odo '
AASYMPTOTICS FOR ELASTIC CONTINUA - A M

LSK (LYAPUNOV - SCHMIDT - KOITER) ASYMPTOTICS

» General asymptotic method to study motion of systems (discrete or continuous)
near singular points. Here the method is applied to the equilibrium of conservative
elastic systems.

 IDEA: Study the projection of equilibrium equations along the finite dimensional
null space of the system’s stability operator at critical point. This way the study of a
large problem is reduced to the study of a nonlinear system of m equations, where
m is the multiplicity of the stability operator’s eigenvalue at the critical point.

* Method follows asymptotically equilibrium paths emerging from bifurcation points
(simple or multiple) of perfect systems and determines their stability.

* Method also investigates the equilibrium and stability of imperfect systems, near
critical points of their perfect counterparts, for small imperfection amplitudes.

* NOTE: Method is useful in determining post-bifurcation behavior and imperfection
sensitivity in applications as well as in providing efficient numerical tools for
finding solutions near the singular points of complex nonlinear systems.
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FUNCTIONALS & THEIR DERIVATIVES M

PRELIMINARIES - FUNCTIONALS & THEIR DERIVATIVES

E(u) : functional (i.e. function of a function) £ € R depends on v € U

U : infinite dimensional (Hilbert) space (special case : finite (Euclidean) space U = R")

1/2 .

(u1,ue) : inner product of u; € U, | u| = (u,u)/*: norm of u

€, : linear operator U — R is Frechet derivative &,, [au; + Bus] = a&,, [u1] + BE .y [us]
lim5y (-0 | E(u+0u) —E(u) — &, [0u] | / || du ||=0: Definition Frechet

Special case : du = ev, || v ||=1, Gateau derivative (Frechet = Gateau)

limeo | E(u+ev) — E(u) — €€, [v] | /e = 0: Definition Gateau

Ew[v] = €, v : used henceforth for notational simplicity
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FUNCTIONALS & THEIR DERIVATIVES &_/j’_

CALCULATING DERIVATIVES OF ANY ORDER

Env =1[0E(u+ ev)/0€lc—o : practical way to calculate first derivative
In analogy, the second derivative &, is a bilinear operator (£,, v)w
(Euu V)W = (€,yu w)v = [0?E(u + ev + Cw)/0€0(]e=c=0

The third derivative &£, is a symmetric trilinear operator ((&,yuy v)w)z

(& uun v)w)z = [PE(u + ev + Cw + nz) /0eDCON] e=¢=n=0

Using funcional derivatives, Taylor series expansion of £ is found :

1 1

1
E(u+du) ~ E(u) + FS,U du + E(g’uu du)ou + ?((gauuu du)ou)ou + ...
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FUNCTIONALS & THEIR DERIVATIVES &_/j’_

CALCULATING FUNCTIONAL DERIVATIVES - EXAMPLES

1

E(u) = /[exp(w) + (2 4+ cos(z))w? + 3(v,2 +v*)|dz, u= (v(z),w(x));

1 1
where : w € H°[0,1], (i.e. /'w2 < o0); v e HY0,1], (ie. /[v2 +v,2|dr < 00)
0 0

1
0
E LUl = e {/exp (w + e3w1) 2—|—cos:1:)(w—|—61w1)2+
1
0

‘|‘3((U,x —|-€1’01,3;)2 + (U -+ 612)1)2)]d$}

61:0
1

Enuy = /[exp(w)w1 + 2(2 4 cosx)wwy + 6(v,; V1,4 + vU1)]dx
0
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FUNCTIONALS & THEIR DERIVATIVES M/

82
(€ un U1)Uug = 5e 9e {/[exp(w + e1wy + €ows) + (2 + cosx)(w + eqwy + 62w2)2
10€2
0

+3((v, +€101,2 + 62’02,3;)2 + (v + v + 62?)2)2)]6133}

€1 262:0

1
(€ un U1)ug = / exp(w)wiwy + 2(2 + cos x)wrws + 6(v1 4 V2 . + v102)]dx
0

Similarly one obtains for higher derivatives...

(€ uun U1 )U2)uz = [exp(w)wywows|dx

O\H

1

(& uuun w1 )u2)us)uy = /[exp(w)w1w2w3w4]da}

MEC563 — STABILITY OF SOLIDS: FROM STRUCTURES TO MATERIALS — LECTURE 3  Page 5



PERFECT STRUCTURE - SIMPLE MODE M

BIFURCATION VS LIMIT POINT

u(ht AN) = u +Eu+ v(E, AN)

Limit point £

}\'C
' ; AN
/ principal
| solution
: . A
uC
« About critical point u_project solution
increment Au along null space “/ and its
complement VL. A
1 bifurcated solution principal
* Solve equilibrium in /A1 and use v(E, A\) A<€> solution
to find equilibrium in &/ from which you . ;
determine A\ as a function of he bii‘furcation point
A
« If AME) is unique: limit point Y
« If AME) is not unique: bifurcation U, =
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PERFECT STRUCTURE - SIMPLE MODE

BIFURCATION VS LIMIT POINT

E(u,A) : energy at displacement u(x) € U and load A > 0
E(0,A\) =0, YA: zero energy at zero displacement

Ei (U, N)0u =0, VoueU: equilibrium statement

€ (’?L()\), A)ou =0, VA; principal solution ’8()\), (3(0) =0)

0

0
’8,()\) stable near A = 0, i.e. min. eigenvalue of &,,, (w(A\),\) =& is >0

0

(E v (UAN), Nw)Su > BN | 6u |2, BN > 0; 3e>0, ¥ Ae [0,

NOTE: Unique & stable principal solution near zero load assumed (realistic structures)
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PERFECT STRUCTURE - SIMPLE MODE M

BIFURCATION VS LIMIT POINT

(€ (W(N), A)(d/dA) + € (W(A), N)]6u =0 => du/d) exists if (£,°

—1 .
o) €xists

0
ES =& (8()\), A) is positive definite, invertible, i.e. B(A) > 0, for A € [0, \.)

. 0 . .
As load increases away from 0, the lowest load that u cannot be continued is : A¢

(€ uu (3()\6), )\c)zlL)cSu = 0; A.: critical load, % : mode (|| i |= 1, assumed unique)

In all directions orthogonal to null space N of £¢,,, operator still positive definite :

(EC,0v)dv >~ || dv|?, Fy>0, VoveNt; where: S, =E (8()\0),)\0)

ruu

N={ueU|u=pu YucR}, N-={vcU| (v,u) =0}; (NeNL=U)
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PERFECT STRUCTURE - SIMPLE MODE M

BIFURCATION VS LIMIT POINT

u:uc—I—fleﬁ—l—’U, vENL, ¢€R

Ewdv=0 = &, (uc.+ {%L + v, Ae + AN)Jv = 0;  equilibrium in A=+

Expand about (uc, A.) to find v(§, AX), where :
1
’U(f, A)\) = S’Ug + Alvy, + o1 [52’0&“ + QSA)\’Ug)\ + (A)\)2’U)\)\} + ...

Ee =100 — & (U + &11, + v, A + A)\)%L =0; equilibrium in N
Expand about (u¢, \:), using v(&, AX), to find AX(¢)

AMX(E) is unique = limit load, AM({) is not unique = bifurcation
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PERFECT STRUCTURE - SIMPLE MODE M

BIFURCATION VS LIMIT POINT
O(f) : (g,fw U§)5U =0 = Ve = 0, (5 ©

uu

: . 1
has unique eigenvalue u)

O(AN) : (&

ruU

UA+5,ZA)5UIO:>O#U>\ENL, (E.¢

ruu

invertible in N/'1)
O(€2) + (E.°,vee + (£, WUV =0 = 0 #£ vee € N&
O(EAN) + (£, ven+ (EC,,0a +EC  JWOv =0 => 0 vey € N

O(<A)‘)2) . (571iu Uxx T (572uu ,UA)/UA + ngiu)\ Ux + g’zi)\A )5U =0 =0 7& Uxx € Nl

Using above results in equilibrium along N

1
0= AMELNU) + 5[E((E i W)U+ ZEAN(E o V3 + €y YW

1

+(A)‘)2((872uu ’U)\)’UA + 287'Zu>\ U + 8750\)\ )U] + ..
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PERFECT STRUCTURE - SIMPLE MODE M

BIFURCATION VS LIMIT POINT

A 2 3
A)\(f) = M&H )\Qé-_ + )\3%

Limit load £

| case (i) : E,SM%L # 0 = limit load :

Polion  Unique AX(E);
H =N
B M =0, Ao = —((E 5y, Ww)u/ES,

case (ii) : |&,5, w=0 = bifurcation point :

principal
solution Non — unique AX();  A; solution of quadratic :

1
()\1) ((gVZuu )UA + 257ZUA UX + g’zcl)\)\ )’LL—I—

. A FOAL (£, v + E.C WA+ ((£,5,,, )))u = 0
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PERFECT STRUCTURE - SIMPLE MODE M

ASYMPTOTIC EXPANSIONS - SIMPLE BIFURCATION CASE

u = 1(,)&()\) + §%L +v, veNt, CeR, &= (u-— 8, 111,) : bifurcation amplitude

Ewdv=0 = &, (e + AN + Eu—+v(E, AN), Ao + AN)Sv = 0;  equilibrium in A+

Expand about (u., A.) to find v(&, AN), where :
1
v(€, AN) = v + Adoy + o [Pvee + 26AXven + (AN)?van] + ...

Ee=0 = &, (g()\c + AX) + 521/J + (&, AN), A\ + A)\)’Lll, = 0; equilibrium in N
Expand about (u., A.), using v(&, A)), to find AX(&) where :

£ £
AXE) = M€+ )\25 + )\35 + ...
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PERFECT STRUCTURE - SIMPLE MODE M

ASYMPTOTIC EXPANSIONS - SIMPLE BIFURCATION CASE

O()

NOTE A :

NOTE B :

. : 1
unique eigenvalue : u)

(€, ve)ov=0 = ve =0, (&

ruly

(£, va +HEL, (dufdN)e + &5, )ov = (£

ruly

vA)0v =0 = vy =0, (same)

(£,80 Vee + (. WU)SV = 0

EC wex+ (£ (du/dN)e + E.C  Vu)dv = 0
’U/LL& uuu

YUUN

(£, v H(EC,, (du/dN)o)(du/dN)e + 26, (du/dN)o+

SUUN

oy +EC. (dPu/dN2),)ov = (£

ruu

var)ov =0 = wvyy =0, (same)

U(O,A)\) = ’LL—‘?L()\) =0 = vyn=v)\=UV\=....=0

Highlighted terms A derivatives of principal equilibrium :| &,,, (’2,()\), A)ou =0
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PERFECT STRUCTURE - SIMPLE MODE M

ASYMPTOTIC EXPANSIONS - SIMPLE BIFURCATION CASE

1

0= SIE((E i )} + 26AN(dE s /dN) )]+

SE (8 S R+ B((E S v I) ] .

case (i) : [ ((&€,S 1)1)1 # (0 = transcritical bifurcation :

uuUu

1.1

A = <<e,zuu W) u) i) ((dE s /AN cti)u

case (i) : | ((&,5yy ¥ 1)1)’L1L = (0 = symmetric bifurcation :

M =0, dp= ;[«(e,zm WUV + 3((E 5y, Ve ) W)11]/ (A€ s /AN 10}
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PERFECT STRUCTURE - SIMPLE MODE M

STABILITY — SIMPLE BIFURCATION CASE

(@)

0
(€ e (W), NZN))6u = BN (2(N), 6u),  stability of principal path

0
B(A) : eigenvalue, :%()\) . eigenvector of £ (:(1)3()\),9([);()\)) =1

Evaluate at Ao : (£, 2(A))0u=0; B\) =0, (2(\e),2(\)) =1 = 2(\.) = u

0
Differentiate at A : (€., (du/dN)e + &6+ EC, (dr/dN))du = (dB/dN)e(t, Su)

SUUN

0
Substitute : du = u, recall : (4, 1) =1 = ((d€,uu /dN)c)u = (dB/dN).

0 0
Assumption : (df/d)\). < 0; (recall : B(A) >0, VA € [0, \;), holds in most applications)

Eigenvalues and eigenvectors of stability operator along principal path
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PERFECT STRUCTURE - SIMPLE MODE M

STABILITY — SIMPLE BIFURCATION CASE

(€ (W + ANE) + £t + 0(€, ANE)), Ae + ANE))T(E))6u = BE) (2(E), 5u), || x(&) ||= 1

2 2
Use: B(&) =&061 + %52 + .y, (&) = a0+ &1 + %xQ + ..., expand about : (uc, A¢)

1

o) : (£,5,20)0u=0, (x9,20) =1; = x9=1u

ruu

N | 1 (.5, w)u)u

1 UUU

Assume : ((€,5,, w)u)u # 0, substitute : du = u,[|A\y = —= —
2 ((dE€ s /AN ettt

O+ ((£.Cuu M(AU/AN)e + W)t + MES,\ U+ E.C, 71)0u = By (U, 0u), =

ﬁl — Al((dgauu /d/\)cflljJ)/LlL + ((57Zuu 211’)&)& — >‘1 [_((dgauu /d)‘)cll")lll’]

MEC563 — STABILITY OF SOLIDS: FROM STRUCTURES TO MATERIALS — LECTURE 3 Page 16



PERFECT STRUCTURE - SIMPLE MODE

STABILITY — SIMPLE BIFURCATION CASE

Assume : ((&.¢ ’le)%b)llb =0, substitute: du=2dv, \y =01 =0

‘uuu

1

O(ﬁ) : ((5afwu )u—|—5mcw )5?}:07 (xlau):()’ — X1 = Vge¢
O+ ((5(E S W+ E S (a(dhf AN+ ve) + Mo G i)+
c | RS
(gmcz,uu )5171—{— g?uu )5u:§ﬂ2(u75u)
1.1.1.1 1.1
Use : du = &, recall : 21 = vec, g = (S Ww)u)u + ((8,2uu Vee )u)ul
3 ((d€ /AN oid) i
1.1.1.1 1.1 1.1

= 2o (— ((dE u /dN) o)1)

B =|(((& s W)Y+ A (A€ s /AN 1)t + (€51, VU + 2((E Sy T1) U
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PERFECT STRUCTURE - SIMPLE MODE M

ENERGY - SIMPLE BIFURCATION CASE

AE = E(Ue + AN) + €U+ v(E, AN), Ao + AN) — E(U(Ae + AN), Ao + AN)

Using previous results from asymptotic expansion about : (u¢, A.)

( 3
56 1[— (dﬂ/d)\) |+ 0(54) for asymmetric bifurcation : ((£,S,,, )1)& £ 0
AE =
4
\ 58 J[—(dB/dA).] + O(€%)  for symmetric bifurcation : (€., w)i)u =0

Comparing energy of principal & bifurcated paths for same load

MEC563 — STABILITY OF SOLIDS: FROM STRUCTURES TO MATERIALS — LECTURE 3 Page 138



PERFECT STRUCTURE - SIMPLE MODE M

ASYMPTOTIC EXPANSIONS - SIMPLE BIFURCATION CASE

(

0
ME[—(dB/dN).] + O(€2)  for asymmetric bifurcation

0
| &2 [—(dB/dN)] + O(€?)  for symmetric bifurcation

A A
1 1
| |
| |
| |
: I A>0
he A Sl \ic-i-/
-
’¢” ', }\,2 <0 \\
-~
< ME<O stable path, ~__ unstable path
» £ » C
ASYMMETRIC BIFURCATION SYMMETRIC BIFURCATION
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PERFECT STRUCTURE - SIMPLE MODE &é—

ASYMPTOTIC EXPANSIONS - SIMPLE BIFURCATION CASE

Ewi (U, N)ou =0, VouecU

(8

(€ un (W), X)) 0w = 0

Ae : critical load, W: critical mode, unique (|| U |I=1)
En u # 0 = limit load 5,1‘;/\15 =0 == bifurcation point
N
. L.1.1 1.1
(€, 0 1)1)1 £ (0 = transcritical bifurcation ||((€,5u, ¥)u)u =0 = symmetric bifurcation (£, vee + (€., w)u)ov =0
1 1.1,1 1 . 1.1,1,1 1
)‘1 - _5((8721“1 u)u)u/((dé’ YU /d/\) ’U,) )\1 = 07 /\2 = 3 [(((gnzuuu ) ) )U + 3(( )uuu Uff) ) ]/((dg ruu /d)‘) )
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PERFECT STRUCTURE - SIMPLE MODE M

ASYMPTOTIC EXPANSIONS - SIMPLE BIFURCATION CASE

« LSK asymptotic expansion for simple bifurcation point, reduces infinite dimensional
problem to the study of one dimensional problem (projection of equilibrium on the critical
operator’s null space).

* Principal branch changes stability at critical load (from stable at lower loads to unstable).

* For transcritical (asymmetric) bifurcation, supercritical portion of path is stable,
subcritical portion of path is unstable.

* For symmetric bifurcations, supercritical paths are stable, subcritical paths are unstable.

 Stable paths have, for a given load, less energy than their neighboring unstable paths

NOTE: General case asymptotics obtained here are similar to results of the rigid T model!
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EXAMPLE -1-SIMPLE MODE M

ELASTICA EXAMPLE — MODEL SETTING & ENERGY
Epena = f (1/2)EI(df/ds)?

gload = —)A

A = [F(ds—dz)= [ (1 cosh)ds

> X £ = gbend + gload

1 (do? .
§EI el A1 —cosf)|ds, with: 6(0)=60(L)=0

6(s) € HI0,L], (ie. [[(d0/ds)®+ 6%/2ds < oo, 6(0) = O(L) = 0)

inner product : (01,602) = (1/L) fOL 101(s)02(s)]ds
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EXAMPLE - I — SIMPLE MODE M

ELASTICA EXAMPLE — GOVERNING EQUATIONS

e
Ew du = / EI (2—?) (%) — Asin(9)59] ds =0, — (integrate by parts)
o L

Lr 2
Edu = / —FEI YN Asin(6) | 60ds + Eld—eée — Eld—eée =0
o L ds? ds ] ,_p ds |9

Recall : §0(s) arbitraty function € Hg|0, L], 660(0) = 66(L) =0, =

d*6 A
T + = sin @ = 0, Elastica governing equation (Euler 1744); 60(0) = 60(L) =0,

0
8()\) =6(s,A\) =0 VA, principal solution
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EXAMPLE -1 — SIMPLE MODE M_

ELASTICA EXAMPLE - STABILITY OF PRINCIPAL PATH

EI (d(59)>2 — A(59)2] ds, V66 € H;[0, L]

B()) = mings.—) [5>uu (u(N), A)‘S“)‘S“} - /OL

-3 [ ()] (5250

> =|| 60 ||= 1) , Fourier representation of §6

N | —
||M8

0 . L & 5 N\ 2 B T\ 2 dg(N)

B() = mings,) 5 nz::l {((mn) [EI <f) _ )\] } _ L [EI (E) _ )\] S = —L <0
T~2| O

Stability of principal branch changes at :[Ae = EI (Z> | B >0vAe[0,N)
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EXAMPLE -1 — SIMPLE MODE M

ELASTICA EXAMPLE - CRITICAL LOAD AND MODE

i 1
N 01
(€ uu (&(Ac),)\c)%ﬁ)éu :/ ET (f) (%;9) — Ae cos(@)%@] ds =0, = (integrate by parts)
0 S S

B 1
L 2 1
(€ e (B00), A)B)6u = / _EI (if) )\69] 50ds +
0

Recall : §0(s) arbitraty function € H3[0, L]; §6(0) = 60(L) = 0,

do

1
ElI—d0 =
ds ds 1 L
s=0

1
Efd%e] )
s=1L

—

1 - 1 (1 L1 )
. + 770=0, 6(0) =6(L) =0; critical load : A., mode: 6 ( /0 (0)ds = 1)

A = EI(w/L)?, é(s) — /2sin(ns/L);

(R eigenvalues : EI(nmw/L)?, modes: v/2sin(nrs/L))
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i EXAMPLE -1 — SIMPLE MODE M

ELASTICA EXAMPLE - LSK ASYMPTOTICS

0 1

Gon - /O sin(@(s)8(s)ds =0, (€, )u)h = Ac /0 sin(8(s))[0(s)ds = 0

(A€ v /AN e)t = — [ cos(0(s))[0(s)|2ds = —L = 4B checks independently!)

Ac » L .
Do = —§(§L)\C) /(—=L) = e 0, stable, supercritical, symmetric, bifurcation
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EXAMPLE -1 — SIMPLE MODE M_

ELASTICA EXAMPLE - REVIEW

 Euler’s elastica has a trivial principal solution (straight configuration) that
changes stability at the critical load.

* Critical load and mode depend on boundary conditions.
« Bifurcation at critical load is a simple (unique eigenmode), symmetric bifurcation.
* Principal path changes stability at critical load.

- Bifurcated (symmetric) path is supercritical near the critical load, which implies
that it is stable.

» Asymptotic results are confirmed by exact solution (in terms of elliptic integrals).

L(5-)Y? = 2K (sin(3))
2 _ T\ o 1.5«
Exact: 1 Asymptotic: \ = EI(Z) [1+ —sin (5) +...]

2
K(k) :! [(1 . y2)(1 _ k2y2)]1/2
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