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AASYMPTOTICS FOR ELASTIC CONTINUA - B M

7

VON KARMAN PLATE - ASSUMPTIONS

Assumptions:
 Small strains

4 * Plane stress state

X, U ) .
""" s Linearly elastic response

* Linear strain distribution though thickness

q * Normals to mid-plane stay normal after deformation

= }
—
—
o
’._______________

> X1, Uy

* Moderate in-plane rotations of mid-plane
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EXAMPLE - 11 - SIMPLE MODE M

VON KARMAN PLATE - KINEMATICS & CONSTITUTIVE LAW

Plane stress state : o,8(21,%2,2) = Lagys€~ys(®1,22,2); (Greek indexes : 1,2)
: E 1 —v
Plane stress moduli: Lagys = Y > (0a~085 + 60sdpy) + V0apglys
Strain distribution : e,g(z1,22,2) = FEag(z1,22) + 2K ap(x1,22)

1 1
Membrane strains : FE,z = Q(UO"ﬁ + ug o) + 5Wa W63 (fra=0f/0x,)

Curvature strains : K, = —w, g3

h/2
Membrane resultants : N,g = / 0apdz = hLagysEs

—h/2
h/2 h3

Moment resultants : M,z = / 0ap2dz = ——=LagysKys
_h/2 12
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EXAMPLE - 11 - SIMPLE MODE M

VON KARMAN PLATE - ENERGY

1 1
Internal energy : &y = /[§NaﬁEozB + §MaﬁKag)h]dA
A

External energy : Eopy = — / [Patie + pw] dA — / [tatia + qu + m(—w,, )] ds
A A

Total energy : € = Eint + Eeut

1 h?
& = 5/[Laﬂfy5(EaﬂE75 + EKaBKWcS)h]dA -

A

— / [Patia + pw] dA — / [tatia + qu + m(—w,, )] ds
A DA
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= EXAMPLE - 11 - SIMPLE MODE M

PLATE BUCKLING EXAMPLE - PROBLEM SETTING

S A
— 1 — §A
—> <«
:: a o :: 0 0
—5 |1 — ta = mnpAoaph; (prestress: Ao,g)
—> <«
3 v i :
< gext = )\/[O'a@ua ﬁ]hdA
4
TTTTTTTTTTTTT !
h p— X, U e gint + 869675
8(u, )\) = / [%Lagws(EagEfyg =F ?;KagKfy(g) )\gagua”g] hdA, u= (ul,uQ,w)
A

w(0,22) = w(ay,x2) = w(x1,0) = w(x1,a2) =0; (w =0, simple support on JA)

u1(0,22) = wy2(ar,r2) = u2(1,0) = ug1(x1,a2) =0; (uqs =0, straight edges on 0A)
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EXAMPLE - 11 - SIMPLE MODE M_

PLATE BUCKLING EXAMPLE - EQUILIBRIUM

Equilibrium equations :

h2
5,u ou = / [Laﬁfy(g(Eag(szg -+ 1—2KQQ5K75) — )\gag&ua,g] hdA =0
A

1 1
OE .5 = 5((511,@,,3 + dug,q) + E(w,a dw,g +w,30w,q ), O0Kog = —0w,qs

Principal solution is flat plate configuration :

0 0 0 0 0 0 0
Nagz )\hO'ag, (0'11,0'22750, 0'1220'2120); MQIBZO

0 0 0 0 0 0 0
U1 = ()\iCl/E)(O'll — 1/0'22), U = ()\ZUQ/E)(O'QQ — 1/0'11); w = 0
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EXAMPLE - 11 - SIMPLE MODE M

PLATE BUCKLING EXAMPLE - BIFURCATION

h2
(5c,uu ’lllJ)(su = / [Lagfy(s(%ba,g&u%g + E’&), agéw, 75) + /\gag’&),a 5w,5] hdA =0
A

Integration by parts gives following Euler — Lagrange system (111 = (11L1, ’leg, leU))

1 .
Ou,, (Lagyst,5),3=01in A,

1 1 1 1 1
Lisystuy s =0o0n 04, ui(0,22) = u2(ar,x2) = u2(x1,0) = ug1(x1,a2) =0,

, 1
Solution : u, =0

dw : (h2/12)Laﬁ75&1, afBys — )\ga[ﬂ}}, af — 0 in A,

1 1 1 1 1
w=0on: 814 . w,11 (0,332) = W,11 (al,l’g) = W,22 (.1'1,0) = W,22 (561, a2) =0

Solution : w = hsin(mmzy/aq) sin(nmas/as)
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EXAMPLE - 11 - SIMPLE MODE M

PLATE BUCKLING EXAMPLE - BIFURCATION

SC,UA%L = — /[(O)'aglljJa,g]hdA — (0 = Bifurcation
A

N Eh {_ [(mm/a1)? + (nm/ay)?]

12(1 — v2) m,neN 0

5 } :  Critical load
0'11(77171'/&1)2 —+ 0'22(7?,7'('/0,2)2

0 0 .
o11(mm/a1)? + oa2(nmw/az)? < 0 at least one stress component compressive

(me, ne) at Ac : depend on geometry — not unique pair necessarily

(me, ne) at Ao @ unique pair = simple bifurcation
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=, EXAMPLE - 11 - SIMPLE MODE M

PLATE BUCKLING EXAMPLE - PRINCIPAL PATH STABILITY

h2
12

(€ un (W), N)ow)du = / {La575(5ua,55u7,5+

A

W, 030W, 45) + AT agdt,a 5w,ﬁ] hdA

(0@ oo
ow =h Z Z dWymp sin(mmxy /aq) sin(nwxs/asz) : Fourier representation of arbitrary dw

n=1m=1

h? h3  Eh?
(gnoLu )6“’)5“’ — / [ELa5’756w7 Ozﬁéw?’)’é +>\g—aﬁ5w7a (S’U),ﬁ] hdA = alcf 12(1 — 1/2) X
A
oo 00 9 912 5 9
<3 3 || e Gl g, ()t (1)
m=1n=1 —o11(mm/a1)? — o9o(nmw/as)? ay ag

Ae0,\.) = (£,2,)0u)du >0 = principal path is stable for loads below ..
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¢ EXAMPLE - 11 - SIMPLE MODE M

PLATE BUCKLING EXAMPLE - POSTBUCKLING

((E° uuu 111)1&)11; = /S[Lamg (f&),a 1}1,5 é%a)]hdA = (0 = symmetric bifurcation
A

((Sc,uuu ’(IL)%L -+ gc,uu ?)55) v = /[La575 (llt),,y ’(}J,(; 5ua,5 + 2%1/%5&),(1 5w,5 )]hdA

A
2 h? o 0 2
+ LO&B’ch(u’y,ééuoz,ﬁ + E w,755w, aﬁ) + Acaagw,a 5w,5 ]hdA =0
A

Integration by parts gives following Euler — Lagrange system (vge = (731, 12@, 120))

2 11 :
g : (Lagys(Uy,s +w,yw,s)),3=01in A;

2 11 2 2 2 2
Lio~s(tuy s +w,yw,s ) =0 o0n 0A, u1(0,22) = uy 2(a1, z2) = uz(x1,0) = uz 1 (1,a2) =0

ow : (h2/12)La5755J, afBvyé — )\Cg'agﬁJ, af — 0 in A;

2 2 2 2 2
w=0on 0A, w,1(0,22) =w,11(a1,T2) = w,22 (21,0) = w,22 (x1,a2) =0
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¢ EXAMPLE - 11 - SIMPLE MODE M

PLATE BUCKLING EXAMPLE - POSTBUCKLING

: . 2
Uniqueness of eigenmode — w =10

Introduce Airy function f: s11 = f22 , S22 = fi11 , S12 = 821 = —f,125  (Sags =0)

2 1 1 2 2 1 1
Sapf = Laﬁ’yé(u’y,é T W,y w75) — Lam&eyé, €ap = %(uoz,ﬂ + uﬁ,a) T W, W,

1( ) 1( ) 1+v
P P — —I/ p— pr—
E S11 Vs22), €22 I3 522 S11), €12 €21 E

Notice: e1; = S$12

vl eqe 1 1 1
Compatlblhty : e11,22 +€22.11 — 2612,12 = 2[(10,12 )2 — W,11 w,22] —

%v‘lf = h®*(mem/a1)?(nem/az)*[cos(2memxy /a1) + cos(2n.mxa/as)]

(me/a1)?

2 2
Solution 5 f = Eh (nC/aQ) (’)7,/—0,)2
c/ W2

16 | (m¢/ay1)?

cos(2m.mxy/ay) + cos(2n.mxs/as)
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EXAMPLE - 11 - SIMPLE MODE M

PLATE BUCKLING EXAMPLE - POSTBUCKLING

1.1.1.1 1.1
1 ¢ uuuu Cauuu
from general LSK theory recall : \y = —= (€5, wjuju)u + 3(((1‘: - Vge) )
3 (A€ s /AN) o)
(8 s W)0)10)th + 3((EC sy vee W)U = 3 / (L (ty5 + Wor 5 )ty W5 | hAA =
A
— 3 / (St W,5]hdA = S%Eh5a1a2[(mc7r/a1)4—l—(ncw/a2)4]
A
(A€ JAN)t)U = / (G asW,q w5 |hdA
A
h3 0 2 0 2
= ZalaQ[all(mcw/al) + 092 (nem/az)?] < 0

Ao =

_ER? (memfai)! + (nem/ag)t

0 0
8 g11(mem/ar)? + oaa(nem/ag)?

_ 3 2 (mem/ar)* + (nem/ag)?
= (1 )[(ch/a1)2 (o Jay) P >0
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IMPERFECT STRUCTURE - SIMPLE MODE M/

CONCEPT OF IMPERFECTION - ILLUSTRATION

Beam slenderness: L/H = 10

\; [11-

Imperfection € = AH/H

v

Deformation of an axially
compressed beam that has a

slight geometric imperfection
(beam is trapezoidal with an
i imperfection angle ¢ = AH/H)
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IMPERFECT STRUCTURE - SIMPLE MODE M_

CONCEPT OF IMPERFECTION - ILLUSTRATION

0.016
0.014 -
0.012 -
oot04{ A,/L=0.0082
-l
~ 00089
<
0.006 - c
0.004
0.002
OOOO T T T T T T T T
00 0.1 02 03 04 05 06 07 08 09 1.0

w/H

—— ¢ =005 = ¢=01 - €¢=0.2 e critical strain

As imperfection amplitude ¢ decreases, equilibrium approaches perfect case
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IMPERFECT STRUCTURE - SIMPLE MODE M/

LSK ASYMPTOTICS - IMPERFECT CASE - RESULTS

» Behavior of imperfect structure near critical load can be analyzed by asymptotic
expansion of equilibrium solution, just like in the perfect case

* IDEA: Study the projection of equilibrium solution along the (one-dimensional) null
space of the perfect system’s stability operator about its critical point

* Method finds (for a given imperfection shape) the relation at equilibrium between
imperfection amplitude ¢, distance from critical load AA and projection € along
eigenmode

» Method determines the limit points (where stability changes) of imperfect structures
and the load drop A\, from the critical load of the perfect structure A_to the maximum
load of the imperfect one .,

 NOTE: Imperfection can occur in any property (material or geometric) that destroys
the symmetry of the system

* NOTE: By introducing concept of imperfection amplitude ¢ (scalar quantity) only one
extra parameter is introduced in the asymptotic expansions
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IMPERFECT STRUCTURE - SIMPLE MODE M

LSK ASYMPTOTICS - IMPERFECT CASE - EQUILIBRIUM

E(u, \,w) : imperfect system’s energy; u(x) € U, w(x) € W (w(x) : imperfection),

E(u, A\, 0) = E(u, A) : reduces to perfect system’s energy when imperfection w(x) = 0,

E(0,\,w) =0: zero energy when displacement u(x) = 0.

e =|| w [|: imperfection amplitude; w(x) = w(x)/e: imperfection shape (| w ||=1).

E (U, \,w)du = 0: equilibrium of imperfect system

E,u (X, w), \,w)du = 0, u(\,w) : solution through A = 0; u(0,w) =0, u(X,0) = 8()\)

NOTE: Imperfection amplitude can be controlled (manufacturing tolerances), shape cannot!
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IMPERFECT STRUCTURE - SIMPLE MODE M

LSK ASYMPTOTICS - IMPERFECT CASE - EQUILIBRIUM

EL,dv=0 = &, (?(,)L()\c + AN) + §11L + v, Ae + AN, €w)dv = 0;  equilibrium in N,
Expand about (u, A\, w) = (u¢, Ae, 0) to find v(§, AN, €), where :
v(€, AN €) = Eve + Advy + ev+
%[fQUgg + 26A e + 26evee + (AN)?van + 2ANevae + €2vee] + ...
Expand about (u, A\, w) = (uc, A¢,0), using v(&, A €), to find €(&, AN) from :

Ee=0 = &, (8()\c + AN) + §11L + v, Ae + AN, e@)zlt = 0; equilibrium in V.
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IMPERFECT STRUCTURE - SIMPLE MODE M

LSK ASYMPTOTICS - IMPERFECT CASE - EQUILIBRIUM

1

O) : (E5,ve)0v=0 = v =0, (&,, unique eigenvalue : u)

rulu

O(AN) :  (£5, v HEL, (du/dN). + E\ov = (£,

ruu

va)0v =0 = vy =0, (same)

O(€2) : (£.5, vee + (€, W15V = 0

O(EAN) & (£,5, Ver + (E G (dUfdN)e + €5, Ju)ov = 0

O((AN)?) = (€50 ar + (Eun (d/dN) o) (dtfdN) e + 2E o (dutf/dN) ot

SUUN

£, 3 +E:20 (d2u/dX2) {)50 = (€,°

rulu

van)0v =0 = wvyy =0, (same)

NOTE A:  O(£"AX"€") terms same as perfect case since at € =0: E(u, \,w) = &(u, \)

NOTE B: Highlighted terms \ derivatives of principal equilibrium :|£,, (8()\), A)ou =0
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IMPERFECT STRUCTURE — SIMPLE MODE M

LSK ASYMPTOTICS - IMPERFECT CASE - EQUILIBRIUM
O(e) : (E,C,ve+EC,W)dv =0
O(e) ©  (E50 Ve + (€5 Ve + & Gy W)V = 0
O(eAN) :  (£,5,Vxe + (A€, un /dN) Ve + (dE uw /dAN) W) IV = 0

0(62) : (gwfm Vee + (gncum UG)UE T 2(3?101,1111} w)ve + (gniww w)w)év — O

NN

0= eFc, mhh+ %[g?((e e VYL £ 2EAN(AE e JdN) )it

UW uuU

26e((EC, Ve + & uuw JTU)U + 2EAN(AE un /AN) Ve + (AE ur /AN)T0) U+

(8¢, vve +2E.C, e + (£, )T+

uuu - € ‘unw IUww

1 . 1.1 . 1.1
6[53(((57uuuu ’U,)’U, + Bgauu UE{)U)U + ] + ...
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IMPERFECT STRUCTURE - SIMPLE MODE &/;

LSK ASYMPTOTICS - IMPERFECT CASE - EQUILIBRIUM

Assuming (£.° m)zlL # 0, use imperfection amplitude €(¢, AN) in equilibrium : £ =0

ruw

' ° - r € u)u)u

1.1 =0 _1 (M€" —EAN) + ... for  ((€,5u, w)u)u # 0
(&, AN) = (A€ uu N ew)u/ (€ Gy @)U
(€= AN+ . for (€, @)t =0

\

» To avoid fractional expansions, one must find the level sets of the imperfection
amplitude, i.e. express ¢ in terms of £ and A)\.

» There is no sensitivity to an imperfection w unless it has a component along the
critical mode of the corresponding perfect system

* NOTE: For typical system with random imperfection shape, it always has a component
along the critical mode of the corresponding perfect system
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IMPERFECT STRUCTURE - SIMPLE MODE M

LSKASYMPTOTICS —- IMPERFECT CASE - STABILITY
(€ uw (WO + AN) + €6+ v(€, AN, €(€, AN)), Ao + AN, €(€, ANT)T(E, AN))du =

= B(&, AN)(T(&,0)), 0u), with 3 eigenvalue, T (|| T ||= 1) eigenvector of : &,
Where : B(¢£,AN) = 555 + AMNBy + = (52555 + 25A)\5§>\ + (AN)?By5) +

Where : T(£, A)N) = ZTg + £T¢ + ATy + = (5 Tee + 26AMTey + (AN’ TN) + -

O(1) : (EC,To)u=0, (To,To)=1 = Tp=u

uu

O(€) : (E50 T + (E,8ue W)U = Be(u, 5u)
1 — 1.1.1

using : du=u = B¢ = ((€,5u, v)u)u

using : du=dv = (£.,5,%c + (£,5uu )1)5v:O —> Tg¢ = Vg
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IMPERFECT STRUCTURE - SIMPLE MODE M

LSK ASYMPTOTICS - IMPERFECT CASE - STABILITY

O(AN)

(£, Tx + (dE,uu JAN)et))du = By (U, 6u)

using : Su=1u = By = ((d€,uu /dN)eid)U

using : du=0v = (€,5,Tx + (d€,uu /d)\)czlL)(Su =0 = T\ = ve)

1 1.1.1

cC c 1 C 1 1 c —= 1_ 1
s (G WU+ E iy Vee )t + (€ Veg)U + 5E 0 Tee)Ou = 3 B¢ (u, 0u)

using : du = U = Bee = (((Efmuu?lﬁ)%b + 3€5uuv§§)11b)11L

B(E, AN) = [((A€ yuu /dN) )] §

( 1.1

(=20 + AN + ... for ((E.5,, u)w)u 0

(—;)\252 FAN 4. for (£, W)WE=0

\
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IMPERFECT STRUCTURE - SIMPLE MODE &é—
LSK ASYMPTOTICS - IMPERFECT CASE - RESULTS

. i .
€ 1Increasces i ~, € Increases

B(E,AL) =0 B(E,AL) =0

3 " 3 g

Asymmetric bifurcation — Imperfect Case Symmetric bifurcation — Imperfect Case
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IMPERFECT STRUCTURE - SIMPLE MODE M
LSK ASYMPTOTICS — IMPERFECT CASE — LOAD DROP

6(57 AAS(&)) —

0, AXs(§) =351+ 352 - %53 + 0O(£), locus of limit points
)

IME+O(E2)  for (S, )u)u 0

ruuu
3

A€+ 0(E) for (€5 )u)u=0

AXs(&) =

Using the expansion for the imperfection amplitude €(&, AXg); Assume: € > 0

( 1/2

_2(|)\1|)1/2 [ 6‘(27510@)71”1 -
((—dE un /dN) cu)u

+ O(€) for (€, w)u)u # 0,

2/3

+ O(e) for (£, w)u)u = 0.

— _ .1
§(>\2)1/3 [ 6(57310 ’UJ)’LL
2

((_dgauu /dA)c%O%I’

\

IMPORTANT : AX;(e) <0 if A\((E,,, @)iLL < 0 (assym. bif.) or Ay < 0 (sym. bif).
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IMPERFECT STRUCTURE - SIMPLE MODE M

LSK ASYMPTOTICS - IMPERFECT CASE - REVIEW

» Behavior of imperfect structure near critical load can be analyzed by asymptotic
expansion of equilibrium solution.

* Bifurcation point in perfect case is replaced by limit points in imperfect case.

» Method determines the limit points (where stability changes) of imperfect structure
and the load drop A\, from the critical load of the perfect structure A_to the maximum
load of the imperfect one A .

* Recall that in real structures the amplitude ¢ can be controlled but not the shape w .

» Load drop is maximized when imperfection has the shape of the eigenmode.

* Structures are imperfection sensitive (i.e. A\, < 0) for asymmetric or symmetric
subcritical bifurcations (load max exists for the equilibrium path through zero load);
Al = O(e'?) for asymmetric case and Al = O(¢*?) for subcritical symmetric case.

* NOTE: Imperfection can occur in any property (material or geometric) that destroys
the symmetry of the system; all related asymptotic analyses are equivalent.
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