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TOPICS COVERED IN THIS LECTURE 

 
1.  ISOPARAMETRIC QUADS AND HIGHER ORDER ELEMENTS IN 2D 

2.  BEAM EXAMPLES USING DIFFERENT 2D ELEMENTS  

3.  NUMERICAL INTEGRATION IN 1D AND 2D 

MEC 557 – FINITE ELEMENT METHOD IN SOLID MECHANICS 
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QUADS AND HIGHER ORDER ISOPARAMETRIC ELEMENTS 

 ISOPARAMETRIC QUADS AND HIGHER ORDER ELEMENTS 
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS 
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Isoparametric quadrilateral element (quad) 
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS 

Shape functions NI(ξ1, ξ2) and 
coordinate transformation matrix 
J for 4-node isoparametric quads 
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS 

Recall definition 
of matrix 

A 
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Recall definition of matrix 

FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS 

G 
qe 
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FEM IN 2D: ISOPARAMETRIC 4-NODE QUAD ELEMENTS 

Element stiffness matrix: ke 

Element force vector: fe 
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD ELEMENTS 

Shape functions must satisfy: NI(ξ1
J, ξ2

J)=δIJ 
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD ELEMENTS 

Recall quadratic Lagrangian  
functions Li(ξ)  in interval [-1,1] 

 
Shape functions are products: 

NI(ξ1, ξ2)=Li(ξi) Lj(ξ2)  

1

L1(x) L2(x) L3(x) 

ξ =-1 ξ =0 ξ =1 
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD ELEMENTS 
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Disadvantage of 9-node quad elements: needless increase of bandwidth 
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FEM IN 2D: ISOPARAMETRIC 9-NODE QUAD DISADVANTAGE 
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Way to eliminate internal nodes: static condensation 

FEM IN 2D: STATIC CONDENSATION 9-NODE TO 8-NODE 
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Change element 
stiffness & force of 
boundary nodes by: 

Equilibrium equation for node 9 solved immediately 
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FEM IN 2D: ISOPARAMETRIC 8-NODE QUAD ELEMENTS 
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FEM IN 2D: ISOPARAMETRIC 8-NODE QUAD ELEMENTS 

Shape functions of node I are products of line equations with remaining nodes 
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FEM IN 2D: ISOPARAMETRIC 6-NODE TRIANGLES 

Shape functions of node I are products of equations avoiding that node 
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BEAM EXAMPLES USING DIFFERENT 2D ELEMENTS 

 BEAM EXAMPLES USING DIFFERENT 2D ELEMENTS 



Page 17 MEC557 – THE FINITE ELEMENT METHOD IN SOLID & STRUCTURAL MECHANICS – LECTURE 4 

CANTILEVER BEAM SUBJECTED TO END LOAD 

2h = 0.1 

L = 1 
F = 1 

N: axial force 

M: bending moment 

V: shear force 

Problem will be solved using different elements in 2D 
 

Analytical solution found with the help of Airy’s stress 
function satisfies average equilibrium conditions at each end, while 

FEM solution considers correct boundary conditions (all nodes 
fixed at left, have forces applied at right)  

 
Analytical solution correct away from boundaries (boundary layers)  
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FEM solution of cantilever beam showing end effects 
CANTILEVER BEAM SUBJECTED TO END LOAD 
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CANTILEVER BEAM SUBJECTED TO END LOAD 

Airy stress function has correct axial, shear forces and moment at ends 

Left: (x1=0) 
 

N = 0 
 

V = 1 
 

M = L 
 

Right: (x1=L) 
 
 

N = 0 
 

V = 1 
 

M = 0 
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CANTILEVER BEAM SUBJECTED TO END LOAD 

FEM solution using 4 4-node quads 
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CANTILEVER BEAM SUBJECTED TO END LOAD 

FEM solution using 16 4-node quads 
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CANTILEVER BEAM SUBJECTED TO END LOAD 

FEM solution using 64 4-node quads 
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CANTILEVER BEAM SUBJECTED TO END LOAD 

FEM solution using 4 8-node quads 
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CANTILEVER BEAM SUBJECTED TO END LOAD 

stresses at x1/L=l=1/4 
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CANTILEVER BEAM SUBJECTED TO END LOAD 

stresses at x1/L=l=1/2 

Analy&cal	  solu&on	  

quadra&c	  element:	  1	  layer	  
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CANTILEVER BEAM SUBJECTED TO END LOAD 

stresses at x1/L=l=3/4 

Analy&cal	  solu&on	  
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

2h = 0.1 N: axial force 

M: bending moment 

V: shear force L = 1 
p = 1 

Beam is simply supported at each end.  
Due to symmetry only half needs to be modeled. 

 
Analytical solution found with the help of Airy’s stress 

function satisfies average equilibrium conditions at each end,  
while FEM solution considers correct boundary conditions   
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

FEM solution of simply supported beam showing end effects 
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

FEM solution using 4 4-node quads 



Page 31 MEC557 – THE FINITE ELEMENT METHOD IN SOLID & STRUCTURAL MECHANICS – LECTURE 4 

SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

FEM solution using 16 4-node quads 
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

FEM solution using 64 4-node quads 
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

FEM solution using 4 8-node quads 
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

stresses at x1/L=l=1/4 

Analy&cal	  solu&on	  
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

stresses at x1/L=l=1/2 

Analy&cal	  solu&on	  
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SIMPLY SUPPORTED BEAM SUBJECTED TO UNIFORM LOAD 

stresses at x1/L=l=3L/4 

Analy&cal	  solu&on	  

�11 ⇠ 3p

4

x2

h

x1

L

⇣
x1

L

� 2
⌘✓

L

h

◆2

�22 =
p

4

⇣
x2

h

� 2
⌘⇣

x2

h

+ 1
⌘2

�12 = �3p

4

✓⇣
x2

h

⌘2
� 1

◆⇣
x1

L

� 2
⌘
L

h

!

!

!

!

!

!

!

!

!

!

!

!

!

!200 200

!0.05

0.05 y

�11

!

!

!

!

!

!

!

!

!

!

!

!3

!0.05

0.05 y

�12

!

!

!

!

!

!

!

!

!

!

!

!1 1

!0.05

0.05

�22

y

�11 =
3p

4

✓
L

h

◆2
x2

h

⇣x1

L

⌘2
� 1

�
+O(1)

�12 =
3p

4

✓
L

h

◆⇣x1

L

⌘
1�

⇣x2

h

⌘2
�

�22 =
p

4

⇣x2

h

⌘3
� 3

⇣x2

h

⌘
� 2

�



Page 37 MEC557 – THE FINITE ELEMENT METHOD IN SOLID & STRUCTURAL MECHANICS – LECTURE 4 

NUMERICAL INTEGRATION IN ISOPARAMETRIC ELEMENTS 

 NUMERICAL INTEGRATION IN 1D AND 2D 
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NUMERICAL INTEGRATION IN 1D ELEMENTS 

Weights quadrature points remainder 

accuracy order  
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GAUSSIAN INTEGRATION (QUADRATURE) IN 1D 

Gaussian quadrature of 1, 2 and 3 points 
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GAUSSIAN INTEGRATION (QUADRATURE) IN 1D 

General Gaussian quadrature of nI points is 2nI accurate 
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GAUSSIAN INTEGRATION (QUADRATURE) IN 2D 

General Gaussian quadrature in 2D uses master element 

ξ2 

ξ1 
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2) = (1/√3,1/√3) 

A 2×2 Gauss integration 
uses grid points with 

coordinates and weights 
taken from 1D 




