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STABILITY AT DIFFERENT SCALES - C 
PHASE TRANSFORMATIONS IN SHAPE MEMORY ALLOYS 



Page 2 MEC563 – STABILITY OF SOLIDS: FROM STRUCTURES TO MATERIALS – LECTURE 8 

PHASE TRANSFORMATIONS IN SMA’s 
PHASE TRANSFORMATIONS: LATTICE INSTABILITIES 

•  Shape memory behavior due to 
instabilities of the atomic lattice: 

•  At higher temperatures: austenitic 
(higher symmetry phase) is stable. 

•  At higher stresses: martensitic (lower 
symmetry phase) is stable. 

•  The consequence of this lattice-level 
instability shows all the way up to  
structural scale. 
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PHASE TRANSFORMATIONS: CONTINUUM 
STRESS-INDUCED P.T. IN THIN STRIP STRECTCHING 
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•  Stress is not a monotonically increasing function of 
strain, due to the presence of two different phases.  

•  The solution to the uniaxial stretching strip problem 
has discontinuities and is not unique. 
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PHASE TRANSFORMATIONS: CONTINUUM 
DISCONTINUOUS EQUILIBRIA IN THIN STRIP STRECTCHING 
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PHASE TRANSFORMATIONS: CONTINUUM 
CONVEXIFIED ENERGY AND THE MAXWELL LINE SOLUTION 
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PHASE TRANSFORMATIONS: CONTINUUM 
STABILITY OF THE MAXWELL LINE EQUILIBRIUM SOLUTION 
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PHASE TRANSFORMATIONS: ATOMISTIC 
TEMPERATURE-INDUCED P.T.: LATTICE MODELS 

•  Some common SMA crystals have bi-atomic 
lattices.  

•  Their Austenitic (high symmetry) phase is cubic. 

•  Their Martensitic (low symmetry) phase can be 
tetragonal (e.g. L10 for NiAl), orthorhombic (e.g. B19 
for AuCd, CuAlNi) or monoclinic (e.g. B19’ for NiTi). 

•  Their shape memory effect will be modeled by 
using temperature-dependent atomic potentials. 

•  Using Cauchy-Born hypothesis, we derive the 
continuum energy density of the infinite, perfect, 
crystal W(U,P,θ), where U is the macroscopic stretch 
tensor, P shifts and θ is a temperature parameter. 

•  Martensitic phase transformations are identified as 
bifurcated equilibrium solutions emerging from the 
principal (austenitic) equilibrium path. 

JMPS, Elliott et al., 50, 2002, p.2463;  IJSS, Elliott et al., 39, 2002, p.3845;  JMPS, Elliott et al. I & II, 54, 2006, p.161 & p.193    
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – UNIFORM DEFORMATION 
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PHASE TRANSFORMATIONS: ATOMISTIC 
TEMPERATURE-DEPENDENT PAIR POTENTIALS 

θ = T/Tref 

NOTE: Method easily generalized to much more general interaction potentials 
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Stability (∞ wavelength):  

PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – EQUILIBRIUM AND STABILITY 

INFLUENCE SPHERE – CURRENT CONF. 

GOOD 

INFLUENCE SPHERE – REFERENCE CONF. 

NOT GOOD 
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PHASE TRANSFORMATIONS: ATOMISTIC 
THE SEVEN CRYSTAL SYSTEMS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – FINAL RESULTS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – PRINCIPAL SOLUTIONS (CUBIC) 

NOTE: Two different cubic symmetry solutions exist. From the BCC B2 crystal one 
can obtain a FCC B1 crystal by applying a particular stretch tensor U . 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – MODULI OF CUBIC SOLUTIONS 

NOTE: For stability calculations most of the components of the energy’s second 
derivatives ∂2W/∂Uij∂Ukl are related due to the cubic symmetry of the principal solution. 

Here M are the orthonormal matrices of the full octahedral symmetry group.  
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – MODULI OF CUBIC SOLUTIONS 

NOTE: Only 3 independent components of moduli ! 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – CRITICAL POINTS ON B2, B1 
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Wc,UU) 

PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – LSK ASYMPTOTICS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – FOLLOWING EQUILIBRIUM PATHS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – FOLLOWING EQUILIBRIUM PATHS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – VERIFICATION AT TRIPLE POINT 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – REVIEW OF FINAL RESULTS 

•  NOTE: Cauchy hypothesis predicts that only cubic configurations are stable and hence 
only reconstructive phase transformations found. Model is inadequate for proper M. T. s. 

•  NOTE: Stability results based on continuum energy minimization are incomplete, since 
they ignore perturbations with wavelengths of the order of interatomic distances. 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – REVIEW OF FINAL RESULTS 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY HYPOTHESIS – HOW TO IMPROVE 

•  Simple Cauchy hypothesis predicts stable B1 and 
B2 equilibrium paths at given temperature but not 
the martensitic phases for AuCd, CuAlNi or NiTi. 

•  Reason: Proper martensitic transformations of 
interest (B19, B19’) involve internal shifts. 
Consequently models with more d.o.f. are needed to 
describe the equilibrium paths (Cauchy-Born 
hypothesis) which allow internal shifts in addition to 
a macroscopic stretch tensor U. 

•  Stability calculations need to consider bounded 
perturbations of all possible wavelengths with 
respect to interatomic distances. Consequently 
phonon spectra calculations (the discrete analogue 
of the Bloch wave calculations for the continuum 
periodic solids of the previous lecture) need to be 
considered. 

•  Phonon spectra calculations are used to determine 
the minimum number of d.o.f. needed for the 
Cauchy-Born calculations. 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY-BORN HYPOTHESIS (INTERNAL SHIFTS) 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY-BORN HYPOTHESIS: ENERGY DENSITY 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY-BORN HYPOTHESIS: EQUILIBRIUM & STABILITY 

for perturbations of ∞ wavelength):  
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PHASE TRANSFORMATIONS: ATOMISTIC 
PHONON STABILITY FOR INFINITE, PERFECT LATTICE 
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PHASE TRANSFORMATIONS: ATOMISTIC 
PHONON STABILITY FOR INFINITE, PERFECT LATTICE 

4

NOTE: Here a is the interatomic distance of the cubic lattice 
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PHASE TRANSFORMATIONS: ATOMISTIC 
PHONON STABILITY FOR INFINITE, PERFECT LATTICE 
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PHASE TRANSFORMATIONS: ATOMISTIC 
CAUCHY-BORN & PHONON STABILITY RESULTS 

Proper martensitic transformation 
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PHASE TRANSFORMATIONS: ATOMISTIC 
COMPARISON OF CALCULATIONS WITH EXPERIMENTS 

•  A 4-atom Cauchy-Born lattice model finds 
a B19 phase with a stable segment which 
overlaps with the stable segment of the B2 
phase. 

•  Results indicate a hysteretic, proper 
martensitic transformation in this bi-
atomic lattice model. 

•  Reasonable agreement with experiments. 
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PHASE TRANSFORMATIONS: ATOMISTIC 

WHAT HAVE LEARNED FROM THIS APPLICATION 

•  Usefulness of LSK aymptotics to a) guide the nonlinear calculations near 
critical points and b) serve as a check of the numerical calculations. 

•  Important concept of scale. There are global (long wavelength) and local (of 
the order of unit cell dimensions) instabilities. One has to check for both! 

•  Important concept of phonon spectra (same as Bloch wave representation but 
for discrete systems) can check stability of an infinite periodic system by 
analyzing only one unit cell. 

•  Analytical methods are indispensable for effective and intelligent numerical 
calculations 

•  Work presented explains only thermal behavior of SMA’s. Stress influence on  
SMA’s more complicated, and has already been studied using same ideas. 

•  Ultimate goal: understand reasons for phase transformations and design 
materials at the atomic scale.  


