MEC 557 — FINITE ELEMENT METHOD IN SOLID MECHANICS M

REVIEW - IMPORTANT POINTS TO REMEMBER
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MEC 557 — FINITE ELEMENT METHOD IN SOLID MECHANICS M’é

WHAT IS THE FINITE ELEMENT METHOD?

RALEIGH-RITZ NUMERICAL SOLUTION|TECHNIQUE IN APPLIED MATHEMATICS:

® |IDEA STARTED WITH VIBRATION THEORY: FOR CONTINUUM PROBLEMS WITH AN
ENERGY, USE SHAPE FUNCTIONS TO CONVERT INFINITE DIMENSIONAL PROBLEM
TO A DISCRETE ONE THAT CAN BE SOLVED WITH MATRIX ALGEBRA (1909)

® BY ABOUT 1970°s PEOPLE REALIZED THAT THE APPROXIMATE ENGINEERING F.E.M.
TECHNIQUE WAS A RALEIGH-RITZ METHOD WITH INGENIOUS SHAPE FUNCTIONS OF
COMPACT SUPPORT

THE REST IS THE HISTORY OF ONE OF THE GREATEST CONTRIBUTIONS OF
MECHANICS AND APPLIED MATHEMATICS TO MODERN EGINEERING TECHNOLOGY

® APPROACH THAT STARTED WITH LINEAR ELASTICITY WAS EXTENDED TO THE
MOST GENERAL TYPE OF NONLINEAR, INELASTIC SOLIDS & STRUCTURES

® METHOD IS APPLICABLE TO A WIDE CLASS OF BOUNDARY PROBLEMS BUT IS BEST
SUITED FOR ELLIPTIC PROBLEMS

® FINITE ELEMENTS TECHNOLOGY IS ONE OF THE MOST IMPORTANT CONTRIBUTIONS
OF MECHANICS THAT REVOLUTIONIZED ENGINEERING TECHNOLOGY
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. INTRODUCTION TO THE FINITE ELEMENT METHOD USING 1-D MODELS.

CHOLESKY METHOD FOR SOLVING LINEAR SYSTEMS.

TRUSSES AND FRAMES IN 2D AND 3D.

ASSEMBLY OF STIFFNESS MATRIX & FORCE VECTOR, CONNECTIVITY
VARIATIONAL FORMULATION FOR LINEAR ELASTICITY B.V.P.

PLANE STRESS/STRAIN PROBLEMS USING CONSTANT STRAIN TRIANGLES.
ISOPARAMETRIC ELEMENTS FOR 2D PROBLEMS.

NUMERICAL INTEGRATION, GENERALIZATION TO 3D PROBLEMS.

HIGHER ORDER GRADIENT ENERGIES: BEAMS (1D) AND PLATES (2D).

.LOCKING PHENOMENA DUE TO CONSTRAINTS.
. TIME-DEPENDENT ANALYSES, EIGENMODES.

12.
13.

NON-LINEAR PROBLEMS - INCREMENTAL NEWTON-RAPHSON.
NON-LINEAR BEAMS (1D) & FINITE STRAIN ELASTICITY (2D).
NOTIONS OF FRACTURE IN 2D (CRACK-TIP SINGULARITIES)
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MEC 557 — FINITE ELEMENT METHOD IN SOLID MECHANICS M

SIMPLEST CASE: 1D ELASTIC BAR EXAMPLE
TO ILLUSTRATE ENERGY, RALEIGH-RITZ & FEM
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ONE DIMENSIONAL EXAMPLE - ENERGY METHOD M

STARTING POINT FOR FEM: use potential energy minimization
(variational method) for the case of a non-disspative mechanics problem —
all problems 1n elasticity (linear or nonlinear fall in this category)

Potential : P ="P,+ + Pers

Internal : Pj,e =

du 2
— ] d
dx ) o
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L
External : Py = —/ pgu(x)dV = —/ pgAlx)u(x) dr
1% 0

CLAIM: of all admissible displacement fields u(x), 1.e. continuous
functions that satisfy the essential boundary condition: u(0) = 0, the actual
equilibrium solution minimizes the potential energy functional 7 (u(x))
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ONE DIMENSIONAL EXAMPLE - ENERGY METHOD &é

VARIATIONAL FORMULATION: We must minimize potential energy
functional # (u(x)), to find equilibrium u, (x)

P(teq + €du) > Pueq) ; u(x) = Ueg(x) + €du(x) , e e R

di P(teqg +e0u)] g =0;  extremum (1)
€
d2
3 P(theq +€du)| _q>0; minimum (2)

Raleigh-Ritz method: instead of minimizing energy in an infinite
dimensional space, we minimize in a finite dimensional space. We use an
approximate displacement uPP(x) — which involves a finite number of
variables Q; (i=1, ...n) —and mlnlmlze P (Q) with respect to Q.

P(u™(z)) = P(Q); “pp—ZQz = [Q1, Q2. Qy]
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ONE DIMENSIONAL EXAMPLE - RALEIGH-RITZ METHOD &i

oP(Q) du? 9 [ duPP O PP
- [ o () -

dr =0
0Q; dz 0Q, Qi |
j=n ( A L
N; dN;
g \ / [EAd d ] dzr ¢ Q); —/ pgAN;|dx =0
, 0 dr dzx 0
J=1 X J
E K;;iQ; — F;=0; (in compact form : KQ = F)

dN; dN, N
j /O [ o dx] T, /0 pgAN;| dx

Stiffness matrix: K, Force vector: ¥, Degrees of Freedom: Q
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FEM method: Special case of Rayleigh- thz'N (@)
i—1 \L

.- PN é
0 1 2 i—1 i +1 n
< element # i nle=L <l

u?PP () = > . QiN; (x) Shape function [V, (:E)

Easy physical interpretation of d.o.f. (degree of freedom) Q; at node x;: due to
its construction, u“?(x,) = Q.

Shape functions N,(x) have compact support: N,(x,) = I, Ni(x, ;) = N;(x,.;) = 0.
Compactness of support of shape function great advantage of FEM
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ONE DIMENSIONAL EXAMPLE - SPARSE STIFFNESS MATRIX &é

Kgl K22 K23 0 0 Li+1 1 2
0 Ko Kiz3 Ksu .0 ,
Li+1 1
Kiz’—l—l:_/ EA(CC) (-) dx
0 0 Kiu3 Kiu Kis . .

0 0 0N Kss Kss

Stiffness matrix K 1s banded, 1.e. populated about the diagonal. This structure,
due to the compactness of shape functions, has great advantages in both
solution time and storage requirements. For reasonable systems, we use
Cholesky (Andre-Louis Cholesky X-1895 ) decomposition, for very large
systems, 1terative methods that take advantage of the sparse structure of K.
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ONE DIMENSIONAL EXAMPLE — ELEMENT STIFFNESS, FORCE M

1, 2PP

In element 1: u???(x) = q,N,(x) + q,N,(x)

Local degree of freedom q°, = [g,, ¢,]
2 = Q;

SR e Y ——

e e e
K
—
]
&
T.
Y

We find element contribution to global
stiffness matrix K and force vector F

Q; dof. #i

(

=

n
Qi+

o@?@'z'@i‘l@? YR

o element # |

S -
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ONE DIMENSIONAL EXAMPLE - ELEMENT STIFFNESS, FORCE M
P(Q) — P’ént(Q) + Pext(Q)

znt E znt; znt /
le

1 dN, AN, \ 2 1
—F A — — drx = — ke o
2 () ((h dx T dx ) } Qe %ed

Peat( ZPSa:t 0 Pewt = —/l pg A(z) (1 N1 (2) + g2No())] dx = —q. f

dN;\ [ dN; . .
kelij = / [E A(x) ( ) (—3)] dzr ;| k. element stiffness matrix
I dx dx

f.]; = / lpg A(x)N;(x)] dx ;| f. element force vector
l

e

Finding element stiffness matrix k, and element force vector f, in the structure
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ONE DIMENSIONAL EXAMPLE — ASSEMBLE STIFFNESS, FORCE M

Assembling global stiffness matrix
K and global force vector F from
element stiffness matrix k. and
element force vector f,

RULE: for each element e add to
global stiffness matrix & force
vector the components in the

appropriate places recalling local to
global numbering

1=>»1, 2=»] for this 2-node element
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MEC 557 — FINITE ELEMENT METHOD IN SOLID MECHANICS M

SIMPLEST CASE: 1D ELASTIC BAR EXAMPLE
TO ILLUSTRATE ISOPARAMETRIC MASTER ELEMENT
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ONE DIMENSIONAL EXAMPLE —- MASTER ELEMENT M

It 1s very convenient to write shape functions in a master element with
respect to a normalized coordinate (&)

O O m:2, Nl(f :1—f

E=0 E=1 N2(§) =¢

. 2 153 m=3; N(&)=¢E-1)2
E=-1  £=0 E=1 Np(€) = (1 =€) (E+1)/2

Ny(€) = £(€ +1)/2
K.y = /£ [ A(2(€)) (dN,/de) (dN, /) (da/de) "] de

€)= | o0 AGE)IN.(€) (/i) de
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ONE DIMENSIONAL EXAMPLE - ISOPARAMETRIC CASE

Question: what do we choose for x(&)?
Answer: (easy) same representation as for displacement!

This type of parametrization that uses the same interpolation
scheme for both the displacement and the geometric coordinates

1s called 1soparametric representation and 1s widely used in F.E.M.

u(§) = i u; N; (&), wu(&)=wu;; d.o.f. at nodei
i=1

x(&) = Z x;N; (&), x(&)=x;; coordinate at node i
i=1
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MEC 557 — FINITE ELEMENT METHOD IN SOLID MECHANICS M

NEXT CASE: 2D ELASTICITY TO ILLUSTRATE THE
FEM METHOD IN HIGHER DIMENSION PROBLEMS
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EEEEE

Solid occupies domain: V'
Domain boundary: 9V
Body forces: b

Surface traction: t

Surface normal (outward): n

Energy density: W(§€)

Traction prescribed on: 0V,

oW

O¢€i; Displacement prescribed on: 9V,

Stress-strain: o;; =

(general nonlinear elastic material)  Position vector: x
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REVIEW OF SMALL STRAIN LINEAR ELASTICITY

Potential : P = Pt + Peoye

ow
Internal : P;,: = Wi(e;)dV ; o =
% O¢i;

External : Pea:t — —/ bzuz dV —/ tiui dS
|4 oVy

P(u+ edu) > P(u) ; ou(x)=0vVxedV,, ecR

di [P(u _|_ 651’1)]620 p— O 7 eXtremum (1)

€

d2

g [Pu+edwl.o>0;  minimum (2
€
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REVIEW OF SMALL STRAIN LINEAR ELASTICITY M

Linearized kinematics : ¢€;; = 1 (aui %>
2 \0x; Oux;
Boundary traction : t¢; =n; 0;;; (Cauchy tetrahedron)
Linear elasticity : 0y = Lk €ri
Major symmetry : L;jx = Lgiij ; (due to energy existence)
Minor symmetries : L;jx; = Ljixi = Liji ; (0ij = 0j4i , €5 = €55)

€ 1
Energy density : W = / O €5 de = §Lijkl €ij €kl
0

Linearized strain: g; Cauchy stress: 0;; Elastic moduli tensor: L,
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

SIMPLEST 2D ELEMENT: CONSTANT STRAIN TRIANGLE
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

U3
2 Nodal d.o.f. Ujf,
node 3 .
3 3 Uj .
1542 top 1ndeXx: / — node number
(21,2 p index: 7 — node numb

bottom index: j — direction

Lo, Uy U
A
Us
node 1
(ZC%,ZE%) < []12
node 2
(21, 23)

» L1, U,

Element d.o.f. q, "= [U/, U,, U7, Uy, U7, U]
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

w; (z1,%2) = N1 (w1, 22) U} + Na (z1,22) U + N3 (21, 22) U;

3
u; (1, T2) = Z Nt (21, 22) U; displacement interpolation
=1

U; (az{, 5135) = U}, nodal value requirement

Ny (aji,w%) =1, N (x%,az%) =0, M (:13:1)),:1:‘;)) =0

Np (z1,23) =0, Np(af,23) =1, Ny (z3,23) =0

N3 (m%,xl) =0, Nj ($%,ZB2) =0, Nj (x?l’,:v?’) =1
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FEM IN 2D: CONSTANT STRAIN TRIANGLES {%:

Shape functions N,(x,, x,) are bilinear in terms of coordinates

(3 constants found from the 3 nodal conditions — example N,

N1 (x1,22) = axy + bxo + ¢

Nl(ajlaajZ)

(1 =ax; +bxg +C

0 = axy + bxs + C

/"

L0 = az; +bxs +c
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

The three bilinear shape functions N,(x,, x,); (I=1, 2, 3)

1

Ni(x1,29) = W rixy — xixs 4 (25 — x3) 1 — (27 — 2}) @2
1

No(x1,29) = oW rixy — xxs + (25 — zg) 1 — (2] — 27) T2
1

Ng(ibl,ajg) — ﬂ [CC%ZE% — CE%ZC% —+ (ZC% — CIJ%) L1 — (ZIJ% — CIZ%) CEQ}
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

Displacement discretization 1s conveniently written in matrix form: u = Nq_,

Uj
Uy
u1 (21, 2) Ni(x1,z2) 0 Na(z1,72) 0 N3(z1,72) 0 Uy
u2(1, T2) 0 Ni(z1,x2) 0 No(z1,x2) 0 N3(x1,x2)| |UZ
\ J \ J
Y Y U;
u N
U3 |
qd.

Kinematic discretization 1s also written in matrix form: € = Bq,
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

[ 22— 13 0 T3 — T3 0 Ti — T2 0 _
B= i 0 — (2§ — «}) 0 — (23 — x}) 0 — (2} — a?)
(@t -at)  ad-ad - (af-ar)  wd-wy —(wr-wf)  wp—a3

NOTE: B matrix 1s constant (constant strain triangle!)
e'=[gy, &y, V1p]; Where v, =2 &,

Recall: q,/=[U/, U,!, U2 U2 Up, U]
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

Constitutive equation also written in matrix form: ¢ = LLe

o1 €11
O = |022] , €= [€29
1012 | Y12 2€19
N
1—v v 0 1 v 0
I — L v 1 —v 0 I — L v 1 0
(1+v)(1—2v) ’ 1 — 1?2
0 0 1 —2v 0 0 1 —v
) 2 ) B
plane strain plane stress
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

1
b = [ Sl da =l [ BTL 2Bl d| .
A A

= —qlk.qe Element stiffness matrix: k,

_pe / T (21, 22)b(2y, 12)] dA + / T (21, 22)t(21, 22)] dI
A 0A

= q. [/A[NT(xl,xz) b(z1,72)] dA + /aA[NT(xla@) t(z1, )] dl

= q,f Element force vector: f,

MEC557 — THE FINITE ELEMENT METHOD IN SOLID & STRUCTURAL MECHANICS — REVIEW Page 28



FEM IN 2D: CONSTANT STRAIN TRIANGLES Mi/

Element stiffness matrix: Kk, for constant moduli LL

ke = / 'B'LB] dA
A

k. = AB'LB

Element force vector: f, for constant body forces b & traction t

£, :/A[N (21, 22) b] dA+/aA[N (1(1), 25(1)) ] dI

7 =

3+2’3 27 3 2’3+2’3’3

[b_l 11 bg o bl tq b_Q to bl bg

NOTE: element has traction applied on the side defined by nodes 1 & 2
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FEM IN 2D: CONSTANT STRAIN TRIANGLES M

ISOPARAMETRIC CONSIDERATIONS FOR 2D FEM
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X FEM IN 2D: ISOPARAMETRIC CONSTANT STRAIN TRIANGLES M

- Parameters: &, ¢
uj (§1,62) = ZNI (61,&) U; olee
I=1
3!
uj (€1,€3) = UJ DL 1) = 0.1
Master
3 element
z; (&1,&) =Y Nr(6,&) )
=1
@0 \@ > <
v (&,62) = 7j CPE) =00 (€5 = (L0
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FEM IN 2D: ISOPARAMETRIC CONSTANT STRAIN TRIANGLES M

Master element shape functions N,(x,, x,) are found to be:

Ni(&,6) =1, Ni(&,6) =0, Ni(&,&) =0
— Ni({, &) =&

Ny (£1,€) =0, N2 (67,€5) =1, Na(€,65) =0
— N2 (&1,6) =&

N3 (7,€2) =0, N3 (&,86) =0, N3(&,8) =1

— N3(&H1,8)=1-& — &
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FEM IN 2D: ISOPARAMETRIC CONSTANT STRAIN TRIANGLES M

For strains we need the transformation (Hessian) matrix J and its inverse J-!

0, o0&, 06 | | oz ri — 2] T3 — T3
ou; % % Ou; 5 — x7 T2 — 35
_662_ _852 (‘952 _ _(95132_
COu; ] " O0u; T
0x1 851 e )
:J_l ) recall : ajj(€17§2) — ZNI(SMSQ):E]'
ou; ou; =1
L 02 _ L 0&s
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FEM IN 2D: ISOPARAMETRIC CONSTANT STRAIN TRIANGLES M

Detinition of matrix A

o

856‘1
8u2

(956‘2
8u1 (9u2

925 | By

A
A
4 \
061 062
8:1;1 3331 0 0
061 02
0 0 65132 (95132
06 06 06 06
(95132 (95132 (95131 (9331

D"
73!

uy
06

Ous
06

8U2

|9z
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FEM IN 2D: ISOPARAMETRIC CONSTANT STRAIN TRIANGLES M

"
3

uy
06

Ouy
3

(9’&2

Detinition of matrix G

|96z

G
A
4 \
'8N1 aNQ aNS _
— 0 — 0 — 0
861 0{1 351
8N1 8N2 aNS
— 0 — 0 — 0
852 852 852
6’N1 6’N2 aNS
0 — 0 — 0 —
(951 851 afl
ON; ONs ON3
0 — 0 — 0 —
I 0&2 0&2 02 _
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FEM IN 2D: ISOPARAMETRIC CONSTANT STRAIN TRIANGLES M

Finding element stiffness using master element

1
= [ 5lTolea) da
A

= Sal [[GTATL(&1, &) AG (det 3)] d€] .

2

1

T
— A ke e
2q6 q
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QUADS AND HIGHER ORDER ISOPARAMETRIC ELEMENTS M

ISOPARAMETRIC QUADS & HIGHER ORDER 2D ELEMENTS
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS M

Isoparametric quadrilateral element (quad)

4
uj (§1,6) =Y Ni(6,&)U  Ni(&.&) =615 (1,7 =1,...4)
=1

(€,%.67) = (1,-1) & (&7.¢7) = (L1)

U (5{7 55) — UJI @ A .@
4
z; (§1,82) = ZNI (&1,&2) x; &S
I=1 Master
element
De °(2)
z; (&1,&) = (&&= (-1,-1) (E2E7) = (1-1)
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS M

Ni61,6) = ;(1+El6)(1 + &)
_ |97 _
1= [5‘&'] N

& (1+ &8&)m]

Shape functions N,(&,, &) and
. coordinate transformation matrix

ONp (€1, &) :135 J for 4-node isoparametric quads

&

G

~
|

1

& (14 &5&9) s

I
[]-
I
[]-

~
|

1

~
|

1

&(1+&&)xs
1 _

&1+ &)t

I
[]-
I
[]-

I
~
|

1

~
|
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS &é

i 8u1

Oy

(?ug

02

(9u1

Recall definition
of matrix A =

S e
| 029 0z |

1
det J

061 0§ ]
85131 8331 0 0
0§10
0 . (95E2 (955‘2
9 06 96 06
(9%2 (95132 (95131 8:61
N J
 Jaa  —Ji2A 0 0
0 0 —Ja1  J11
_—le J11 J22 _J12

o,
01

duy
06

Ouy
06

8u2

|9
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS &é

9.
Recall definition of matrix G gy
A i

( \
ow]  [ON o 0Ny 9Ny Ny 7 |Ua
061 081 081 081 081 72
i

ou| ono oM oM ooN
&2 0&2 082 0&2 082 Uz
on| |y o av o
061 061 061 081 061 )
U
Quy| | g N ANy 0Ny AN
L 0&% ] | %S 082 082 0& | UL
Us_
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS

1

2 2

el o dA
1

— —qgke o Element stiffness matrix: k,

2

/ 1[eTa(azl,a:g)] dA = —q’ / (G"A'L A G]det(J) dﬁ] Qe
N ) \ >

e
ext

N / u’ (21, 22)b(z1, z2)] dA+/ ' (@1, z2)t (1, 22)] di
Ae

0A.

= q7f [L[NT b] det(J) d§+/8£[NT t) dl(f)]

— qf fe Element force vector: f,
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD ELEMENTS M

Shape functions must satisfy: N(&//,$5/)=6,,

(514,524) — (])'1) (517’527) = (0,-1) (513,523) = (1,1)
O
5 10 6

(518,528) =(-1,0) O ‘@ @. > (516:526) =(1,0)
((:19’529) =(0,0) g

Master element
© @ 0@ @0

&1¢) = (-1,-1) (&°,¢°) =(0,-1) €7¢7) = (1-1)
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD ELEMENTS

9

L(x)  Lx Lyx)  uj(€1,&) =Y Nr(&,&)U]

3

1 I=1

[

u; (61,&) =U;

9

z; (&1,&2) = ) Ni(&1,6) )
¢ =-1 ¢ =0 ¢ =1 I=1

Recall quadratic Lagrangian ;o ;
functions L (&) in interval [-1,1]  Z; (51 ; 52) — &y

Shape functions are products:

Ni(E,, EN=L(E) LAE,) Nr(gl, &) =6r; (I, J=1,...9)
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD ELEMENTS M

NS6)=L(<}) L;3(S) NA(C1,6)=Ly(<)) Ls(<,) N;3(S1,6)=L;(<) Ls(<,)

0 2006
oXo

Ny€rE)=Li€) L&) O(3)  @——E& @ NyE.5)=Ly(E) Ly
Ny(S1,.€)=L,(<) Ly(<)

Q@ Q@ @Q

Ni(Spe)=Li(C) Li(cy)  Ns(Cpe)=Lo(c) Li(c)  No(Cpc)=Ls(Cy) Li(c))
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD DISADVANTAGE M

Disadvantage of 9-node quad elements: needless increase of bandwidth

4n+2 6n+3

4n+

457

—_ N WA

2n+2 4n+3 6n+4

3n+2 5n+3

2n+1 |

2n [~

3n+H5

4
3
2 -

10'

2n+2 3n+3 5nt4

Y

n elements of
9-node quads

n elements of
8-node quads

Bandwidth:
2 X (4n+5)

for 9-node
quads

Bandwidth:
2 X (3nt))

for 8-node
quads
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FEM IN 2D: STATIC CONDENSATION 9-NODE TO 8-NODE &é

Way to eliminate internal nodes: static condensation

. 12 o [KG KG KG KA OKG KA KG KE o] g eo
@ @ @ K K$ K& K§ K& K§ K K kS Q. F¢
o) o o> Q| |FS
¢ |KS K$ K§ K§ K§ K§ K K kg Q. F¢
@ @ @ Kg K§ K& Kg K K§ K Kg ks Qs| = |FS

' . . KG KG KG KG KG KG KG KG ke
6l 62 63 64 65 66 67 68 69 Q6 Fg

Change element

stifftness & force of 7
boundary nodes by:  |Ksi K K K Ki Ki Ki Kig kio| | FC
————————— ||k ki kG ks ki K6 ki ki Kio| |o | | g
kz’j — kij_ki9[k99] k9j - - S

f; — £ —kilks] 'fs | Equilibrium equation for node 9 solved immediately
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FEM IN 2D: ISOPARAMETRIC 8-NODE QUAD ELEMENTS &é

& +I1=0 @ ¢, - 1=0

----@ 8 ®----&- 1=0

@ /// <) \\\ @
/ A .
+&+E+H1=0 ¢t e, =0
()% - ¥ @
-+ I=0 - \\Master element/ & - & +1=0
OO
----@ /}\\ ?———-52+]=0

Equations of different lines in the master element
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FEM IN 2D: ISOPARAMETRIC 8-NODE QUAD ELEMENTS &é

Shape functions of node I are products of line equations with remaining nodes

1
4

Ny (66) = —1(1-6)(1~ &)1+ & +&), Ny (6.6) = 51~ )1 - &)
Na(61.62) = — 5 (14 €)1~ &)1 — &+ €). No(61.62) = 2 (1+&)(1 - &)
N3 (€1,82) = —i(l + &)1+ &)1 —& —&2), Nr(&1,&2) = %(1 — &)1+ &)

Ny (&1,8&2) = —i(l — &)1+ &)1+ & —&2), Ns(&1,8) = %(1 - &)1 - &)
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FEM IN 2D: ISOPARAMETRIC 6-NODE TRIANGLES M

Shape functions of node I are products of equations avoiding that node

Ny =&1(261 — 1)
Ny = £(26 — 1)

N3 = £3(283 — 1)

Ny =468
N5 = 4 £283
Triangular coordinates satisfy: &, +¢,+&; =1 Ng = 4 £3&1
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NUMERICAL INTEGRATION IN ISOPARAMETRIC ELEMENTS M

NUMERICAL INTEGRATION IN 1D AND 2D

MECS557 — THE FINITE ELEMENT METHOD IN SOLID & STRUCTURAL MECHANICS — REVIEW Page 51



NUMERICAL INTEGRATION IN 1D ELEMENTS M

+1 nr nr
quadrature : /1 f(&) d¢ = wr f4€') + R\% ijf(fl)

Weights quadrature points remainder

trapezoidal : n; = 2; &' = —1, & = +1 accuracy order

Simpson : n;y =3; €' =—1, €& =0,

1 4 1 d*
Wy =wsz =—, wy=—-; R=-— /

3 3 90 d¢ (€5
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GAUSSIAN INTEGRATION (QUADRATURE) IN 1D M

Gaussian quadrature of /, 2 and 3 points
1 point Gauss : n;y =1; &1=0

w =2 R= %%(5*); & e (-1,1)
2 point Gauss : ny = 2; fl _ _L’ 52 _ L
V3 V3
wimwe = e 1:135 fzz (3
3 point Gauss : n; = 3; &' = _\/7? £, =0, €3 = %
T g’ we S; "= 15;50 3655“*)
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GAUSSIAN INTEGRATION (QUADRATURE) IN 1D M

General Gaussian quadrature of 7, points 1s 2n, accurate

Gauss points : &’ are roots of Legendre polynomial P, (1) =0

2

(- @y | <sf>]2

weight : wy =

2(2n1)(nI!)4 d(QnI)f
(2n; + D[(2n,)1]? dgnr)

(£7)

remainder : R =

1 4
2™ (n,)! d¢nr)

n, order Legendre : P, () (&2 — 1)
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GAUSSIAN INTEGRATION (QUADRATURE) IN 2D M

General Gaussian quadrature in 2D uses master element

I:nI J:nI

+1 el
/_1 B f(&1,8&2) d&1dés = Z Z wrwy f(€1,€5)

I=1 J=1

(E2ED) = (IN3,-IN3) (£2E2) = (IN3,1A3)

SR S L A 2x2 Gauss integration
' f % uses grid points with
I, N *5 1 coordinates and weights
taken from 1D

(ELED = (—]/\/3,2-1/\/3) (2/,522) = (-IN3,IN3)
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ISOPARAMETRIC ELEMENTS IN 3D
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FEM IN 3D: ISOPARAMETRIC 4-NODE TETRAHEDRON M

= 4-node 1soparametric tetrahedron

u(€) =) Ni(&U]

3 4
| zj(€) =) Ni(é)z]
=1
Coordinates ¢; ;
2 Nj(f ):5IJ; (I,JZl,...4)

— Vy,34: Volume 0234...

S = Vi3’V
3= Vo124/Vizsa Ni(§) =& (I=1,...4)

Ss = Vo123V 1234

Note: ¢, + ¢, +¢; + &, = 1, patch test automatically satisfied
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RECALL: ISOPARAMETRIC 6-NODE TRIANGLES IN 2D M

Shape functions of node I are products of equations avoiding that node

Ny =&1(261 — 1)
Ny = £(26 — 1)

N3 = £3(283 — 1)

Ny =468
N5 = 4 £283
Triangular coordinates satisfy: &, +¢,+&; =1 Ng = 4 £3&1
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FEM IN 3D: ISOPARAMETRIC 10-NODE TETRAHEDRON M

Ny = €4(264 — 1
N5 =4 &1&2
Ng = 4 £283
N7 =4 838
Ng =4 &164
Shape function of a node 1is product Ng =4 §284
of equations of planes that do not Nigp = 4 £3&4

contan that n0de; ¢.g. N,y =4 <5 ¢ Shape functions satisfy: 2N (8)=1
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FEM IN 3D: ISOPARAMETRIC 8-NODE HEXAHEDRON M

8-node 1soparametric hexadedron

% Shape functions N, (&) (I = 1,...8)

NI(§17€27€3) —

_ %(1 +ele)(1+ L&) (1 + €h6s)

(€,°.6,°6°) = (1,-1,1) Shape functions satisfy. ZN] (S)=1
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FEM IN 3D: NUMERICAL INTEGRATION M

1soparametric hexadedron

f(&1,62,8) d >:> >1w1ijfs )

V(§) —1J=1K=1

1D Gaussian weights
1soparametric tetrahedron  and points of [-1,1]

V(e) f(£17£27€37£4) d£ ~ Zwlf(£{7££7£§7§i)
=T T

np=1- %ccuracy O(h) 3D Gaussian weights
w, =1, ¢=(1/4,1/4,1/4,1/4) and points calculated 1n

master element
n, =5 — accuracy O(h?)

w, =-4/5, El=(1/4,1/4,1/4,1/4)
W, 345 =920, &=(1/2,1/6,1/6,1/6), others by cyclic symmetry
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PROBLEMS INVOLVING HIGHER ORDER GRADIENTS
1D (BERNOULLI-EULER-NAVIER) BEAM THEORY
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DERIVATION OF 1D BEAM THEORY (IN-PLANE BENDING) M

BERNOULLI-EULER-NAVIER

x — / W x . .
27 ()  Uniaxial stress state (only 0, 1)

o= ke, = Plane sections normal to
E(du,/dx,) centroidal line remain plane and
X, =x, v(x) normal to the deformed one

Small (infinitesimal) strain

<
>
S, Q.
N
NN
\/ix
<
=8
R
oy
D R
& &I
([ ]

kinematics
w(x)  Linear elastic constitutive law
v(x) [ > X | (1sotropic, can be generalized to
centroidal line transversely 1sotropic about
< B centroidal line)

dx
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DERIVATION OF 1D BEAM THEORY (IN-PLANE BENDING) M

1 L 1
P?Lnt — / [—0'11611 CZV — / [/ —E(€11)2 CZA dlIJ‘
v L2 0 LJa?2
du d
recall : €11 = d—azi , up = v(x) — y%w(az) . (r=x1, Yy = x9)

L 2 2
1 dv d“w
g — —_F|l — —y—— | dA]| d
Pint /0 /AQ <da: da:2> o

section area centroid def. section moment of inertia
recall : / / /
A A A

dA = A, ydA=0, vy  dA =1

axial energy ———___ _____— bending energy
L | 2 2 2l
1 dv 1 d“w
Pint = —FA| — —EBl | —= d
! /0 2 (dac) HE < dx? ) v
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DERIVATION OF 1D BEAM THEORY (IN-PLANE BENDING) M

Uniaxial stress state : oq11(x,y) = F €11(x,y)

Strain distribution : e11(x,y) = €(x)+y k(x)

dv
Membrane strain : e(x) = —
dx
d?w
Curvature strain : k(z) = ———
(z) —

Axial resultant : N = /011 dy = FAe€(x)
A

Moment resultant : M

/ onyldy = EI x(2)
A
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FEM FOR BENDING OF 1D BEAM - HERMITIAN CUBICS M

" The bending energy — El(d’w/dx?)? term — dictates
C’ continuity (i.e. continuous dw/dx) of the test

- Hi() function w(x) in the entire beam. Consequently we

' must ensure inter-element continuity of both w(x)

and dw/dx at each boundary node. The simplest

/(\ element functions that do this are Hermitian cubics
&1 Hy(Q) 1

: Hi(§) = {0-9C+9

¢=-1 ¢ : 1

HyO By = 70—+

&=-1 f:lj Hg(f) _ i(1+£)2(2_€)

¢ Hy) 1y
\)/ Hy(&) = 1<1+£)2(§—1)

4
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2D KIRCHHOFF PLATE THEORY
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DERIVATION OF 2D KIRCHOFF PLATE BENDING THEORY M

KIRCHHOFF PLATE THEORY:
* Plane stress state (only 0, — a, f = 1,2)
* Normals to the undeformed middle plane

remain normal to the deformed middle
surface

* Small (infinitesimal) strain kinematics

e * Linear elastic constitutive law (1sotropic,
, 11 Tp | can be generalized to transverseley
h | sl X, v, 1sotropic about normal direction)

* Reduces to Bernoulli-Euler-Navier for
loading that 1s independent on x, (or x;)
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DERIVATION OF 2D KIRCHHOFF PLATE BENDING THEORY &_

Plane stress state : o,8(21, 22, 2)

Plane stress moduli :

Laﬁfycs

Strain distribution : eqg(x1, 22, 2)

Logys €45(x1, T2, 2); (Greek indexes : 1,2)

E 1 —v
1 — 2 2

(00085 1 0asdpy) + V5a5575]

Eog(x1,22) + 2K 0p(z1, 22)

Membrane strains : E,g
Curvature strains : K,g
Membrane resultants : N,z
Moment resultants : M,z

1

=(Va,8 +V8,a) ;

: (fro = 0F 00)

—W, op

h/2
/ O'agdz = hLa675Efy5
—h/2

h/2 h,?,
/ O'agzdz = ELQQMSKW;
—h/2
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2D PLATE THEORY REDUCES TO BEAM FOR IN-PLANE BEND. M

Uniaxial stress state : o11(x1,22) = FE €11(x1,22);
Strain distribution : e11(x1,22) = €(x1) + x2 K(x1)
d
Membrane strain : e(x;) = l
dIBl
d2
Curvature strain : k(xy) = _d(x$2

Axial resultant : N / o11 dre = FEA e(x)
A

Moment resultant : M /0’11213‘2 dro = FEI k(x1)
A
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DERIVATION OF 2D KIRCHHOFF PLATE BENDING THEORY &i

1 1
Internal energy : P = /[§NQQEQ5 + §Ma5Ka5)h]dA
A
External energy : Popt = — / [Pata + pw|dA — / tata + qu + m(—w,, )| ds
A oA

Potential energy : P = Pint + Pext

1 h?
P = 5/[Laﬁfy5(EaﬂE75 + EKQBK%)}LMA -
A

- / [pozuoz + pw] dA — / [tozuoz + qW + m(_wm )] ds
A 0A
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KIRCHHOFF PLATE BENDING FOR TRANSVERSE LOADING M

.
P = / [2 (12La575w af W 75> —pw] dA
A

h3
P = /[( Lo W, aB~v5 — pw) 5w] dA—I—/ Mynow , ds =0
12 oA
A
EhR3
E-L T = A
12(1_V2)V w=p, XE

EBC. : lw=0, xe€0A

N.B.C. : ’w711(0,332) — w,ll(al,azg) — ’UJ’QQ(CE‘l,O) — w,22($1,a2) =0

NOTE: Since second order derivatives of the transverse displacement enter
the bending energy, need C’ inter-clement continuity!
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KIRCHHOFF PLATE BENDING FOR TRANSVERSE LOADING M

The simplest element that can satisfy C’ inter-element continuity of w(x,,x,)
1s the Clough Triangle that has 21 degrees of freedom an a full fifth order

polynomial shape function
Inter-element continuity of w(s)

at each side: 5™ order polynomial
in s (length coordinate) share the
same 6 constants: w, w , w  at
each end node

Inter-element continuity of w ,(s)
at each side: 4™ order polynomial
in s share the same 5 constants:
w,, w,, at each end node and w,
at the mid-side node
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RELAXING HIGH ORDER INTERELEMENT
CONTINUITY: TRANSVERSE SHEAR ENERGY AND
ASSOCIATED PENALTY METHODS
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1D BEAM THEORY WITH TRANSVERSE SHEAR M

TIMOSHENKO BEAM THEORY
X, =Y w(x)

0,,=Gy;,= * Axial plus shear stresses (c,,, 0;,)
G(du,/dx,+du,/dx,)
o,=Ee¢g;= * Plane sections normal to
E(du,/dx,) centroidal line remain plane and

rotate by an angle ¢

Small (infinitesimal) strain
kinematics

[.inear elastic constitutive law

V(x) X | (1sotropic, can be generalized to
centroidal line transverseley 1sotropic about
< > centroidal line)
dx
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1D BEAM THEORY WITH TRANSVERSE SHEAR M

1 1
2y =/ [5011611 + 5012712] dVv
1%

L
1 1
Pint = / / ~E(e11)* + =G(y12)* dA| dz
0 A 2 2
duq dv do shear correction factor x
RIS G de1  dz “dz accounts for non-uniform

shrear stress distribution

d d
recall : V19 = dad —+ 2

dw
it R/ B et
axial energy — dzy A df bending e% 4 shear energy
1L v a2 | w2
T = FA|[ — El|l — HKGA| — — 0 d
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BENDING OF 1D BEAM THEORY WITH TRANSVERSE SHEAR M

w(§) = [N1(£), 0, N2(§), 0]q, = Nyqe NOTE: linear

0(¢) =10, N1(£), 0, N2(€)]q, = Noqe interpolation!
qg — [Q17 42, 43, 614] — [’UJ1, 91, w29, (92]

do dw

(e = aw . B.q.

dr (g) Bqu y A (f) 9(6) ~q

1 ot .
e = —q. [/ (EIB§ By + KGHB?BW) 5 d§] d.

+1 /
i — /deCU_qe [ N£p£d§]
le 1 2
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b
|:K9 + _Kv} Q=F|; ( 7 < 1 (aspect ratio)

CKo+K,|Q=(CF = Q=CKJ'F+...
det K ] #0 = locking (Q ~ 0)
det K] =0 = WORKS

det K] =0 = underintegration!

NOTE: Each numerical integration point increases the rank of the
stiffness matrix K, by one (it corresponds to one constraint). We need less
constraints than d.o.f. and hence we underintegrate to obtain a singular K,
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1 E R
’Lb?il?d — 5/ [ KOéﬁKOAB _|_ GXhFaFa“ dA

1 —v212
A \
Kag = 1 (% + %> Transverse shear energy i1s
2 \0rg  Ozq added; this is the penalty
term that enforces the
ow . .
L, = B 0., slope-rotation relation
Lo

NOTE energy involves 15 order gradients of d.o.f.
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FEM FOR DYNAMICS PROBLEMS
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EQUATIONS OF MOTION —- HAMILTON’S PRINCIPLE

Lagrangian : L= —-7P

1
Kinetic : K :/ [—IO’UJZUZ] dV
v |2
Potential : P = Pt + Peuwt

ow

(962-3-

Internal met — / W(Eij) dV X oy
|4
External : Peaxt — —/ bzuz dV — / tz-ui dS
|4 oV

o
Hamilton : ¢ [/ L(u,0) dt] =0; u(x,t1)=u(x,t2) =0

t1
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to

_Lijklek4eij —+ bzuZ] dV + /
18]

to 7
/ {/ ‘[—Pﬁz‘ + (03
t1 Vv

),j —I_bi]

!

Euler-Lagrange equation

of motion — pointwise

tz-uz- dS} dt =0

Vi
oVy
(511,@- dV -+ / [ti — az-jnj] (S”LLZ dS} dt =0
oV
!
Natural boundary

condition — pointwise
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EQUATIONS OF MOTION —- HAMILTON’S PRINCIPLE - FEM M

Discretization : u(x,t) = N(x)Q(t), u(x,t) = N(x)Q(t)
FEM degrees of freedom

! FEM mass matrix
. T .
Kinetic : K = §Q @

FEM stiffness matrix

. 1 1
Potential : P = Pint + Pext = §Q Q — Q

| . FEM force vector
. T .
Lagrangian : L= —-P = §Q MQ — §QTKQ +Q'F

Hamilton : o Ut £(Q.Q) dt] —0: Q(t) = Q(ty) = 0

FEM equations of motion

EIT /t h [5Q7|(—MQ —Wo
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FEM CALCULATIONS OF EIGENVALUES & MODES
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EIGENVALUE PROBLEM USING RALEIGH QUOTIENTS - FEM M

Vibration equations : MQ + KQ=0

Solution in form : Q(t) = exp[]@ eigenmode

eigenfrequency
Eigenvalue problem : [K — (w)°M|U =0

Rayleigh algorithm : (w)2. = I U, KU,
ayleigh algorithm : (w)y,q, = lim UJTMU]-

Rayleigh algorithm

Always co . Uy

Positive definite mass matrix,

Easy to invert (lumping...) Positive definite stiffness matrix
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INCREMENTAL NEWTON-RAPHSON FOR
NONLINEAR PROBLEMS IN FEM
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NEWTON-RAPHSON FOR NONLINEAR EQUATIONS M

* The Newton-Raphson algorithm 1s used to solve a nonlinear set of
equations f(u) = 0, where u 1s the n-dimensional degree of freedom

vector. Since our FEM system comes from a minimization principle,
vetor f is the derivative of the potential energy 7 (u), 1.e. f =07 /ou

* Method requires the construction of the tangent stiffness matrix K(u)
(where K(u) = of/0u = 0> /0udu) that has to be re-assembled at every
step of the solution process

 Although this algorithm has a rapid convergence, it requires a good
initial guess. If the 1nitial guess 1s outside the domain of convergence, the
algorithm fails. So a method to provide a reliable 1nitial guess i1s needed
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INCREMENTAL NEWTON-RAPHSON METHOD IN FEM M

P(u,\) :  continuum energy at displ. u(x) € U, load A > 0

P(u, \) : discretized energy at displ. u € R™, load A > 0
u=Au;}r{: ulx)= Zui%(x), u; » d.o.f, (FEM method)
i=1

Pu(a,A)=0: 0P/0u; =0, i =1...n: equilibrium equations

Start at: A=0, u=20
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INCREMENTAL NEWTON-RAPHSON METHOD IN FEM M

A J

end at s ug)™ = ugyn = u(Aa), when: [P (uil) Agn)ll < e
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NEWTON-RAPHSON FOR NONLINEAR EQUATIONS M

A Equilibrium solution of
continuum problem 1s
amenable to solving a
finite d.o.f. nonlinear
problem through FEM

discretization

K(u®)

Applied load

For the Newton-Raphson
method to work, a good

. , : initial displacement guess
e 5 s > 1s needed to guarantee
imitial guess: v yp? - converged solution: u” convergence (this is a
fixed-point method with

Superscript: iteration number quadratic convergence)
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INCREMENTAL METHOD FOR NONLINEAR EQUATIONS M

* Although this algorithm has a rapid convergence, it requires a good
initial guess. If the initial guess is outside the domain of convergence, the
algorithm fails. So a method to provide a reliable initial guess 1s needed

* Physics come to the rescue. Loading can often be parametrized by a
monotonically increasing positive scalar A > 0 (termed load parameter)
and the potential energy i1s 2 (u, A). Solution 1s u(A)

* For A =0 (unloaded configuration) u(0) = 0, which 1s our starting point

* By increasing the load in small increments AL = A.,, - A. one can use the
converged solution of the previous load step u(A.) as an accurate 1nitial
guess to calculate the solution for the current load step u(A., ) . This is the
incremental part of the algorithm that guarantees convergence 1f A\ 1s
adequately small
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INCREMENTAL METHOD FOR NONLINEAR EQUATIONS M

A Incremental method starting
from zero load/displacement
1s needed to guarantee
convergence of Newton-
Raphson (works for small
enough load steps)

Within each increment, we
use the converged solution
of the previous load step as

- : ¢ o > ce
up=ud  u) 2 W=, v an accurate initial guess to
. calculate the solution for the
Subscript: load step number current load step

Superscript: iteration number
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FINITE STRAIN ELASTICITY (2D)
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FINITE STRAIN ELASTICITY - 2D M

Finite strain elasticity: W(F) = W(C), where C = F‘F (right Cauchy-Green)

Isotropic case: W(I,, 1,) where are invariants of C (/,=tr C, [,= det C)

Element force vector and stiffness matrices easily constructed by
calculating the first and second derivatives of W with respect to F

ATTENTION: Nonlinear problems have non-unique solutions (buckling)
ATTENTION: Constitutive equations have to satisfy certain properties
(rank-one convexity) otherwise discontinuous solutions are possible and

FEM results depend on the mesh you use!

You cannot use nonlinear FEM problems without understanding your
mechanics, otherwise you get nonsensical results
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FINITE STRAIN ELASTICITY - 2D M_

REFERENCE P(u, A) = Pint + Pewt,
CONFIGURATION
Surface

traction t

Displacement : u = u(X) = (u1(X), uz (X))

At reference configuration point : X = (X1, X5, )

Pine = | W(C(X),X)dA, C=F'.F
A

Pewt = — [ fz()\)usz —|—/ tz()\)uzds]
A 0A

Elastic energy density/ ref. volume : W (C(X), X)

boundary 0A Isotropic case : W (l1,15,X); I =trC, I =C
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FINITE STRAIN ELASTICITY - 2D M

wi = Niqe ,  u;i; = 0u;/0X; = B,;0qe.

FEM force vector

==

P’iL&U = {/ [—S}I;V Bz'j — szz] dA — / [tzNz] dS} Jde
A, 7 O0A.

(P, Au)du = (Aq,)”

O*W
Lijii (F)

A

0qe¢

92W
- B, | dA
TOF,;;0Fy, kl] }

= F) :
8F@J({9Fkl( )7

tan

\

FEM tangent stiffness matrix

gent moduli

NOTE: W(F) not convex in ¥ — A4 L;,, (F) 4;, sign depends on A (arbitrary)
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FINITE STRAIN ELASTICITY - 2D &é

Finite strain elasticity: W(F) cannot be convex in F (otherwise all nonlinear
elasticity problems would have had a unique solution)!

However W(F) has to be rank-one convex (elliptic system of incremental
equations) 1n order to avoid the appearance of discontinuous solutions)

definition : [ f] = f» — fa

normal N equilibrium : N - [IT] =0
tangent S

kinematics : [F]-S=0 = [F]=A&®N

a discontinuity line

constitutive : I = L : F (recall - II = %—2{)

O*W
OFOF
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MEC 557 — FINITE ELEMENT METHOD IN SOLID MECHANICS Mﬂé

POWERFULL CODES PRODUCE NICE PICTURES, BUT
1. Need to know the code behind them!

2. You need to understand your model! Very frequently the code
gives correct results but you are unable to interpret them...

3. In linear problems with constraints or higher order displacement
gradients you must avoid locking phenomena (underintegrate)

4. In nonlinear problems solutions not unique! attention to
buckling and localization phenomena (mesh-dependence)!

5.|Goal of the class to help you understand mechanics and how
we translate the mathematical model to a functioning algorithm
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MEC 557 — FINITE ELEMENT METHOD IN SOLID MECHANICS M

TWO IDEAS | WANT YOU TO REMEMBER:

1.Need to know the code behind FEM packages you use!

2.Understand your mechanics very well!

THANKS FOR TAKING THIS CLASS, ALWAYS AT YOUR

DISPOSAL IF YOU ARE INETERESTED IN THIS MATERIAL!
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