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Onelayer | ndentation::usage = "

Onelayer | ndentation[ depthslist, {punchform punchvariables}, material, ndiscret] conputes t
dept hs given as depthslist and returs a list containing in each el ement:

{depth, indentation force, contact radius, relative contact radius, relative contact nodul

Punchf or s:

flat punch - {Flat, contact radius}

bl unted cone - {Rock, angle, radius}

coni cal indentor - {Cone, angle}

spherical indentor - {Hertz, sphere radius}

where Flat, Rock, Cone, Hertz are the correspondi ng strings
Material = {E1,nyl, E2, ny2}

ndi scret = {nequation, nkernel} - are the natural nunbers describing the degree discretizat
and of the kernel of the Fredhol mintegral equation

Mul ti Layer | ndentation::usage = "

Mul ti Layer |l ndentation[ depthslist, {punchform punchvariables}, material, ndiscret] computes
dept hs given as depthslist and returs a list containing in each el ement:

{depth, indentation force, contact radius, relative contact radius, relative contact nodu

Punchf or ns:

flat punch - {Flat, contact radius}

bl unted cone - {Rock, angle, radius}

coni cal indentor - {Cone, angle}

spherical indentor - {Hertz, sphere radius}

where Flat, Rock, Cone, Hertz are the corresponding strings
Material =

ndi scret = {nequation, nkernel} - are the natural nunbers describing the degree discretizat
and of the kernel of the Fredhol mintegral equation

GaussStuff::usage = "
GaussStuff [n]

Provides a |ist{ gausspoints, gaussweights} on the Interval [-1,1] coressponding
to the Roots of a LegendreP polynom al of order n

GaussStufflnterval ::usage = "
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GaussStufflnterval [n, {a,b}]

Provides a |ist{ gausspoints, gaussweights} on the Interval [a,b] coressponding
to the Roots of a LegendreP polynom al of order n "

CGaussl ntegrate: :usage = "
Gausslntegrate[ f , {a,b}, n ]

Nurerically integrates the function f on the Interval [a,b] using a sumover the gausspoint
with the gausswei ghts provided by the roots of a LegendreP polynom al of order n

n

NLi near Sol ve: : usage = "
NLi near Sol ve [m f ]

gives the solution of the linear equation m. x = f
with ma matrix and f a vector

Begi n["Mul ti Layer|Indentation Private "]

(» Gauss - Legendre integration on arbitrary interval «)

GaussStuff [n_] : = GaussStuff [n] = Modul e[{ gausspoi nts, gausswei ghts},
DLP[x_] = D[ LegendreP[n, x] , X];
gausspoints = Tabl e[Root [ Function[y, LegendreP[ n , y 17, i7],{i,1,n}7;
gausswei ghts = Map[Function(x,2 / (1 - x"2) / DLP[x]"2] , gausspoints];
N[ {gausspoi nts, gausswei ghts}, Machi nePreci si on]
]

GaussStufflnterval [n_, interval _List] := GaussStuffinterval [n, interval] =

Module[ {b = interval [[2]], a = interval [[1]] } ,

{Map[Function[x,a + 0.5 (b - a) (x + 1)],GussStuff [n][[1]]] ,

0.5 (b - a) GaussStuff [n][[2]]}
]

Gausslntegrate[ f_ , interval _List, n_lnteger ] :=
Module[ {b = interval [[2]], a = interval [[1]] } ,
gausspoints = GaussStufflnterval [n, {a, b} J[[1
gausswei ghts = GaussStufflnterval [n, {a, b}][]
Map[ f, gausspoints ] . gaussweights ]

11:
2]1;

NLi near Sol ve = Conpile[{{m _Real, 2}, {f, _Real, 1}},
Li near Sol ve[m f ]]

OnelLaverlndentationfdlist ?ListQ punch ?ListQ bimat ?ListQ ndiscret ?ListQ] : =
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Modul e[ {a, P, d, v, aovergamm, f, Pstar, results = {},
al, a2, bl, b2, k1, k2, bet a,
mul, mi2, E1, nyl, E2, ny2,
B1, B2, B3, B4, B5, B6, C1, C2, C3, ¢4, C5,
mat , mat f, nyK, nyKf, H, g},

El=bimat [[1]]; nyl=bimat [[2]]; E2=bimat [[3]]; ny2=bimat [[4]];

bond = bimat [[5]];

nequation = ndiscret [[1]];
nkernel = ndiscret [[2]]

(+ Construction of g )

mul = E1/2/(1+nyl); mu2 = E2/2/(1+ny2); eta=a2 mul/ al/ mu2;
beta = mul/nu2; beta2 = beta”2; beta3 = beta”3
al = 1-nyl; bl = 1-2xnyl; k1l = 3-4xnyl;

a2 = 1-ny2; b2 = 1-2xny2; k2 = 3-4xny2,
Bl = 4xal+a2x (1l+b2«beta)«beta;
B2 = -1-3xb2x«beta+ (k2-2+b272) xbet a2+b2+k2+«bet a3;
B3 = 2xa2x (1+2+kl+2+xb2«kl«beta+k2«beta”2) «beta
B4 = kl1+(-b2+2«b2+kl+4xalxa2)«beta+ (kl+d4xal«a2+k2+2+xb1+b2"2) xbet a2+b2+k2+«bet a3;
B5 = -1-(1+4xb2)«beta+ (1-2+b2)«k2«beta2+k2"2x«bet a3
B6 = kl1+(1+2xklxk2)«beta+ (k2+4xa2+b2+kl+16xalxa2”2+2xb1xb272) xbeta2+k2"2+«bet a3;
Cl = 4xal”"2« (1l+b2xbeta);
C2 = 1+3«b2xbeta- (k2-2+b272) xbet a2-b2«k2xbet a3
C3 = k1-(1-2xkl)«b2xbeta+ (k2+16+alxa2”2+2+xb1+b272) «bet a2+b2+k2+bet a3;
C4 = 4xal”2+4+alx (2+a2+alxk2) sbet a+8+al+a2«blxbet a2
C5 = 1+(k2+2+b2) «beta- (1-2xb2) «k2«bet a2-k2"2«bet a3
Swi tch[ bond,
" Bound", (= Perfect Bounded |ayer «)
g Conpile[{{w, _Real }},

1 - ((B1 + B2 w+ B3 Sinh[w]"2 ) Exp[
+ (B4 + B5 w+ B6 Sinh[w]j"2 ) Sinh{w] ) /
((ClL + C2 W2 + C3 Sinh[w]*2 ) Exp[ -w] +
(C4 + C5 w2 + B6 Sinh[w]”2 ) Sinh[ w] )]

- w ]

"Slide", (» Frictionless adhesion «)
g = Conpile[{{w, _Real}}, 1 - (Sinh[w]"2 +
eta (w +Sinh[w]Cosh[w]))/ (w+ Si nh{w]Cosh[w] +
eta (Sinh[w"2-w*2) ) 1,

E}int["Bad word for Bound or Slide"];Abort []
1

(» Ternms depending on the formof the punch «)

Switch[ punchf[117,
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"Flat", f = 1 &
aovergamm : = 1,
Pstar := P / 2 /d /a,

"Cone", f =1 - punch[[2]] 0.5 Pi aa &t / d &
aoverganma := 2 d / punch[[2]] / Pi;
Pstar := P punch[[2]] Pi /2 /d"2,

"Hertz",f = 1 - aa”2 &2 punch[[2]]/ d &
aoverganma : = (d/punch[[2]])70.5;
Pstar := 0.75 P (punch[[2]]/d"3)70.5,

"Rock", f =1 - aa®2 a2 punch[[2]] / punch[[3]] /d
(1 +1f [ aa & - punch[[3]] < 0, O,
punch[[3]]/aa/t ArcCos[ punch[[3]] / aa / © ]
- (1- (punch[[3]] / aa / # )*2 )*0.5 ] ) &
aovergamua : = 2 d/punch[[2]]/Pi;
Pstar : = P punch[[2]] Pi /2 /d"2,

Print ("Bad word for Punch, i.e Flat, Cone, ... "];Abort[]
IN
Fla_, d_] := Map[ f /. aa ->a, gp ] ;

(« computing function giving the matrix
of the coated hal fspace «)

{gp03, gw03} = GaussStufflnterval [nkernel, {0, 3} 7I;
{gp310, gW310} = GaussStufflnterval [nkernel, {3, 10} J;

nyK = Map[ a g[#] Cos[a u #] &, gp03 ] . gwi3 +
Map[ a g[#] Cos[a u #] &, gp310 ] . gwslO0 ;
nyKf = Evaluate[nyK /. u -> Plus[#l, #2] ] &

{gp, gw} = GaussStufflnterval [nequation, {0, 1}];

matf = ldentityMatrix[nequation] -
1/ Pi I nner [ Tines,
Quter[ nyKf , gp , -gp ], gw,
List] -
1/ Pi I nner [ Tines,
Quter [ mykf , gp , gp ], gw,
List7;

mat = Conpile[ {{a, _Real}}, Evaluate[ matf] J;

Hia_, d_] :=
NLi nearSolve[ mat[ a ] , F[a, d ] 1;

(«Choosi ng of a contact radius a.
Resol ution of the integral equation.
Verification of the value of the contact radius (signmazz=
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O0in a for all indenters except the flat punch) ;)
(« For every indentation depth given in "dlist" )

num = Length[dlist7];

If [punch[[1]] == "Flat",
(

result = Timng]
Tabl e[
d=dlist{[jl];
¥y =1, a = punch[[2]];

(» Pis found for each d by integration x)
{d,
2 El / (1 - nyl"2) a d H[a,d] . gw}
o {1, nump]l;
)

(
result = Timng[

Tabl e[

d=dlist[[j]];

(» Finding of the contact radius : resolution of H[a,d][]
nequation]]==0 through di chotom c search x)

a0 = 0.8;

b0 = 1.2;

Wi | e[Abs [H[a0 aoverganma, d][[nequation]]] > preci,

c = (a0 + b0)/2;
I f [H[c aovergamma, d][[nequation]] > 0, a0 = c, b0 = c]];

¥y = a0; a = y aoverganmms;
(« Pis found for each d by integration «)

P-2El/ (1 -nyl*2) ad Had] . gw

{(dlist[[j]],P a, vy, Pstar}
o {1, numpjl;
)
I
result [[2]]
]

Mul ti Layer | ndentation[depl _?ListQ punch_7?ListQ nmaterial _?ListQ ndiscret_7?ListQ]
Module[{a, P, d, vy, aoverganmma, f, Pstar, result,
a0, b0, c, Reglenu, Reglemu, Regleh, x, i, A5, A6,
RH, R, Al, A2, A3, A4, Hl, H2, H3,
H, v, vf, u, uf, h, hf, mat, matf, nyK nyKf, H
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k, g, Im Ihc,'n, preci, aux, aa, nun{ gp,'gma gpK, gwK, nequation
nkernel, F, NLinearSolve, u},

n = Dinmensions[material [[1]]][[1]] - 1;
(» Initialization of the rules affecting the values of the paraneters according to the ing

Regl enu =

Thread[ Append[Table[v[i], {i, n}], vf] -> material [[1]]];

Regl emu =

Thread [Append[ Table[u[i], {i, n}], wuf] ->
material [[2]]];

Regl eh =

Prepend [Append[ Thread[ Table[h[i], {i, n}] -> material [[3]] ]
hf -> Last [material [[3]]]], h[0] -> 0. 7;

preci = 107-5
(« Equations for the last interface «)

RH = {1/(2 uf (-1 + v[i])) Sinh[x (hf = h[=1 + i])]"2 (-uf (A6 +
A5 (2 + hf X - 2 vf)) + uf (AD + AB +
A5 hf X -
2 A5 vf) Coth[a (hf - h[-1 + i])] + (A6 +
A5 hf X - (A6 +

A5 (3 + hf X - 4 vf)) Coth[{x (hf -
hi-1 +i1)]) uli]),
1/(2 uf (-1 + v[i])) Sinh[x (hf -
hi-1 +i71)]"2 (-uf (A5 + A6 + A5 hf X -
2 A5 vf) + uf (A6 +
A5 (2 + hf A - 2 vf)) Coth[x (hf -
h[i-1 +i])] + (A6 +
A5 (3 + hf Xx - 4 vf) - (A6 +
A5 hf 2) Coth[a (hf - h[-1 + i1)]) ul
i1), 1/(2 uf (=1 + v[i])) Sinh[x (hf — h[=1 + i]1)]72 (uf (hf X (A5 + A6 +
A5 hf X - 2 A5 vf) + (A6 (3 - hf ) +
A5 (3 - 6 vf +
hf X (1 - hf X +
2 vf))) Coth{x (hf - h[-1 +i])] -
4 (A5 + A6 + A5 hf X -
2 A5 vf) Coth[x (hf - h[-1 +i])] v]
i1) + oul
i] (A6 (2 - hf A) -
A5 hf X (1 + hf X -
4 vfy + (A6 (-1 + hf ) +
A5 (-3 + hf X (-1 + hf X) +
4 vf)) Coth[a (hf - h[-1 +i])] +
2 (-A6 -
A5 hf X + (A6 +
A5 (3 + hf Xx - 4 vf)) Coth[{x (hf -
hi-1 +i1)]) v[ii1)),
1/(2 uf (-1 + v[i])) Sinh[x (hf = h[-1 + i])] (-hf x uf (A5 + A +
A5 hf X -

2 A5 vf) Coshix (hf -
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2v[i]) (3 +4vL+il)N
I'm = Table]
Normal [ ( (CoefficientArrays]
RI /. 1 ->1 /. Reglenu /. Reglenmnu /. Regleh, {AL[l + 1],

A271 + 17, A3[l + 1], ATl + 113])[1211)]
{1, n - 1y

(» Construction of the list of the change of |ayer matrixessx)
I'm = Append[l m
Nor mal [ (CoefficientArrays]

RH /. i ->n /. Reglenu /. Reglemu /. Regleh, {A5 A6}])[[
21110

Imc = Map[ Conpile[{{A, _Real}}, Evaluate[#]] & Im7J;
(= Product of the change of |ayer matrixes x)
kil _] := Dot e@ Map[ [l ] & Inc];

(» Definition of lanbda -> g (Il anbda/hl) «)

glll _?NunericQ] := ( aux = k[1/(h[1] /. Regleh)=«ll];
1 + (-aux[[3, 1]] aux[[l, 2]] +

aux[[1, 1]7] aux[[3, 2]])/(aux[[4,
1]]*(aux[[1, 2]] - aux[[3, 2]] -
2 v[1] aux[[1, 2]]) + (aux[[4, 2]] +
2 aux[[2, 2]] (v[1] - 1)) (aux[[3, 1]] +
aux[[1, 17] (2 v[(1] - 1)) -

2 aux|[[2,
1171 (v[1] - 1) (aux[[3, 2]] +
aux[[1, 2]] (2 v[1l] - 1))) /. Reglenu);

(« Terms depending on the formof the punch x)
Switch[ punch[[1]],

"Flat", f =1 &
aovergamm : = 1;
Pstar := P / 2 /d /a,

"Cone", f =1 - punch[[2]] 0.5 Pi aa &t / d &
aovergamma := 2 d / punch[[2]] / Pi;
Pstar := P punch[[2]] Pi /2 /d"2,
(» punch[[2]] is the cotangent of the sem -
api cal angle of the cone, in radians! «)

"Hertz", f =1 - aa™2 o2 punch[[2]]/ d &;
aovergama : = (d/punch[[2]])70.
Pstar := 0.75 P (punch[[2]}/d"3)"0 5,
(+ punch[[2]] is the inverse of the radius of the sphere x)
"Rock", f =1 - aa™2 #"2 punch[[2]] / punch[[3]] /d
(1 + 1f [ aa & - punch[[37] < 0, O,



punch[[3]]/aa/tt ArcCos[ punch[[3]] / aa / © ]
- (1 - (punch[[3]] / aa / & )"2 )"0.5

aoverganmma : = 2 d/punch[[2]]/Pi;

Pstar := P punch[[2]] Pi /2 /d"2,

Pri_,nt ["Bad word for Punch, i.e Flat, Cone, ... "]; Abort[]
N

(» Construction of the integral equation in discretized form )

nequation = ndiscret [[1]]; nkernel = ndiscret[[2]];
NLi near Sol ve = Conpile[{{m _Real, 2}, {f, _Real, 1}},
Li nearSolve[m f]7;

(« F represents the shape of the indenter «)

Fla, d_] := Mvap[ f /. @aa ->a, gp ] ;

(» Integration of g (lanbda) to get K (u) «)
{gpK, gwK} =
GaussStufflnterval [nkernel, {0, 5} 7J;

myK = Map[ a g[#t] Cos[a u #] &, gpK ] . gwK;
nmyKf = Evaluate[nyK /. u -> Plus[#l, #2] ] &

(» Construction of the matrix for the discretized Fredhol mintegral

equati onx)
{gp, gw} = GaussStufflnterval [nequation, {0, 1}];

matf = ldentityMatrix[nequation] -
1/ Pi I nner [ Tines,
Quter [ nyKf , gp - agp ], gw,
List] -
1/ Pi I nner [ Tines,
Quter [ mykKf , gp |, gp 1, gw,
List];

mat = Conpile[ {{a, _Real}}, Evaluate[ matf] J;

Hia_, d_] :=
NLi nearSolve[ mat[ a ] , F[a, d ] I;

(»Choosi ng of a contact radius a.

Resol ution of the integral equation.

Verification of the value of the contact radius (sigmazz=
0 in a for all indenters except the flat punch) x)

(« For every indentation depth given in "depl" x)

num = Lengt h[depl ];

If [punch[[1]] == "Flat",
(

]

)

&;

\

MultiLayerIndentation.m
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result = Timng[
Tabl e[
d = depl [[j]];
y = 1; a = punch[[2]];

(» Pis found for each d by integration x)
{d,
4xu[1]7 / (1 - v[1l]) a d H[a, d] . gw /. Reglenu /.
Regl emu}
o i 1, numpll;
)
(
result = Timng]

Tabl e[

d = depl [[j]1];

(+ Finding of the contact radius : resolution of H[a,d][[
nequation]]==0 through di chotom c search x)

a0 = 0.8§;

b0 = 1.2;

Wi | e[Abs [H[a0 aovergamma, d][[nequation]]] > preci,

c = (a0 + b0)/2;
| f [H[c aovergamm, d][[nequation]] > 0, a0 = c, b0 = c]];

y = a0; a = y aoverganmmg;
(» Pis found for each d by integration »)

P =4%u[l] 7/ (1 - v[1]) a d H[a, d] . gw /. Reglenu /. Reglenu;

{depl [[j]11,P, a, vy, Pstar}
o {is 1, numy]l;
)
13
result [[2]]

}

End[ ]; (» "MuliLayer!|ndentation Private’

-
Attributes
Attributes
Attributes
Attributes
Attributes
Attributes
Attributes
Attributes

GaussStuff] = {ReadProtected};
GaussStufflinterval ]| = {ReadProtected};
Gausslnterval | = {ReadProtected};
Gausslintegrate] = {ReadProtected};
Lagrangel nterpol ation] = {ReadProtected};
OnelLayer | ndentation] = {ReadProtected};
Mul ti LayerIndentation] = {ReadProtected};
NLi near Sol ve] = {ReadProtected};

(*
Prot ect [GaussSt uf f, GaussSt uf f I nt erval , Gaussl nt erval , Gaussl nt egr at e, Lagr angel nt er pol ati on];
*)

Pr ot ect [OneLayer | ndentation, MiltilLayerlndentation];

EndPackage | ]



