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ASYMPTOTICS FOR ELASTIC CONTINUA - C 

LSK ASYMPTOTICS – MULTIPLE MODE CASE 

•  Interest of multiple mode case for applications: systems with an initially high 
symmetry: e.g. cylinder buckling, stability of cubic crystals. 

•  IDEA: Study the projection of equilibrium equations along the finite dimensional 
null space of the system’s stability operator at critical point. This way the study of a 
large problem is reduced to the study of a nonlinear system of m equations where m 
is the multiplicity of the stability operator’s eigenvalue at the critical point. 

•  Method follows asymptotically all the equilibrium paths emerging from the 
bifurcation point of the perfect system and determines their stability. 

•  Method also investigates the equilibrium and stability of imperfect systems, near 
critical points of their perfect counterparts, for small imperfection amplitudes 

• NOTE: Method is useful in determining post-bifurcation behavior and imperfection 
sensitivity in applications as well as in providing efficient numerical tools for 
finding solutions near the singular points of complex nonlinear systems with a high 
degree of initial symmetry 
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PERFECT STRUCTURE – MULTIPLE MODE 
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Method is a straightforward generalization of simple mode case: 

•  About an arbitrary point λ=λc+Δλ of the principal solution u0(λ) 
 project difference 

Δu= u-u0 along m-dimensional null space N  and its orthogonal complement N ⊥. 
Subsequently expand corresponding equilibrium equations about λc 

•  From critical point uc, λc at most 2m-1 (asymmetric case) or (3m-1)/2 (symmetric case) 
bifurcated equilibrium paths emerge (because initial tangents are solutions of m 2nd 
or 3rd order polynomial equations with m variables 
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PERFECT STRUCTURE – MULTIPLE MODE 

ENERGY AND PRINCIPAL SOLUTION 

NOTE: Unique & stable principal solution near zero load assumed (realistic structures)  
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PERFECT STRUCTURE – MULTIPLE MODE 

CRITICAL LOAD AND EIGENMODES 

NOTE: Principal solution has a singular point at the critical load λc 
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PERFECT STRUCTURE – MULTIPLE MODE 

CRITICAL LOAD AND EIGENMODES 

NOTE: multiple singular point at λc is assumed to be a bifurcation point  
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LSK ASYMPTOTICS – EQUILIBRIUM SOLUTIONS 

PERFECT STRUCTURE – MULTIPLE MODE 
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 LSK ASYMPTOTICS – EQUILIBRIUM SOLUTIONS 

PERFECT STRUCTURE – MULTIPLE MODE 
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LSK ASYMPTOTICS – EQUILIBRIUM SOLUTIONS 

PERFECT STRUCTURE – MULTIPLE MODE 
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LSK ASYMPTOTICS – EQUILIBRIUM SOLUTIONS 

PERFECT STRUCTURE – MULTIPLE MODE 
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LSK ASYMPTOTICS – EQUILIBRIUM SOLUTIONS 

PERFECT STRUCTURE – MULTIPLE MODE 
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PERFECT STRUCTURE – MULTIPLE MODE 

LSK ASYMPTOTICS – STABILITY OF PRINCIPAL PATH  
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LSK ASYMPTOTICS – STABILITY OF BIFURCATED BRANCH 
PERFECT STRUCTURE – MULTIPLE MODE 
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PERFECT STRUCTURE – MULTIPLE MODE 
LSK ASYMPTOTICS – STABILITY OF BIFURCATED BRANCH 
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LSK ASYMPTOTICS – MUTIPLE MODE CASE 

PERFECT STRUCTURE – MULTIPLE MODE 

Branch unstable for different sign eigenvalues Branch stable for all  positive eigenvalues 
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LSK ASYMPTOTICS – MUTIPLE MODE CASE 

•  Due to the presence of several equilibrium solutions emerging from the critical point, 
imperfect structure’s response can be quite complicated 

•  Unlike the simple bifurcation case, it is very difficult to guess what imperfection shape to 
chose so as to predict the worst possible system response 

•  Of interest is worst imperfection shape, i.e. shape for which imperfect structure’s 
equilibrium solution has maximum drop Δλs for a given imperfection amplitude 

•  Worst imperfection shape is found to be the eigenmode corresponding to lowest λ2<0 (for 
symmetric case) or highest |λ1| (for asymmetric case) of the perfect structure. Hence 
knowledge of perfect structure’s bifurcation solves imperfection sensitivity problem 

•  NOTE: Depending on the nature of imperfection, there are situations where the imperfect 
structure has several, closely spaced bifurcation points of a lower order instead of a single 
bifurcation point of a higher order (nearly simultaneous bifurcation case). There is also the 
possibility that the imperfect structure has no bifurcation points near the critical load, just a 
highly complicated pattern of limit loads, hence the impossibility of guessing correctly the 
shape of the worst imperfection 

PERFECT STRUCTURE – MULTIPLE MODE 
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EXAMPLE – MULTIPLE MODE 

Assumptions: 

•  Small strains 

•  Plane stress state 

•  Linearly elastic response 

•  Linear strain distribution though thickness 

•  Normals to mid-plane stay normal after deformation 

•  Moderate in-plane rotations of mid-plane 
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VON KARMAN PLATE – ASSUMPTIONS 
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VON KARMAN PLATE – KINEMATICS & CONSTITUTIVE LAW 

EXAMPLE - II – SIMPLE MODE 
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VON KARMAN PLATE – ENERGY 

EXAMPLE - II – SIMPLE MODE 
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PLATE BUCKLING – PROBLEM SETTING 
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EXAMPLE - II – SIMPLE MODE 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – EQUILIBRIUM 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE MODES 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE MODES 



Page 23 MEC563 – STABILITY OF SOLIDS: FROM STRUCTURES TO MATERIALS – LECTURE 5 

EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE BIFURCATION PATHS 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE BIFURCATION PATHS 



Page 25 MEC563 – STABILITY OF SOLIDS: FROM STRUCTURES TO MATERIALS – LECTURE 5 

EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE BIFURCATION PATHS 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE BIFURCATION PATHS 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE BIFURCATION PATHS 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – MULTIPLE BIFURCATION PATHS 
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EXAMPLE – MULTIPLE MODE 
PLATE BUCKLING – STABILITY OF BIFURCATION PATHS 
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EXAMPLE – MULTIPLE MODE 

PLATE BUCKLING – NEAR SIMULTANEOUS  BIFURCATION 


