands

We complete this section by showing how the relation between homogeniza-
tion and linearization can be made rigorous for convex integrands without the
use of implicit hypotheses like (H1) or (H2) above. To avoid technical dif-
ficulties we consider only strictly convex integrands with quadratic growth.
Specifically we assume that

W(x +2z,F) = W(x, F) for z€ZV, (5.28)
W(x, -) is convex and in C?, (5.29)
C|F|*= W(x, F) = C(1 +|F]?), (5.30)

oW
‘EE (x, F)| = C(L +|F]), (5.31)
|G|’ = %g (x, F) (G, G) = C|G|?, (5.32)

where ¢ > 0. MARCELLINT [Ma 78] showed that the homogenized energy density
is given by
W(F) = WY(F) = min | W(x, F + Vy) dx.
yEH# Y

The minimizer corresponding to F is unique since W is strictly convex and
is denoted by yr. As before,
a*w
Lp(x) = 9P (x, F + Vyp(x))

is the linearized elastic tensor and M its homogenization. Let

_ ow
aF:SE (X,F+ va)dx.

Y
The main result of this section states that homogenization and linearization
commute.

Theorem 5.4. Let (5.28)—(5.32) hold. Then the homogenized energy density W is
in C? and
W

EF_Z (G, G) = (MFG, G).

Remark. Similar results have been obtained by FRANCFORT & MURAT ([FM 91])
and for scalar functions by AtToucH [A 84].

We shall use the following result.
Proposition 5.5. Let |/ be a sequence of measurable, symmetric 4-tensors satisfy-

ing
c|Gl?’= (U(x)G,G) =C|G|?>, ¢>0
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for a.e. x €Y and for all NXN matrices G. Assume that V- L ae. Let l//{; be
the minimizers in H} of

§ (W) (G+ V), G+ Vy)dx

14
subject to SY wé;dx = 0. Then w{; — wg strongly in H} where yg is the mini-

mizer of
§ (Lx)(G+ V), G+ V) dx. (5.33)
Y

In particular,
[ (W(x)(G+Vwd), G+ Vyl)de - | (L(x)(G+ Vwg), G+ Vg) dx.
Y Y

(5.34)

The proof of the proposition is standard and is deferred to the end of this
section.

Proof of Theorem 5.4. Fix NxN matrices F, G, |G| =1. Set k(t, G) =
t2(W(F +tG) — W(F) — 6ztG). A Taylor expansion in connection with
the Euler-Lagrange equation for yp gives
1
. *w
h(t, G) = min (1—5) S (F+Vyp+st(G+Vy)(G+Vw,G+Vy)dsdx.
weHy
Y 0 (5.35)

Step 1 (lower bound). Choose a sequence #; = 0 such that 1ir¥1 {i)nf ht, G) =

lim h(#;, G). Let w; be the minimizer corresponding to h(z;, G) (see (5.35))
]—)OO
with [y y;dx =0. In view of (5.32) one has |y;llm = C. Set
. ?w
L (x) = S (x, F+ Vyp(x) + s1;(G + Vy;(x))),

let #/ be the minimizer (in H}) of

[ (L) (G + V), G+ Vy) dx
Y

(with {y#*/ dx =0) and let M>/ be the corresponding minimum value. Note
that

< C. Moreover, t;Vy; — 0 in L* and
, W
hence a.e. (for a subsequence). Thus L/° — Lz = 9 (F+ Vyg) ae. for all

Again by (5.32), observe that |M*/

s as j — oo, By Proposition 5.5, #*/ - n in H} and 7 is the minimizer of

§ (Lp(x) (G + V), G+ V) dx. (5.36)
Y



Homogenization of Nonlinearly Elastic Materials 267

It follows that M/ — (MpG, G) and therefore (by Fatou’s lemma)
lim %nf h(t, G) = lim inf 4(¢;, G) = 1 (MyG, G).
> Jj—oo

Step 2 (upper bound). Let ws be the minimizer of (5.33). Setting y = yg in
(5.35) one finds

lim sup (%, G) = 5 | (Le(x) (G + Vyg), G+ Vyg) dx =1 (MgG, G),
t— Y

2
since the term a_Vl/ (F+ Vyp+st(G+ Vwg)) converges boundedly a.e. to
Lp as t — 0. oF
Step 3 (continuity of F - &p, F » Mg). Let w, be the minimizer in (5.35).
Then ¢p,.c = ¢r + ty,. Since |y, |z =< C (see above) with C independent of
G (since |G| = 1) one has

Sup || ¢p4ic — 0rll = C(F) 1.

|G| =1
It follows that F — &7 is continuous. Moreover, one finds that lLF - lp
boundedly a.c. whenever F; - FE The continuity of F ~ Mg now follows from
Proposition 5.4.
Step 4 (differentiability). From Steps 1—3 and Proposition 5.6 below it follows

32

oW

that W is in C? and i Mg [

Proposition 5.6. Let 7% be an open subset of R?, let F : 7/ — R be continuous
and let g and h be continuous as linear and bilinear forms on R?, respectively.
Assume that for all x € 7%,y € RP,

lim =2 (f(x + 1) =) —tg(x) y = § 2(h(x) %,7) =0. (53D

af (x)
ox

2
Then f € C*(%), ({( %)
X

= g(x) and = h(x).

Remark. We do not assume that (5.37) holds uniformly in x.

Proof. The result is well-known. We include a proof for the convenience of
the reader. It suffices to consider a ball compactly contained in % and one
may assume uniform continuity on that ball.

Step 1 (p= 1) In this case we may assume that & = 0. Otherwise, choose
f e C? with f”=h and consider f— f. Moreover, it follows from (5.37) that
f is differentiable with derivative g; thus f € C!, f' = g. We assert that f’ is
both increasing and decreasing and thus constant. Assume f’ is not increasing.
Then there exist a < b, and ¢ > 0 such that f'(b) <f’(a) + 6(b —a). Let ¢
be the value where f’(x) + Jx attains its maximum in [a, »]. Then ¢ < b and
there is an € > 0 such that f'(c+1¢) +dt=f'(¢), Ost=¢ Set R(c, t) =

flc+1)=f(c) —f'(c) t+% 6% Then R(c, 0) = %(c, 0) =0 (since feC')
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OR
and —a—t— (,t) =0 if 0=t=e¢g, so that R(c,t) =0 for O =r=e. On the

other hand, by (5.37),
lim t*R(c, t) =5 6> 0.

This is a contradiction, so f’ must be increasing. The same argument applies
to —f’ and the assertion follows.

Step 2 (p > 1). Let |y| = 1. By Step 1 the function ¢ » f(x + ty) is in C* and
by the Taylor expansion,

17 fx A+ ry) = f(x) —tg(x)y — 1 P (h(x)y, y)]

=

(1 —s)| (h(x + stg) y, ) — (B(x) y, ¥)]| ds

O ey

=1 ﬂlp |h(x +2) —h(x)| = w(),
z| st
with w(z) = 0 as ¢ — 0 by the uniform continuity of s. Let p be a standard
mollifier, ie., let pe€ Cy° (RP), squ pxyde =1, pt(x) =¢e Pp(x/e). For
fé=pt=f, we find

1R fE(x 4 ty) —fR(x) — gt (x)y — L 2 (RP(0) 3 Y)| £ ()

as t— 0, where g®=p°xg, h®=p°+h. Thus Df®=g® D*f¢=h" It follows
that f¢ is a Cauchy sequence in C? with limit £. Thus f € C? with the obvious
derivatives. [

Proof of Proposition 5.5. Recall that if f; — f boundedly ae. and g; —» g in
L?, then figi—fg in L% Tt follows from the Euler-Lagrange equation that

[ (Wx)(G+ V), Vn)de=0 VneHj (5.38)
¥
In particular, |Vy/| = C, so that y/ — y in H' for a subsequence. Since

I/ - L boundedly a..,
§ (Lx)(G+ V), Vn)dx=0 VneH},
Y

and thus  minimizes the limit functional (the minimizer being unique by the
lower bound on IV). Moreover,

J (UGG + Ty, Vi) dx

=1§ (Y (x) = L(x))(G + V), Vn) dx +1!; (L(x)(G + V), Vr) dx.
Observe that the last term on the right is zero, subtract (5.38) and choose
n =y’ — y to obtain

lw — ;i = CJ (W) (V(w =), Vv —y)) dx

{
Y
=YS (W (x) = LE) (G + V), V(y — ) dx.



Homogenization of Nonlinearly Elastic Materials 269

Now (L/ — L)(G + Vy) » 0 in L%, Vy/ — Vy = 0 in L?, so that y; - v in
H}. This holds along any weakly convergent subsequence. Thus y/ — v in
H} for the whole sequence. [

6. Application to a Layered Composite

The present section complements the theoretical results given in Sec-
tions 3—35. The example presented deals with a layered composite stretched by
A in the direction of its layers, under plane strain conditions. In this case, one
is able to perform all the required calculations for of (see (3.40)), A% (see
(3.33)), A§ (see (3.34)) and the homogenized moduli tensor M* (see (3.35))
analytically and without any simplifying assumption.

Section 6 is divided into six subsections. In subsection 6.1 after a general
description of the model we show some consequences of the ellipticity assump-
tion of the incremental moduli tensor L(A) = 8*W/3dF? and we compute the
best stratified ellipticity constant of ;) (see (6.5)). The incremental moduli of
each layer are needed for the evaluation of the homogenized moduli of the
composite and the corresponding formula for M;;;(A) are given in (6.6).
Recall that the load parameter A in this problem is the stretch ratio in the
lamination direction of the composite.

Corresponding to L(A) we can define A(A) = Aj(A) (see (3.31) and
Theorem 3.7 (i)). Its calculation is presentedAin Subsection 6.2 and is given in

three steps. In Step 1, the minimum root A (w;, w,) of (6.15) is calculated,
where w;, w, are the dimensionless wave numbers along x;, x, of the eigen-

mode corresponding to the eigepvalue A. In Step 2, we seek A(w;), which is

found by the minimization of A with respect to w, € [0, 27r). The correspond-
ing results are given by (6.26), (6.27). Finally in Step 3, the desired A is found
from A by a numerical search in a large enough interval of R. Also in the
same subsection A§(A) (see (3.34)) is calculated, followed by an independent
proof of the equality «f ;) = A§(4) (see Theorem 3.7 (vii)).

Subsections 6.3 and 6.4 deal with the calculation of A§(4) (see (3.33))

and af,(A) (see (3.36)). As it turns out from (6.25), lir%/'lA\(A, EWy, Ewy) =
g—)

As(4, w1, w,) and AL(A) can be found by minimizing As on |w]| =1,
wy % 0, as shown in (6.34). The best stratified ellipticity parameter of,(1) of
the homogenized composite defined by (6.41) is calculated with the help of
(6.42).

In subsection 6.5 we calculate the critical stretch ratios Af, A7, which cor-
respond to the onset of the first bifurcation of the composite in tension and
compression (see definition (6.43) and results in (6.44)). We also calculate the
critical stretch ratios A, A;, which correspond to the first long-wavelength
bifurcation of the composite in tension and compression (see definition (6.45)
and results in (6.46)). In the same subsection we also define the critical stretch
ratios Aj, A corresponding to the first loss of rank-1 convexity of the
homogenized composite (see definition in (6.48) and results in (6.49)) and
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show that they concide with A;, 45, respectively (see (6.51)), thus providing
for this application an independent proof of Theorem 3.7 (vi).

The last Subsection 6.6 uses a particular energy density function W to
calculate A (L), A3(A), A§(A) and oy, (A) for stratified composites under ten-
sion and compression. For the particular choice of W adopted here .only the
compression case gives interesting results, while for tension A = A{(4) =
A% (A) = constant independent of A.

6.1. Model ~ General considerations, calculation of M

Consider a composite medium made of a self-repeating sequence of elastic lay-

4 4 4
ers 4, &4, ..., £, with initial thicknesses H, H, ..., H and current thicknesses
44 44 4
h,h,...,h. The initial thickness of the base cell is 1=H+H+-.- + H

4 4 ‘
and its current thickness is A= h + A + .- + h. For simplicity only three
layers a, b, ¢ per base cell are depicted in Fig. 6.1.

The composite deforms under plane strain conditions. Each layer is made
of an isotropic, nonlinearly elastic material that remains strongly elliptic at any
level of strain. There is perfect bonding between the layers, i.e., the vector trac-
tion and displacement are continuous across each interface for all possible
deformations.

At the state of deformation that corresponds to the principal solution,
which is depicted in Fig. 6.1, the p™ layer is under principal stretches

b a ¢ b g
0= 0= 0%=0 Ar=hy=Ai=4
5 093.2 RIS :'X'z 02 SRR Y

] e B e >
> © 9 D9 S
N A R T h
; N \\\\\_\ \§] \\1, N BN
; Z 76 &

11 / !

Fig. 6.1. Schematic drawing of the periodic layered composite.
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AR
)LI;, }g; along the x;, x, directions respectively. The assumed perfect bonding
condition between layers implies that

4 4 %

The corresponding principal Cauchy stresses in each layer are denoted by
£ 4
01117, azg. Traction continuity across the interfaces requires that

4 4 4

Op=0p=- =0p=0. (6.2)

A compression of the composite corresponds to A < 1, a tension corresponds
to A >1 while at 1 =1 the composite is stress-free (when ¢ = 0).

The principal stress and deformation state of the composite is completely

4 4 ‘n
determined by the initial geometry (i.., the layer thicknesses H, H, ..., H),

4 4 %
the material properties of each layer (i.e., the energy densities W, W, ..., W)

and the load parameter (i.e., the x;-stretch ratio A). An isotropic nonlinearly
hyperelastic material under plane strain conditions, has an energy density that
isTa function W(y, 1;;) of the invariants of the Cauchy deformation tensor
F'F.

Noting that within each layer the deformation gradient tensor is
F=F(A) =diag[l;, 4], and so ;; = 47 + A3, 1; = 424}, one finds (omitting
the superscripts for notational simplicity) the nonzero components of the
Cauchy stress tensor to be o4y and gy, and the nonzero components of the
linearized elastic tensor at F (also called the incremental moduli tensor)
L= Lruy = L(A) = 8?W/3F* to be

Liytt, Lo = Looits Lopzas Linia = Logngs Lizpg = Logga-
Let us explicitly remember the following assumption:

(E) At every level of strain F = F(A) the linearized elastic tensor Lp nix) =
32W/ OF? is strongly elliptic in each layer.
From this assumption, one deduces (see (3.7)) that the 2x2 matrices
4
Lijuib;b; are positive-definite for all b # 0. This implies that their principal
minors are positive. In view of the arbitrariness of b, one has
Z £ £ 4

p i4 14 i4
Liji1(4)s  Lpp(d) =Ly (4), Loy (A) Zz sy > 0, 6.3)
% % % %
(L1111 (2) L1212 (A)] (b)) * + [Li212(A) Ly ()] (By)*

% % % % %
+ L1111 (A) Loppo () + (Li212(A) 2 = (Ly12a(A) + Liga (AN (b15,)% > 0. (6.4)

Moreover, the implicit function theorem implies that near A = 1, ¢ = 0 the
stretch A, is a function of A. Therefore, of the two independent control
parameters A and o for this problem, the stretch ratio A is chosen to be the
load parameter. Also for reasons of simplicity, it is assumed that the lateral
stress o = 0.
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From Theorem 3.7 (vii) it follows that the best stratified ellipticity constant
for IL(4) (see (3.40)) is

) % %
oy =min {Lipp(4), Lpn(M)|p=1,2,...,83Z o) >0.  (6.5)

Knowing the incremental moduli for each layer of the composite, one can
find the corresponding homogenized incremental moduli Mgy= M (A1) = M.
From (3.35) the nonzero components M;;; of M for the layered composite at
hand, are found to be

My = Lias — Liiz)? Lagsn) ™ + (Lyiaa (Lagoa) ™Y (Lapn) ™H 7Y,
Miip = (Ligz (L) ™0 {gana) ™ ™ = My,

Moy = (L) ™71, (6.6)
Mz = Lapay — (Liga1)? (Liaiz) ™) + Ligai (Liza) ™Y Liai) ™D 7Y,

Mz = (Ligp1 (Liz2) ™Y {(Laziz) ™D 7" = My,

My = ((Li22) ™7

In this set of equations, (/) denotes the average of a function f(x) defined

in the interval [0, 1]. For a function f which is constant in each layer of the
4 4 4 £

1 2 n ‘n
composite <f>=Hf1+Hf +---+Hf.
The derivation of (6.6) from (3.35) is straightforward and no details need
to be given here.

6.2. Calculation of A%, Aj

Attention is next focused on the calculation of A§(4) corresponding to
L(4) (see (3.31)) for the layered composite under investigation. We always
assume that A(A) = 0. From Theorem 3.7(i) it then follows A (1) = A{(4),
and so

A(A) = inf{A(A, wy)| w € R}, (6.7)
A4, @) = nf{A(4, 01, @)| @, €10, 2a[), (6.8)

AL, 0, @;) = nf(Q(V0; ¥) |v = @5+ emp(x), pe Z}). (6.9)

Two cases can occur: Either A = A§ where A§ is defined by (3.34) or
A < A§. In the former case A = of is given by Theorem 3.7 (vii) (cf. (6.5)).
In the latter case a formula for A (w;) will be derived and A is obtained by
minimization over w,. In the specific examples discussed in Section 6.5 it was
found that A = A% in extension while A4 < A in compression.
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Assuming now that A< A§(A) and restricting attention to values of
(w;, wy) for which 0 = A, Wi, W) < A§(L) one easily checks that the in-
fimum in (6.9) is atAtained (cf. the proofs of Theorem 3.4 (ii), (iii), Sections 4.5

and 4.6) and that A depends continuously on w,, so that the infimum in the
definition of A is attained, i.e.,

/’1\(/1’ wl) =A:(A’ Wy, wZ,m)y

where w, , depends on «w; and A. '
The Euler-Lagrange equations for the minimizer &(x,) = ¢’*>"*p(x;) in
(6.9) are

—w}(Lyyyy — A) By + iy (Ligy + Lyza) D0 + (Lypgs — A) D4, =0,
A ) (6.10)
—wi(Lyyy — A) By + iy (Lo + Logyy) D12 + (Lagsy — A) 2,00 =0,

4 4 4 4 4 i
for x,€]0, HIUIH,H+ H{u--- VIJH+ H+---+ H, 1[. The correspond-
ing interface conditions are
[(Liziy — A) B2 + iwi Ly 8] =0,  [9] =0, 6.41)
licoyLapgi 9 + (Lyyy — A) 21 =0,  [9,] =0,

4 4 4 4 4 =1 .
for x,=H, H+H,...,H+ H+--- + H. The boundary conditions at the
ends x, =0 and x, = 1 of the unit cell, as a direct consequence of the par-
ticular form of #(x,), are

[(Liz1y —A) Dy,5 + iy Lypy B3] (1) = €xp (iwy) [(Lq12 ~A) D1,2+ i Lip ] (0),
lieo; L1 B + (Lazpp —A) 3,51 (1) = exp (iwy) [iw1Logyy 3 + (Lyygy — A) 5,51 (0),
0(1) = exp (iwy) B(0) . 6.12)

In each layer /;,, p=1,...,n, we consider the biquadratic equation
associated with (6.10):

(Ligga — A) (Lygmy — A) 2*
+ [(Lyyys — A) Lagzy — A) + Lyziz — A) Lagag — A) — (Lygzp + Ligy) 122
+ (Lygyy = A) Ly — A) =0 (6.13)
whose roots zy,2p,23 = —21, 24 = —Z, are generally complex, at least for

relatively small values of A, as follows from (E) (see (6.4)). We shall also
need the functions defined for z; £z, = 0 by

73 cos (wzp) — 73 cos (wz;)

al(w; 21 ZZ) = ’

72~ 23 6.14)
cos (wz;) — cos (wzy)

aZ(W; 215 ZZ) =

’

23 —z3
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z sin (wzy) ~ zy sin (wzy)

bi(w; 21, 7p) =

2 _ 2 ’
1~ (6.14)
Zy sin (wzy) — 25 sin (wzy)
by(w; 21, 25) = SR
21— 23

and whose definition has to be extended by continuity for/zl =0and z; =2,.
Finally we define in each layer the 4 X4 matrix ﬁ = Ip( (4; ¢, y) whose
entries are
Ky = K33 = a1(wy; 21, 22)
L1131 (Lyigg + Liggt) = (Logp —¥) (Liqyy — )

+ ay(wy; 21, 2) ,
(Lyozy — ¥) (Lyziz ~ )

. Ly , Ly
Kiy = —Ky3 = iby(wy; 24, 25) —iby(wy; 21, 2)——,
(Lo — ¥) (Liziz —y)
b 21, 2 1 .
Kiz=1i {01521, ) + iby (w1 21, 22)

212 (Lypon — ) Lz — )

(L1 + Lipoy)

K14= —K23 - —Clz(CU1;Zl,Z2) ’
(Liziy ~y) Ly — )
Ky = — K3y = ibi (w1521, 22) 2122 o _ iy (a1 24, ZZ)_—_L&’
(Lizs — ¥) (La2zz — ¥)

Ky = Ky = a;(wy; 21, 2)

. Lo Ly + Lizpt) — (Logzp — y) (Lyggg — )
— ay(wy; 21, 22) s
(Lapzy —¥) (Lipiz —¥)

! 1
Koy = —ibi (w1321, 22) ————— —iby (w13 21, 22) ~———,
(Liz12 —y) (La222 = )
L2 — (Linin — )2
K3 = iby (w1 215 22) Ltz = (Lipiz =)
(Liz12 — )
L39 — (Li11g — ¥) (Lagyy —
+ iby (015 215 22) 2 (L1111 — y) (Lo }’)’
(L2 — )
Ky = —Ky = —ax(w13 21, 22)

< (Lia12 =) *Lysz + (Liyyy —y) (Laaze = ¥) Lizas — Ligai Lygop (Lyggy +Li12)
(L1212 = y) (Lazpz — )
Ligs — (Lyggs — ) (Logos — ¥)
(L2 —¥)
Lini — (Liapp — )2
(Lizi2 — )

Ky = —iby(w1; 21, 22)

—iby (w1 21, 22)



Homogenization of Nonlinearly Elastic Materials 275

Note that as in previous formulae superscripts are in general omitted for the
sake of notational simplicity.

~
K3

Proposition 6.1. (i) Under the previously stated notations and assumptions, A is
the smallest nonnegative root of

det [F(, wy, A)—exp (iwy) 1] =0, (6.15)

where | denotes the unit 4 X4 matrix and F = F(1, wq, /T ) is defined by

2 4 A i 2 4 2
F(4, oy, A)= K (4, w1, A) K (1, 01, A) - K (4, w;, A). (6.16)

(ii) 4 4 ) A
det K=1, (K)'(1;0,A4) =K@ —w,A). (6.17)

=\

(iii) All the invariants of F are always real and satisfy

IF=1f=uF If=1, (6.18)
IF o, A) =184 —w, A), IEQ; o, A) =15(; —w;, A). (6.19)

Proof. We assume for simplicity that in all the layers all the roots of the bi-
quadratic equation (6.13) are simple. In the case of multiple roots one just
has to verify that the final formulae obtained by taking the limits z; =z, and
z;—0 make sense.

(i) Under the previous assumptions the general solution of the system (6.10)
of ordinary differential equations with coefficients constant in each layer 4, is

4 /7 4 £ £,

R 4 . % R 4 . .
P (xy) = E G exp (iwy 2 %),  Da(xp) = E D; exp (iwzjx,) in layer 4.
=1 j=1 (6.20)
Z
Ir/} (6.20)/ the zj{]( j=1,...,4) are the four roots of (6.13); the constants
i4 12
G and D; (j=1,...,4) are related by
: % 2 4 % 2
é‘,’_= 1 (Lpiyg = A) + (2]) (Lo —A)g’.
! % % % !
i Ly + Lixy
6.21
7 % A % 5 % 2y ( )
D= 1 Ly —A) + (25)7 Lypp — A) ¢
A % % a
z Li23 + Lzt

Substituting (6.20), (6.21) into the interface conditions (6.11) one
obtains, in matrix form, the following equations for the interfaces x, =
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4 4 4 ) ]
H,....H+H+ . --+ H, respectively:
44 4 4 4 4 4
V exp [zle Z] = V exp [iw;HZ] C,
. (6.22)
Sn1 4 Gt by Gy 4 4 bt G 4

V explio;(H+---+ H) Z1 C = Vexplioy(H+---+ H)Z]C.

The superscripts 4, in the 4 X4 matrices V and Z appearing in (6.22) indicate
the layer at which the components of these matrices have to be evaluated.
These matrices have components

V1j=1!

(Liggs = A) + 22 (Lign — A)
zj(L1122 + Liga1)

sz =

s

Ly — A) + 2} (Liaz — A)

Va; =zi(Lia1r — /i) — Ly
S Zi(Lq122 + Lyat)

2

Ly — A) + 2P (Lyggy — A)
Ly + Ly

Z; for i=‘,
Z,~j={ ) J
0 fori=j.

Vaj = Ly — (Loaz — )

AN

£
The 4-dimensional vectors € in (6.22) have as components the constants é;
introduced in (6.21).

The end cell boundary condition (6.12) in conjunction with (6.20) furnishes
the additional relation

Z, 4 £ 4 £
Vexp [icwy Z] C = exp (iw,) V C (6.23)
Laborious, although straightforward algebra gives
4 4 44
K-Vexp[za)lHZ](V) Lop=1,2,...,n; (6.24)

hence from (6.22) and (6.23) it follows that a nontrivial solution &(x,) exists
for (6.10), (6.11), (6.12) if and only if (6.15) is satisfied.
(ii) From (6.24) it follows immediately that (6.17) holds.
(iii) The only nontrivial property in (6.18) and (6.13) is IF = trF. Since a

% byt f
51mp1e 1ns/pect10n of the definition of F= K K ... K implies that trF ! =
K 4
tr(K K K), it is enough to prove

4 4 % ‘%
tr(KK...K)=tr(K...

AN
AN
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This follows from mathematical induction on the number of layers. To this
end introduce the matrix

Az —Agp A —Ap
—A3zy  Aw —Ay Ay
Ay —Ay Ay Ay
—Ady Ap —Ap Axn

associated with any 4 x4 matrix A with components 4,;. From tI/}e/defini}ion

1 42 p
of K it follows that K =K%* Assume that for p layers, KK ... K =
4 4 4 14 % G
(K... KK)* Then one can easily show that (KK...K) K =
/p+1 /;7 2 4

[ K (K... KK)]* The desired property follows from the (obvious) remark
that tr (A) =tr (A¥). [

The use of (6.18) in (6.15) yields the following equation, implicit in /?:
exp (4icw) — If (A, wy, A) exp (Biw,) + IE (4, w;, A) exp (2ieo,)
IR, @y, A) exp (iwy) +1=0. (6.25)

This equation provides A (defined in (6.9)) as a function of the load
parameter A and the dimensionless wave numbers w,, w, of the correspond-

ing mode ¥(x;). Once /?(/1, w1, w,) has been found, A (4, w;), its infimum
over all w, € [0, 27), can be calculated. This calculation works as follows. In
view of the discussion after (6.10) the infimum in the definition (6.8) of A (4, w;)

is achieved for some value w,,, in which case A(A, w;) = A(4, @, wy,).
In this case y,, = exp [iw,,] is an eigenvalue of F in (6.15), and hence it is
a root of its characteristic polynomial f(y) =y* —ITy? +15y2 —Ify +1,
ie., f(y,) =0. Two cases can occur:

a) y, € R, which in view of the fact that |y,| =1 implies that y,, = + 1
or —1 and hence

2F (A, w1, A) =I5y w1, A) —2=0, @y, =0,
o n 6.26
2F A, wy, A) + 15 (A, w01, A) +2=0, wy =7 (6.26)
b) ¥y, € C\R, which in view of the fact that |y,| =1 and the reality of
IF, IT implies that the four roots of the biquadratic polynomial f(y) are y,,
Fms )Y F) ! with 3, = (v,,) 1. Using these relations in the expressions
of the invariants as functions of the roots of f(y) we obtain the following im-
plicit equation for A:

. . I7
LI, o, PP =152, w0y, A) +2=0, @y, = = cos™! (Zl) . (6.27)
Of course, for a root A of (6.27) to be acceptable, one should also verify that

[1 Fd, wy, /i)| < 4. Consequently, the quantity A (4, w,) which is defined by
(6.8) is the minimum nonnegative root of (6.26), (6.27).



278 G. GEYMONAT, S. MULLER & N. TRIANTAFYLLIDIS

For the case where A satisfies (6.26), a physical interpretation can be given
to the corresponding mode w(xj, x,). If (6.26); is satisfied at A, then
Wy, = 0 and from (6.9) it follows that v(x;, 0) = v(x;, 1), which indicates a
symmetric mode. If (6.26), is satisfied at A, then @y, = 7 and from (6.9) it
follows that v»(x;, 0) = — v(x;, 1), which indicates an antisymmetric mode.
In all the numerical calculations performed for this example, A is always
found to correspond to a symmetric or an antisymmetric mode v, as will be
seen subsequently.

The calculation of A(A4), which is defined in (6.7) as the infimum over
all w; of A(A, w;), is done by a simple numerical search over an adequately
large interval for w;. From (6.19) it follows that only positive values of w,
need to be considered in the abovementioned numerical search.

Remark. For w, =0, A can still be found from the original governing equa-
tions (6.10)—(6.12). In this case the governing equations for #;(x,) and
#,(x,) decouple and 4, 9, are piecewise linear within each layer, as is easily
seen from (6.10). The interface and boundary conditions (6.11), (6.12) finally

imply that
A % %
A4, 0, @) = min {Li315(4), Lppn(A)[p=1,2,...,n} =ajy). (6.28)

Since /i(/l, 0, wy) = /i(i, 0, 0) (in view of (6.28)), one can observe that

A4, 0,0) = A% where A% is defined in (3.34), and so we have an independ-

ent proof of Theorem 3.7(vii). It should also be noted that w; =0 is a

singular point in A (4, w;) since for the applications considered subsequently

the al)imo/i(k, w;) exists and is different from (6.28). A physical interpreta-
1‘-)

tion of the existence of this singular point is not difficult if one observes that
at the neighborhood of w; =0 two physically different types of modes can
be found from (6.9): the modes which are independent of x; as well as the
long-wavelength type modes, i.e., modes whose wavelength in the x; direction
is much larger that the unit cell size.

Hence in the numerical calculation of A(1) from A4, w1), one has to
keep in mind that A (A, 0) is still given by the right-hand side of (6.28) while
for w; >0, A, w,) is the minimum nonnegative root of (6.26), (6.27).

6.3. Calculation of A%(A)

For a fixed 1, we now study the determination of A% (see (3.32)), given
in our case by A
A{(A) = liminf A4, wq, wy). (6.29)

(wj awz)_’o

The calculation is obviously nontrivial only when A5(4) < Ag(1) = aj,
and therefore in the following we fix # > 0 and we always assume that

05 A, w1, @)  A54) =13
from the remark after (6.28) it then follows that w; =+ 0.
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We first define

As(h, o1, @) = liminf AL, ewy, ewy) - (6.30)
&0t

We shall see in a moment that A% = inf{As(w;, w,)||w| =1, w; * 0} (see
(6.34)). Note that this is not completely obvious, because in (6.30) we only
consider limits along lines passing through the origin, while in (6.29) any se-
quence w — 0 is taken into account.

We introduce the 4 x4 matrix G = G(/A, y) whose nonzero components are
given by

Gy = Lz (Lina — )Y, Gyt = Ly Loy — )7,

Gy ={(Lizz — 9™, Gst = — {(Lygy; — ¥) — (Lyg22)? (Lo — ¥)7,
Go = — Lz — )Y, G = — {Lyppg = y) — (Lyza)* (Lyagz — ¥)7™5,
Gag = — Ly Loy =)D, G = — Ly (Lip — )~ Y. (6.31)

Note that G is uniformly bounded for 0 =y = A§(A) — 7.

Proposition 6.2. (i) Under the previously stated notations and assumptions /15 =
As(4, wy, w,) satisfies the implicit equation

det [G(A, As) - 5"3|] =0. (6.32)
W
(ii) The invariants of G are

If=0, If= —3trG? = — (G3Gyy + Gi3G3y + GGy + G34Gys) , 6.33)

1§=0, If={[(rG*? —2trG*] = (G12Gy — G13Gs) (G Gss — G3;Gos) .
(i) A
A3(A) = | ir‘1f1A5(A, w1, Wy). (6.34)
wl|=
w %0
Proof. (i) From the definition of F(A, wl,/i) (see (6.16)) it follows that

(v, w1) = F(4, w;,y) is a smooth function on % XR where 7% =
(0, A§(4) —#n) and

IF(4, w1,y) — (1 + iw;G(4, y))| = Clw|* for all ye #.
Moreover,
| (F(4, w1, y) —el) — i(wG(4,y) — w,1)| = Clw|?.  (6.35)

Since w; * 0, formula (6.32) follows immediately.
(ii) The results are only a matter of some lengthy, but straightforward, algebra.
(iii) The statement follows from
lim sup |AQ, 2wy, ew,) — As(2, @y, wy)| =0. (6.36)
&0 |w|=

w;*0
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In order to prove (6.36) we first remark that by (6.35) for |w| = 1 the equation
det[F (2, ew;, y) —e®“:1] =0 (6.37)

only admits a solution y < A§(A) —n for e < g if |w;| > d(g). We may
thus assume that |w;| = d > 0. This implies that for ¢ small enough,

wy\ ¢ wsy\ 2
(—2) +18(2, y) (—2) + 1§ (4, y)
(1 Wy

Taking into account the explicit form IZG, If (see (6.31), (6.33)), one sees
that, uniformly for all || = 1 such that |w;| = d > 0, y must be close to a
solution of

=< Ce.

4 2
(5’2> +1$(4, ) (ﬂ) + 132, y) =0. ©6.38)
w

W, 1

This concludes the proof of (6.36). [

Since As(A, w;, w,) is continuous with respect to (w;, w,) (see (6.32)),
the infimum in (6.34) is attained at some (wq,,, wy,) and A3(1) =
As(h, Oy, 02y). Two possibilities exist (recall that we assume that the
stretch ratio A is fixed):

a) Wy, Wi, =0 in which case, (6.38) implies

Wom

IS4, A% =0, =0, (6.39)
W1

b) @,/ w1, + 0. The continuity of /¢ and I§ with respect to As dictates
that in this case wy,/w;, is a double root of (6.38) (and $0 is — (W W1,))

4
since from (6.34) no real roots w,/w; of the polynomial (ﬁ) +
W

2
18, y) (@> +18(4, y) exist for y < A$()). Hence
w1
(15 (4, ADI? — 4IE (2, A3) =0, (ﬂ’ﬁ> = (=3 184, AD)'*.  (6.40)
Wi

For a solution A% of (6.40) to be acceptable one has to verify that
IZG()L, A%) < 0. The desired A3(1), which is defined in (6.29), is thus given
by the minimum nonnegative root of (6.39), (6.40).

6.4. Calculation of o3, (1)

Besides A(A) and A3(A) another quantity of interest in this example is
oty (L), which is defined by

o (4) = Irznlibrll=1 (M*(4) a®b, a®b) (6.41)

a,beRN
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where M (A) is the homogenized incremental moduli tensor of the composites
principal solution whose components are given by (6.6).

From (6.41) one can easily deduce that ai;(A) equals the minimum eigen-
value of the 2X2 matrix M;;,(4) b;b; over all possible unit vectors b€ R2.
Assuming that b = (cos ¢, sin ¢), we can thus obtain o},(1) by the follow-
ing expression

ap(4) = ¢e[0 / L{(Myyqq + Myay) 08 ¢ + (Mypy + My,) sin ¢]

— [[(Myyy — Mayp) cos? ¢ + (Mypqy — M) sin? ¢]?
+ 4(M1122 + M1221)25in2 ¢ C052 ¢] 1/2}. (642)

The desired minimum can be found analytically by evaluating the right-
hand side of (6.42) at ¢ =0, ¢ =% and comparing it with the extrema of
the same function that occur in the interior points of (0, #/2). These extrema
can be expressed in terms of M;;,, but their corresponding expressions are
too cumbersome to be recorded here.

6.5. Calculation of the critical stretch ratios Y, A, and A}, Aj

Another set of physically important quantities for the composite in this ex-
ample are the zeros of A(l), A3(A) and of,(A) closest to A = 1. These
zeros correspond to the stretch ratios associated with the first bifurcation and
the first loss of ellipticity in the composite as the loading increases away from
the stress-free state.

The roots of A(A) closest to A =1 are denoted by AF(>1) and
Az (< 1). They respectively correspond to the onset of the first bifurcation
instability in tension and compression as the stresses increase in absolute value.

From the defintion of A(A) in (6. 7) one has the following method for the
calculation of A} and A]:

28 = inf1A@) =0y = inf (L7 (@), A (@) = fnf (A(4 @) =0J,
(6.43)
A =sup [A(A) =0} = sup (A (@)}, A (@) = sup (A(L, @) =0}.

A<t w €RT A<l

It is tacitly assumed that A (w;) and A (w;) do exist for all w,eR*
and in view of (6.26)—(6.28) they are given by

2AF (A, 1, 0) = IS (2, 01,0) —2=0

}?j(wl)=}g§ 2F (4, w1,0) + IS (A, w,,0) +2=0 if w %0,
Ao (o) =sup |\ J$UT (4, 0, 0)1* =I5 (4, @;,0) +2=0 (6.44)
A< /}) /;’

min L1212(}L), L2222(A)Ip =12,..., l’l} =0 if w = 0.
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The inf and sup in (6.44) are expected to be min and max respectively
because the A zeros of the expressions on the right-hand side of (6.44) are ex-
pected to be isolated zeros. The calculation of the lowest buckling loads A}
in tension and A_ in compression is based on (6.43), ; and involves a simple
numerical search of the respective extrema of A} (w;) and A7 (w;) over an
adequately large interval for w; € R*.

The zeros of Af(L) closest to A =1 are denoted by Af(>1) and
Ay (< 1). They respectively correspond, according to Theorem 3.7 (vi), to the
first loss of ellipticity in tension and compression of the homogenized in-
cremental moduli of the composite’s principal solution.

From the definition of A} and A; one has

Af = inf{AL(A) =0}, A; = sup {A%(1) =0}. (6.45)
>1 i<t

With the help of (6.39), (6.40), A and A, are found to be
o G =
An= i) (184, 0) =0, (6.46)

A =sup \ | U84, 0012 —418(A,0) =0.
i<l
As for (6.44), the inf and sup in (6.46) are expected to be attained at finite
values of A. R
There is an interesting relation between A} and A} (w;) and between A;

and A7 (w;). By assuming the interchangeability of lim and inf in
&0+ w,€[0,27)

/T(/l, gwq, 8w,) from the definitions (6.8) and (6.9) as well as from (6.29),
(6.30), (6.34), (6.43) and (6.45) one obtains

A=A 0% = lim I (ewy), Ay =A7(07) = 11131 27 (ewy) . (6.47)
g0t £—0+
This property is verified in all the numerical calculations done for the layered

composite. The zeros of aj (L) closest to A =1 are denoted by A} (> 1)
and Az (< 1). By definition,

2F = inf{ad (1) =0}, A5 = sup fal,(A) = O} (6.48)
A>1 i<l

As expected from Theorem 3.7, A = A}, Ay =A;, a result to be verified
constructively in the sequel.
By making use of (6.42) into (6.48) one finds

Af =inf I (L) =0, g = sup JEA))2— 41 (1) =0 (6.49)
A<l A1

where the quantities 75, I} are given in terms of M (A) by
I31(2) = [My111(A) My (A) + Mi315(A) Mypai (4)
— (M1 (A) + My (1)1 M5 () Myppp (A1 71,
I§(2) = Myq11(2) Maga1 (A)] M5 (A) Mayyp (A)] 7'
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The homogenized moduli components M;;;;(4) are given by (6.6). Note that
Z
in view of the assumption (E) (strong ellipticity of each layer) Liz(A) >0

Z
and szzz()t) >0 for p=1, ..., n, which ensures from (6.6) that M,,(1) >0
and Myy,(A) >0 and hence I¥(1), IZ(L) are always defined.

A straightforward calculation of the invariants IZG(A, 0) and I§(4, 0) in
(6.33) by using (6.31) and (6.6) gives

Gy =181, 0), I§(1)=1£(2,0). (6.50)
Comparing (6.46) to (6.49) in the light of (6.50) one deduces that
M=, A=Ay, (6.51)

This result is an independent proof for the layered composite at hand of the
general result in Theorem 3.7 concerning the zeros of A{(A1).

As expected from the definitions (6.43), (6.45) and in view of the properties
(6.47), (6.51), the following relations hold for the zeros of A(A), A5(1) and

af (A):
L<Ay 75" =4 =2F, 1> 27(0M =47 =45.

All the results given thus far for the two-dimensional layered composite
under axial stretching are valid for any choice of nonlinearly elastic material
satisfying (E) for each layer. In practice, the requirement (E) of strong point-
wise ellipticity is not essential, for all the important instability phenomena oc-
cur well below the stress levels corresponding to the loss of ellipticity of the
weakest layer (see [TM 85]).

6.6. Example for a particular energy density W

For the numerical application that accompanies the example of the layered
composite, a particular isotropic polyconvex (see [B 77]) material employed by
OGpEN [O 84] is used. If v; denotes the singular values of the deformation
gradient F, its strain-energy density W is given by

Wy, v,) = %[v% + 3 —2—21n (nu)] + %[11102 2. (6.52)

The constants ¢ and x are the initial shear and bulk moduli of the material
which are related to its initial Young’s modulus, E, and Poisson’s ratio, v, by

_ E = vE
T2+ ) Tl +y) (1 =2v)

u (6.53)

It is not difficult to see that as v —>% in the incompressible limit,

W—1pu(vi+ 03 —2), vy =1, which is the two-dimensional form of the
well-known Mooney-Rivlin material, a popular first approximation for model-
ing rubber. Therefore the energy density in (6.52) satisfies all the requirements
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for a physically reasonable model of a rubber-type material. Moreover W > 0
for all (v;, v,) * (1, 1) and W — o when either | F| — o or detF — 0. The
last condition, although physically important, is not compatible with the
growth assumptions for W adopted in (2.2), (2.3). In the ensuing calculations,
however, det F is bounded away from zero (i.e., detF = J > 0) and hence for
the deformations of interest the growth conditions are satisfied.

The principal Cauchy stresses oy, g5, for this material, calculated by us-
ing (6.52), are

o=t @I -D+rku -1, op=—— (-1 +r@n-1).
U1 V102
(6.54)
They vanish at (v, 1) = (1, 1).

Since within each layer the deformation gradient tensor is F = F(1) =
diag[A;, 4], it follows that v;=A;. In view of the assumption that the
lateral stress in each layer is ¢ =0 (i.e., g» =0 in each layer), one finds
from (6.54), that A, in each layer is given in terms of A; = A and the material
constants ¢ and x by

A+ A2+ Aulr) (W + )]
B 2(A% + u/K) )

The nonzero components of the incremental moduli tensor L;;,; for the
material considered in (6.52) are

2 (6.55)

1
Lijn=u (1 + ?> + kv3, Lym =k — 1) =Ly,
1

1
Ly =1 <1 + ;) + kvi, Ly =4 =Ly, (6.56)
2

U
Ly = —+ k(1 —v110) = Loypp.
V112

The incremental moduli at (v, v,) = (1, 1) are equal to those of isotropic
linear elasticity, as can be easily checked from (6.56).

The results of the numerical calculations using the material model in (6.52)
are depicted in Figs. 6.2—6.6. In all these calculations the value £ =1 was
adopted. The dependence of the various dimensionless coercivity constants
A|E, AS|E, A/E and o},/E on the stretch ratio 4 for a composite symmetric

a c

about x; under compression is plotted in Fig. 6.2. In this case E = E = 0.1E,
b a c b

E=15E, v=v=033, v=048, H=H=045 H=0.1. Only values of A
for which A (1) > 0 have been considered. As expected from the theory in Sec-
tion 3 the conditions A (1) = A%(L) = oj,(A) are obviously satisfied. In
order to calculate A(4) from A, w;) (see definition in (6.7)) the interval
(0,7) is considered instead of R*. In all the calculations reported here, the
value of w; which minimizes A(A, wy) always falls in this interval. For
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Fig. 6.2. Dependence of the dimensionless coercivity constants /A/E (solid line), A3/E
(dotted line), «y,/E (dashed line) and A§/E (dash-dot line) on the stretch ratio 4 for
a composite (with a unit cell symmetric about x;) under compression. The calcu-

lations are based upon the following material constants: layer moduli E = E = 0.1 E,
b ¢ a 4

E = 1.5F; layer Poisson ratios V=v= 0.33, 1[; = 0.48; layer thicknesses H = H = 0.45,
b

H=0.1.

00 S —— T
0.0410f
0.0405[
0.0400
0.0395f

0.0390F

Coercivity constants

0.0385

i

0.0380

0.0375 : ittty 1 r t f y
11 12 13 14 15 16 1.7 18 19 20
Stretch ratio

Fig. 6.3. Dependence of the dimensionless coercivity constants A/E (solid line), A%/E
(dotted line), ayy/E (dashed line) and Ag/E (dash-dot line) on the stretch ratio A for
a composite (with a unit cell symmetric about x;) under tension. Note that in this
case the curves for A/E, A5/E and A§/E coincide. The calculations are based upon

a ¢ b
the following material constants: layer moduli £ = E = 0.1E, E = 1.5E; layer Poisson

a ¢ a c b
ratios v = v = (.33, 5 = 0.48; layer thicknesses H = H = 0.45, H = 0.1.
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A < 0.94 approximately, A(41) < A{(A), which indicates the existence of a
finite wave number w;,, > 0 corresponding to A (1) (ie., A(A) = A (4, wy,)).
It is also worth mentioning that for all the investigated values of A and w;
the eigenmode corresponding to A (4, ;) (see (6.26), (6.27)) is either a sym-
metric or an antisymmetric one, i.e., w,,, =0 or w,, = m with the symmetric
case occurring most frequently.

The graphs of A/E, A$/E, A/E and of,/E for the same composite as in
Fig. 6.2 now subjected to tension, are depicted in Fig. 6.3. In this case
/i(l, wq) has its minimum at «; = 0 for all values of A, and is equal to the
initial shear modulus (see (6.53), of the weakest layer, i.e., A(1) = A§(1) =
AS(A) = A(A, 0, 0) = it = g = 0.037594E. The value of i, (1) is also con-
stant independent of A, and is equal to the homogenized shear modulus of
the composite My, = 0.0414E,

The graphs in Fig. 6.3 are typical for all the composites under tension and
hence the results from only one composite under tension are presented here.

0.045
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0.035
0.030

oercivity constants

© 5.010

0 I | | L
0.84 0.86 0.88 080 092 094 096 098 1.00
Stretch ratio

Fig. 6.4. Dependence of the dimensionless coercivity constants A/E (solid line), A5/E
(dotted line), o} /E (dashed line) and A}/E (dash-dot line) on the stretch ratio A for
a composite (with an asymmetric unit cell) under compression. The calculations

a c b
are based upon the following material constants: layer moduli £E = E = 0.1E, E = 1.5E;
a ¢ a c b
layer Poisson ratios v =0.22, 3: 0.48, v=0.33; layer thicknesses H=H =0.45, H=0.1.

The graphs A/E, A%/E, A§/E and o},4/E for two other composites, this
time with nonsymmetric material properties with respect to the x, axes, are
depicted in Fig. 6.4 and Fig. 6.5. More specifically, Fig. 6.4 corresponds to a

comp051te with nonsymmetric properties under compressxon with E E 0.1E,

E = 1.5E, v—022 v_048 v—033 H H 0.45, H 0.1. Notice that
in this case the results are very similar to those for the symmetric composite
in Fig. 6.2.
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Fig. 6.5. Dependence of the dimensionless coercivity constants A/E (solid line), A5/E
(dotted line), oy,/E (dashed line) and Ag/E (dash-dot line) on the stretch ratio A for
a composite (with a asymmetric unit cell) under compression. Note that for a large
range of the stretch ratio the curves for A/E and A3/E coincide (at least numerically).
The calculatlons are based upon the followmg materlals constants: layer moduli

E E 0.1E, E 0.0E; layer Poisson ratios v = v =0.33, v = (.48; layer thicknesses
H H 0.45, H 0.1.

The results in Fig. 6.5 correspond to a composue w1th nonsymmetrlc prop-
ertles under compressmn w1th E 0.1E, E = 1.5E, E 0.05E; v=1v=0. 33,

v = 0.48; H H 0.45, H 0.1. The main difference in this case as com-
pared to Fig. 6.2 and Fig. 6.4 is that A(A) = A5(A) for the investigated
range of the stretch ratio A.

It is worth noticing that in all the calculations for compression, A% < A}
for the range of A investigated. That A¢ is independent of A is a particular
feature of the example taken for W in (6.52) (see also (6.56) where
Lizip(A) = 1 < Ly (R)).

Finally of interest are the critical stretch ratios corresponding to the first
bifurcation A (see (6.43)) and to the first loss of ellipticity of the principal
solution’s homogenized moduli A7 = A; (see (6.48)) for the material model
investigated here. Without loss of generality, only composites with two dif-
ferent materials per unit cell are considered. More specifically, the two

a

materials are those employed in the calculations for Fig. 6.2, i.e., E = 0.1E,
b

b b

E = 1.5E; y= 0.33, v = 0.48. The ratio H denotes the volume fraction of the

stiffer material in the composite. In Fig. 6.6 is depicted the dependence of the
b

critical stretch ratios A, and Ay on the ratio H.
b

Note that for H > 0.15 (approximately) one has A; =iz = )I; (0™,
which implies that the first instability encountered in the composite as the
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Fig. 6.6. Dependence of the the critical stretch ratios 4. (solid line), 4, (dotted line),

a
on fiber thickness ratio H for a composite (with a unit cell symmetric about x;)
under compression, The calculations are based upon the following material constants:

a c b a
layer moduli E=E =0.1F, E =1.5E; layer Poisson ratios v = y = 0.33, 113 =0.48;
a c
layer thicknesses H = H.

compressive stresses increase is a long wavelength instability with w, — 0%,
b

Only for relatively thin stiff fibers in the composite (H < 0.15) the first

instability in the composite corresponds to a fiber buckling with w;. >0

where A; = = J.(wy.). It is found that the thinner the fiber, the larger the

critical Value w1, (corresponding to the maximum of A7 (wy,) over R1)

becomes. In the numerical calculations reported in Fig. 6.6 the interval (0,24)
b

always contains the max1mum Wi of Ac.(wp). The facts that for H < 0.15,

Az > Ay and that A; (H) -1 as H—>0 are expected physically, since the
thlnner the stiff flber becomes, the lower the required stress to buckle it.
It is interesting to notice that although the two constituent materials of the
composite are strongly elliptic at any level of deformation, in view of the
polyconvexity of the assumed energy density in (6.52), the resulting homoge-
nized cognposite can lose ellipticity at fairly low strains, e.g., A =0.927 for

a ratio H = 0.5 of the two constituents. Similar results were found in [TM 85]
for the incompressible case.
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