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a b s t r a c t

The aim of this paper is to propose a lifetime prediction method for threaded connections. The example
discussed here is a drillstring connection used in the oil and gas industry. The method is based on a
mechanical analysis performed either with finite elements or a closed-form solution described in a com-
panion paper, and a fatigue analysis using the Dang Van criterion which has been extended to finite life
domain. The mechanical analysis provides the stabilized stress path and the fatigue analysis provides the
fatigue life. Fatigue tests have been performed on small scale threaded connections in order to validate
the methodology. The comparisons with the predictions show the difficulties to estimate the fatigue life
on structures presenting high stress gradient due to scale effects.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Stress concentrations in structures submitted to cyclic loading
are frequently the sites of crack initiation. In particular structures
presenting notches, such as tubes or threaded assemblies, exhibit
a strong risk of High Cycle Fatigue. For the oil and gas industry Hill
[1] reported that 65% of the drillstring failures can directly be
related to fatigue phenomena. One can trace the history and the
interest in this domain with a finite element analysis of the con-
nection [2] and the recent presentation of real size fatigue rig [3].
Although a series of recent works have focused on fatigue of
notched specimen [4–6] or on the stress distribution in connec-
tions [7–9], the complete problem of the lifetime prediction proce-
dure ranging from the determination of loading to the prediction of
fatigue life has not been a definitive answer so far.

The fatigue design methodology for structures can generally be
separated into two different steps: a mechanical analysis and a
fatigue analysis. The mechanical analysis is performed in order to
compute the stabilized cycle of the multiaxial stress field R, i.e.
the elastic or plastic shakedown state of the structure. This analysis
can take into account the cyclic plasticity encountered in the stress
concentration zones and can be performed with different tools
such as finite elements method [10,11] or analytical and semi-
analytical solutions [12–14].

The fatigue analysis is then performed to compute the number
of cycles before failure, denoted as a macroscopic crack initiation.
Depending of the elastic or the plastic shakedown state of the
structure, different damage states will occur and appropriate
criteria can be applied. Let us cite as examples the the energetic
approach [15,16] for Low Cycle Fatigue (LCF) or the critical plane
approach [18–20,17] for High Cycle Fatigue (HCF). It is important
to mention that most of these fatigue criteria are not suitable for
structures presenting high stress gradients, since they are based
on a fatigue reference curve on smooth specimen. This problem
has been tackled using approaches available for engineers which
takes into account the notch effect such as the critical distance or
volume approaches [21–26].

The present work is to present a global design methodology.
The study presented here will focus on the computation of the
stress field induced in the threaded connection and the application
of both the Dang Van fatigue criterion [17]. A similar work has
been already presented in [27] which focuses on fatigue lifetime
of bolt with the application of the Dang Van criterion. The present
approach is based on smooth specimens rather than directly on the
bolts. The novelty with respect to bolts is the introduction of the
prestress due to the make up torque. The step by step methodology
permits to include further effects in the fatigue computation like
the notch effect, a gradient effect, etc. as presented in the preceding
paragraph and also to adapt the procedure to similar structures or
different materials.

We discuss two different methods for the computation of the
shakedown cycle under cyclic loadings: one based on the finite
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element method in the elastoplastic regime and one based on the
closed-form solution [28,29] in the elastic regime. The Dang Van
fatigue criterion initially defined in infinite life domain are ex-
tended to finite lifetime based on simple considerations. Finally fa-
tigue tests on small scale threaded connection are performed to
assess the accuracy the fatigue methodology presented here.

2. The studied structure

The present a lifetime prediction procedure for drillstrings as
employed in the oil and gas industry, which is a threaded assembly
of tubes as illustrated in Fig. 1. The drillstrings have a length of sev-
eral kilometers and a diameter of the order of 10–30 cm. The roots
of the threaded assemblies are characterized by a radius of some

millimeters. One can easily remark that the global problem of fati-
gue of this drillstring encompasses several length scales:

� the scale of the drillstring associated with a rod model in order to
represent the complete dynamics of the drillstring considering
the control and cutting problems. The main variables are
here the generalized stresses in the rod: the tension T, the
torsion C and the bending moment M, which are functions of
the curvilinear coordinate along the drillstring.
� the scale of the tool-joint associated to a model where the

contact and the plasticity occurring in the connection are taken
into consideration. The macroscopic stress field is the main
parameter at this scale.
� the scale of the grain of metal associated to the mesoscopic stress

field, where the macro-meso passage may be provided for
example by the Dang Van fatigue criterion.

The present work will only address the last two scales. The
determination of the generalized stresses at the scale of the drill-
string is in itself which can solved using so-called torque and drag
models [30]. The following discussion will focus only on the tool-
joint because it has been reported that this is the preferential site
of crack initiation in drillstring [31].

Determining the macroscopic stress field induced by the cyclic
loading on the components of the drillstring based on the general-
ized stresses may be very complicated without finite element
method. For components presenting geometries such as sharp or
blunt V-notches, the computations can be dealt with analytical
tools [12–14]. Nevertheless, the difficulty arises when the compo-
nent is a threaded assembly. Indeed, one has to take into account
not only the complex geometry of the threads but also the contact
between the pin and the box, i.e. the male and female parts of the
assembly, as well as the plasticity induced by stress concentrations.

It is important to notice that the stresses at the scale of the con-
nection are determined both by the global loads and the Make-Up
torque Cup. The Make-Up torque represents the tightening torque
applied on the connection which ensures a good fit between the
male and female pieces. Its roles are the transmission of the torque
to the drillbit and sealing of the inner tube and avoid leakage of the
drilling mud. We will further remark that it plays an important role
on the fatigue life of the connection.

3. Mechanical analysis

The main results presented in this section are based on a closed-
form solution dedicated to the estimations of the stress field at par-
ticular points of a threaded connection. However some parameters
of this solution can only be determined from results of finite ele-
ment computations of a threaded connection; stress localizations
and the contact between the two parts of the assembly, i.e. pin

Nomenclature

LET Last Engaged Thread
FET First Engaged Thread
R macroscopic stress field (scale of the connection)
s mesoscopic shear stress (scale of the grain of metal)
P hydrostatic pressure
aN, bN parameters of the Dang Van criterion
N number of cycles to initiate a crack
Cup Make-Up torque
f friction coefficient
Qup resultant of the contact pressure at the shoulder due to

the Make-Up torque

Rup minimum uniform applied stress at loss of contact at
the shoulder

Kt
ZZ axial stress concentration factor for tension loading

Kf
ZZ axial stress concentration factor for bending loading

T tension loading
M bending loading
Q resultant of the normal contact pressure at the shoulder
Fi resultant of the normal contact pressure at the thread i

(a)

(b)

Fig. 1. Description of a drillstring: (a) drillstring components and (b) picture of the
pin part of a tool-joint.
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and box, allowing the modelling of the influence of the Make-Up
torque on the stress field.

The presentation starts with a complete finite element analysis
of the threaded assembly and ends with the closed-form solution.

3.1. Finite element computations

The finite element model of the threaded assembly has been
developed in the commercial code Abaqus [32]. Two kinds of mod-
els have been used: (i) an axi-symmetric one for the case of tension
and compression loading T and (ii) a 3D model for the case of bend-
ing loading M. The axi-symmetric model is composed of about
42,000 elements including 1900 for the contact and the 3D model
has 58,000 elements which 6100 are devoted for the contact. The
computing time ratio was 1:10 between the two models. Both
models neglect the helix angle of the threads, which is a reasonable
assumption, as for instance explained in [50]. Alternative solutions
involving 2D harmonic models could also have been used to deal
with bending loading and would have diminished the computa-
tional time. The mechanical cyclic behavior of the steel 4145H
(or steel 42CrMo4) constituting the tool-joint has been modeled
with an elastoplastic law with a linear kinematic hardening:

_a ¼ H
rY

r� a
� �

_eeq
p ð1Þ

where rY is the yield limit, a is the residual plastic stress field, H is
the kinematic hardening modulus and _eeq

p is the equivalent plastic
strain rate. This type of behavior has shown good agreement with
respect to uniaxial cyclic tension test [28]. Without discussing the
complete solution at this point, let us simply remark that after five
cycles the structure reached an elastic shakedown state. This infor-
mation will show up to be essential for the application of the fatigue
criteria.

The Make-Up torque has been simulated by overlapping the pin
and the box at the level of the shoulder in the beginning of the
computation. The contact algorithm will determine contact pres-
sures to reduce the overlapping gap to zero. The Make-Up torque
is deduced from the contact pressures and the measured friction
coefficient f = 0.1. This type of connection models have been used
previously and its accuracy with respect to experimental measure-
ments has been assessed in [11,7], and also more recently for steel/
aluminum connections in [51]. The reported friction coefficient
varied between 0.08 for steel structures in [11] to 0.13–0.39 for
steel–aluminum structures in [51].

The finite element computation have shown that the maximum
stress field is always located either at the root of the Last Engaged
Thread of the pin (LET) or at the root of the First Engaged Thread of
the box (FET), as shown in Fig. 2, for tension and bending loadings,
which matches results from the literature [33,9,34].

3.2. Closed-form solutions

Although the FEM computations are useful for the precise rep-
resentation of real geometry of the connection as well as the
non-linearities introduced by the contact and the plasticity, they
are time consuming. Therefore, for the purpose of a fatigue analy-
sis, we propose an semi-analytical solution devoted to the compu-
tation of the local stress field with the use of an equivalent
mechanical model.

Recently, a set of closed-form solution devoted to the computa-
tion of the elastic stress field for a tube presenting an internal or an
external circumferential notch has been proposed in the compan-
ion paper [29]. In this section, we develop an adaptation of this
solution to determine locally the stress field within a threaded
connection.

The solution presented in [29] shows some limitations with re-
spect to the dimensions of the notched tube. In this purpose, we

(b)

(c)

(a)

Fig. 2. Critical points of the threaded connections: (a) geometry of a threaded connection; (b) root of the First Engaged Thread of the box; (c) root of the Last Engaged Thread
of the pin.
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studied the validity of the closed-form solution for various geomet-
rical tubes regarding to a parameter n characterizing the notched
tube geometry. The results show that the solution is applicable if
the parameter n is below a critical value n* contained in the interval
[0.21,0.27]. Concerning threaded connections used in oil and gas
industry, the parameter n is ranging from 0.1 to 0.19 which allows
us to use the closed-form solution for notched tube.

Since only the stresses at the roots of the thread are considered
for the fatigue analysis, one can say that this stress field is princi-
pally driven by the axial stress concentration factor KZZ, which
gives the ratio between the maximum local axial stress and the ap-
plied gross axial stress. It seems then reasonable to perform a
mechanical equivalence between the local stress field at the root
of the LET or FET of the connection and the local stress field at
the root of an external or internal notched tube as it is illustrated
in Fig. 3.

For tension loading, the only forces driving the stress field at the
root of the LET are the tension loading T, the resultant of the nor-
mal contact pressure at the shoulder Q and the resultant F1 of
the normal contact pressure at the LET (see Fig. 3). Thus, the only
forces driving the stress field at the root of the FET are the tension
loading T and the resultant Fn of the normal contact pressure at the
FET , n being the number of thread sections of the tool-joint.

Therefore, invoking the balance of forces on adequate subparts
of the pin and the box, one can write the following equations:

T þ Q þ F1 ¼
Z Ro

Ri
RZZðRÞ2pRdR for the LET ð2Þ

T þ Fn ¼
Z Re

Ro

RZZðRÞ2pRdR for the FET ð3Þ

where Ri, Re and Ro are respectively the internal radius, the external
radius and the notch tip distance of the tube at the level of the con-
sidered thread, as illustrated in Fig. 3. For instance, Eq. (2) can be
obtained by expressing the axial equilibrium of the lower part of
the male part, up to the First Engaged Thread. In order to solve those
equations, one will need the expressions of the resultants Q, F1 and
Fn as a function of the applied loadings. This task has been per-
formed by investigating the influence of the Make-Up torque Cup

on the contact pressures under tension loading with the help of
the numerical model presented before.

The first result of this study deals with the resultant of the nor-
mal contact pressure at the shoulder Q. As depicted in Fig. 4, the
dependence of the resultant Q with the Make-Up torque Cup

approximately follows a bilinear law

Q ¼ Q up 1� Ro
Rup

� �
Ro < Rup

0 Ro > Rup

(
ð4Þ

where Rup is the tensile stress for which the contact is completely
lost at the shoulder, Qup is the resultant of the normal contact pres-
sure at the shoulder induced only by the Make-Up torque Cup and
Ro is the applied uniform stress given by:

Ro ¼
T

STJ
ð5Þ

with

STJ ¼ p R2
E � R2

I

� �
ð6Þ

and where RE and RI are respectively the external and internal
radius of the tool joint (see Fig. 3).

A good estimation of the parameters Qup and Rup is obtained by
the following formula:

Qup ¼
Cup

fRup
ð7Þ

Rup ¼
Q up

Sup
ð8Þ

where the radius Rup represents the mean radius of the pin along
the threads of the connection (see Fig. 3), the parameter f is the fric-
tion coefficient and the area Sup is the cross-sectional area of the
tube and is equal to

Sup ¼ p R2
e � R2

i

� �
ð9Þ

The approximation (7) has been formulated without the influ-
ence of the thread helix and is obtained by computing the torque
due to the resultant acting at the shoulder and the resultant of
all forces acting on the threads. For a more complete formulation,
the reader can refer to [35,11].

The second result refers to the resultants of the normal contact
pressures on the flank of the threads Fi which has already been
studied in [35,11] without the influence of the Make-Up torque.

The Fig. 5 shows for traction loading the distribution of the
dimensionless resultants F i along the threads given by

F i ¼
Fi

up

T
Fi

Fi
up

� Q
Qup

 !
ð10Þ

F up
i ¼

Fi
up

Q up
ð11Þ

Fig. 3. Mechanical equivalence at the root of the LET of the pin: (a) threaded connection and (b) equivalent notched tube.
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where Fi
up is the resultant of the normal contact pressure on the

flank of the threads due to the Make-Up torque only.
One can notice that this distribution is almost independent on

the Make-Up torque value. It has been also verified that it is inde-
pendent of the tensile load and that the contact conditions do not
change. This means that the distribution of the forces is a purely
geometric characteristic of the connection. The loads acting on
the threads for any traction loading T and Make-Up torque Cup val-
ues are computed using the dimensionless parameters F i based on
single load.

Inserting the axial stress component RZZ and the resultants of
the contact pressure Q and F1 into (2) and introducing the axial

stress concentration factor Kt
ZZ leads to the expression of the axial

stress Rmax
ZZ at the root of the LET of the pin for traction loading

Rmax
ZZ ¼

Kt
ZZ

STJ

Sup
ð1þ F 1Þ � 1� F up

1

h i
Ro Ro < Rup

þKt
ZZRup 1þ F up

1

� �
Kt

ZZ ½1þ F 1� STJ

Sup
Ro Ro > Rup

8>>><
>>>:

ð12Þ

where Kt
ZZ is the axial stress concentration factor due to tension

loading and its expression is given in [29].
And similarly inserting the axial stress component RZZ and the

resultants of the contact pressure Q and Fn into (3) leads to the

Fig. 4. Resultant of the normal contact pressure at the shoulder Q as a function of the applied traction loading Ro and the Make-Up torque Cup.

Fig. 5. Load distribution in a threaded connection for traction loading.
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expression of the axial stress Rmax
ZZ at the root of the FET of the box

for traction loading

Rmax
ZZ ¼

Kt
ZZ

STJ

Sup
ð1þ F nÞ � F up

1

h i
Ro þ Kt

ZZRupF up
n Ro < Rup

Kt
ZZ ½1þ F n� STJ

Sup
Ro Ro > Rup

8<
: ð13Þ

For bending loading, the stress field at the roots of the LET of the
pin and the FET of the box is induced by the bending loading M and
the loading due to the contact as Q and F1 for the LET and Fn for the
FET. The part of the stress field induced by the bending loading is
explicitly given in [29] and the part of the stress field induced by
the resultants of the contact pressures is obtained by performing
an analogy between the bending loading and the traction loading.
This analogy is obtained by determining an equivalent traction
loading R�o from a bending loading M given by

R�o ¼
MRE

ITJ
ð14Þ

with ITJ being equal to

ITJ ¼
p
4

R4
E � R4

I

� �
ð15Þ

This axial stress R�o represents simply the maximal axial stress
induced by the flexural moment M at the outer fiber of the tube.

Therefore by invoking the global equilibrium conditions, we
obtain the following equations:

Q þ F1 ¼
Z Ro

Ri
RZZðRÞ2pRdR for the LET ð16Þ

Fn ¼
Z Re

Ro

RZZðRÞ2pRdR for the FET ð17Þ

and

M
4
¼

R Ri
0

R ffiffiffiffiffiffiffiffiffiffi
R2

o�X2
pffiffiffiffiffiffiffiffiffiffi

R2
i �X2

p RZZYdYdXþ
R Ro

Ri

R ffiffiffiffiffiffiffiffiffiffi
R2

o�X2
p
0 RZZYdYdX for the LET

R Ro

0

R ffiffiffiffiffiffiffiffiffiffi
R2

e�X2
pffiffiffiffiffiffiffiffiffiffi

R2
o�X2

p RZZYdYdX þ
R Re

Ro

R ffiffiffiffiffiffiffiffiffiffi
R2

e�X2
p
0 R�ZZYdYdX for the FET

8>><
>>:

ð18Þ

where R�ZZ is the axial stress component induced by the bending
loading on a tube without a notch. Its expression is

R�ZZ ¼
MRe

I
ð19Þ

with

I ¼ p
4

R4
e � R4

i

� �
ð20Þ

Inserting the axial stress component RZZ and the resultants of
the contact pressure Q and F1 into (16) and introducing the axial
stress concentration factors Kt

ZZ and Kf
ZZ , respectively for traction

and bending loading, leads to the expression of the axial stress
Rmax

ZZ at the root of the LET of the pin for bending loading

Rmax
ZZ ¼

Kt
ZZ Cþ STJ

Sup
F 1 � 1�F up

1

h i
R�o þ Kt

ZZRup 1þ F up
1

� �
R�o < Rup

Kt
ZZ Cþ STJ

Sup
F 1

h i
R�o R�o > Rup

8><
>:

ð21Þ

with

C ¼ Kf
ZZ

Kt
ZZ

ReITJ

REI
ð22Þ

And similarly inserting the axial stress component RZZ and the
resultants of the contact pressure Q and Fn into (17) leads to

the expression of the axial stress Rmax
ZZ at the root of the FET of the

box for bending loading

Rmax
ZZ ¼

Kt
ZZ Cþ STJ

Sup
F n � F up

n

h i
R�o þ Kt

ZZRupF up
n R�o < Rup

Kt
ZZ Cþ STJ

Sup
F n

h i
R�o R�o > Rup

8><
>: : ð23Þ

The Fig. 6 shows the comparison between the closed-form solu-
tion and the FEM results for tension loading along the bisector of
the notch at the LET of the pin. This solution being based on the
use of complex elasticity, it can provide accurate solutions for
the multiaxial stress in axysymmetric situations. One can then
note that the closed-form solution gives good results in the neigh-
borhood of the notch with an error less than 1.5% for the axial com-
ponent RZZ and the radial component RRR and less than 8% for the
circumferential component RHH. However the solution becomes
less accurate when we go far away from the notch particularly
for the radial stress component RRR.

The Fig. 7 shows the comparison of the closed-form solution
and the FEM results for the axial and the circumferential stress
components at the level of the root of the LET of the pin for various
Make-Up torque Cup and tension loading Ro. One can note that the
proposed solution shows good agreements with respect to FEM
results, for all loading cases.

4. Fatigue analysis

In this part, we are interested in the application of a fatigue crite-
rion dedicated to the predictions of the life time of threaded assem-
blies. Once the stabilized cycle of the macroscopic strain and stress
field is determined, a post-treatment will provide the critical points
and the fatigue life N, i.e. number of cycles to failure, of the structure.
The used fatigue criterion is the Dang Van criterion [18].

The criterion of Dang Van, in its initial formulation, allows to
define the limit of the imposed external loads under which the
structure will have an infinite life. A passage between the macro-
scopic scale of the components and the mesoscopic scale of the
grain allows to state that the lifetime is infinite if the mesoscopic
shear stress s(t) and the hydrostatic pressure P(t) satisfy the
following inequality:

maxfsðtÞ þ a1PðtÞg 6 b1 ð24Þ

where the coefficients a1 and b1 are defined as

a1 ¼
t1 � f1=2

f1=3
b1 ¼ t1 ð25Þ

These coefficients are deduced from two Woehler curves from
plain smooth specimens giving the fatigue limit t1 in alternated
torsion and f1 in fully reversed bending. In general, the Woehler
curves are not defined for an infinity of cycles but rather for
107–106 cycles. We recall that the inequality (24) has to be verified
for all points of the structure.

In order to obtain a criterion suitable for the High Cycle Fatigue
regime, some modifications must be done as presented also in [27].
Let us assume that we have a complete series of torsion and bend-
ing Woehler curves for the material under discussion. For each fi-
nite number of cycles N we can define from the preceding
Woehler curves the limit amplitude in torsion and bending, de-
noted tN and respectively fN, which will conduct to a lifetime of ex-
actly N cycles. Each of these pairs (tN, fN) defines a corresponding
pair of coefficients

aN ¼
tN � fN=2

fN=3
bN ¼ tN ð26Þ

of a new line in the Dang Van plot representing the stress path in
the mesoscopic shear-pressure coordinates.

M. Ferjani et al. / International Journal of Fatigue 33 (2011) 610–623 615
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Thus the structure will have a lifetime of at least N cycles if

maxfsðtÞ þ aNPðtÞg 6 bN ð27Þ

The different lines obtained form then a bundle in the Dang Van
plot, which will be cut by the stress path in this space (see Fig. 8).
The number of cycles to failure is defined by the tangent to the
shear-pressure path.

From a physical point of view, the fatigue life defined before by
the number of cycles to failure N corresponds to the nucleation of a
small macroscopic crack in High Cycle Fatigue regime. The initia-
tion phase is the critical phase from the point of view of design,
since once the crack has initiated it is not likely to arrest. Moreover,
the present experimental observations of failure of the specimen
tested showed that the propagation phase of the macroscopic crack
can be neglected when compared to the initiation phase. Indeed
macroscopic crack initiation was attained for �105 and complete
failure of the specimen at only �300 cycles after; similar observa-
tions are reported in [36]. However if more precision is needed for
the lifetime prediction, one should use for instance the LEFM ap-
proach coupled with the Paris law in order to determine the
remaining lifetime from macroscopic crack initiation to complete
failure.

For the sake of simplicity, we consider here as a first approxima-
tion that the Dang Van lines are all parallel. This implies that:

aN � a1 ð28Þ

In order to link the equivalent mesoscopic shear stress bN to the
fatigue life N, we introduce a fitting law to describe the Wöhler
curve in alternated torsion proposed by [37]

tN ¼ dN�k þ t1 ð29Þ

where k and d are the fitting parameters. In the case where we have
at one’s disposal only a Wöhler curve in fully-reversed bending, the
relation (26) allows us to compute the Wöhler curve in alternated
torsion. This hypothesis is very strong but due to the lack of exper-
imental data on our material, this computation can be seen as a first
approximation of lifetime predictions.

A comparison between the closed-form solution and the FEM
results on the application of the Dang Van criterion is depicted in
Fig. 9. This figure shows the computation by the two methods, ana-
lytical and numerical, of the equivalent mesoscopic shear stress
s + a1P introduced in (27). This type of presentation has been cho-
sen for relevant comparisons since, in the HCF domain, a small er-
ror on the stresses leads to much higher error on the fatigue life. As
it is depicted, the closed-form solution gives reasonable predic-
tions with an error of 10% when predicting at the root of the LET
of the pin and with an error smaller than 20% when predicting at
the root of the FET of the box.

5. Results and discussions

In order to validate the proposed fatigue life criterion, fatigue
test in repeated tension has been performed on a small scale
threaded connection with a machine test INSTRON with a maxi-
mum loading equal to 250 kN.

A small scale threaded connection (see Figure 10) has been de-
signed by downscaling of an API connection with the same the
stress concentration factor. This connection has been designed to
test the methodology presented here and should not be under-
stood as a downsized experiment for the real connection. Moreover
the dimensions of the small scale connection where chosen to be
such that, with the available machine test, it was possible to per-
form fatigue test in the complete range of the finite lifetime do-
main, i.e. 105–107 cycles. It is well known that the scale change
is likely to induce a change in the fatigue process due to the size
effect [43,22,23]. However, due to practical constraints, i.e. the
maximum load of the available machine, we were obliged to
downsize the geometry including the notch root radius.

Papadopoulos showed that the gradient effect is more impor-
tant than the size effect [38] which strengthens our choice.

The small scale threaded connection corresponds to a 1/4
downsizing of the NC46 API connection. It has an internal RI and
an external RE radii respectively equal to 10.4 mm and 20 mm
and the geometry of the threads presents an opening angle equal

Fig. 6. Comparison between FEM results and the closed-form solution of the stress components along the notch bisector as a function of the distance from the notch tip at the
level of the root of the LET of the pin for tension loading with Cup = 0 kN m, Ro = 30 MPa, and ro = 0.1 mm.
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Fig. 7. Comparison between FEM results and the closed-form solution for the stress component at the root of the LET of a threaded connection under traction loading.

Fig. 8. Extension of the Dang Van criterion for finite lifetime: (a) Wöhler curve and (b) Dang Van plot.
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to 55�, a root radius equal to 0.25 mm and the distance of the notch
tip of the LET from the longitudinal axis of the connection Ro is
equal to 15 mm. As a comparison, the root radius of the initial full
scale threaded connection is equal to 1 mm. The theoretical stress
concentration factor Kt provided by the finite element computa-
tions is equal to 5.57 for tension loading. More details of the geom-
etry of the used connection can be found in [28].

The small scale threaded connection is equally made of a
42CrMo4 steel as the API connections.

The Table 1 presents the values of the mechanical properties
obtained on a strain-controlled cyclic tensile test at ±2% of elasto-
plastic deformation for the elastoplastic parameters, the values of

the Dang Van fatigue parameters for fatigue limits on smooth spec-
imen t1 = 260 MPa and f1 = 400 MPa [39] and the parameters d
and k introduced in (29) obtained from a fully reversed bending fa-
tigue test on smooth specimen [40] and the use of the simplifica-
tion (28).

(a)

(b)

Fig. 9. Comparison between the closed-form solution and the FEM results of the mesoscopic shear stress: (a) at the root of the LET of the pin and (b) at the root of the FET of
the box.

Table 1
The macroscopic material parameters: E, Young modulus; m, Poisson ratio; rY, yield
limit; H, kinematic hardening modulus and a1, b1, Dang Van fatigue parameters.

E (GPa) m rY (MPa) H (MPa) a1 b1 (MPa) k d

210 0.3 835 8333 0.45 260 0.15 678
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The fatigue tests starts with imposing the Make-Up torque Cup

of 133 Nm or 433 Nm and continuous with a cyclic repeated tensile
loading TmaxðR ¼ Tmin

Tmax
¼ 0Þ. This Make-Up torque was applied

though dead weights that provided an obviously repeatable torque
value on the specimen. For the higher torque, the tension fatigue

Table 2
Results of the fatigue tests for a Make-Up torque equal to 433 Nm.

Tmax (kN) 138 120 113 100 88
N (cycles)

Test1 113,677 271,328 454,372 718,460 1,516,831
Test2 90,066 258,030 409,882 855,261 1,759,682

Table 3
Results of the fatigue tests for a Make-Up torque equal to 133 Nm.

Tmax (kN) 105 97 94 88
N (cycles) 91,492 199,827 981,140 1,801,615

Fig. 11. Photographies of the downsized threaded connection after failure: (a) box and (b) pin.

Fig. 12. Stress distribution along the bisector of the root of the LET for Cup = 433 Nm and T = 113 kN.

Fig. 10. Photographies of the downsized threaded connection: (a) connected and
(b) pin and box.
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test has been duplicated in order to quantify the scatter of the
fatigue life results.

The results of the repeated tension fatigue test are shown in Ta-
bles 2 and 3. The experimental scatter of the fatigue life has a max-
imum value equal to 21%. The loads applied in this study induced
local plasticity at the root of the threads of the connection. Finite
element results show that the equivalent plastic strain eeq

p at the
LET has a mean value over all the tests equal to 1.6% and 0.31%
for Cup equal to 433 Nm and 133 Nm respectively.

The Fig. 11 shows the crack initiation site which takes place at
the root of the LET of the pin of the threaded connection. The pre-
diction of the crack initiation site made with the Dang Van crite-
rion is in good agreement with the experimental results.

The distribution of the stress components along the bisector of
the root of the LET is presented in Fig. 12 for a Make-Up torque
equal to 433 Nm and a repeated tension loading equal to 113 kN.
This result is obtained by a fully elastoplastic finite element com-
putation after five cycles of repeated tension loading which was
enough to obtain elastic shakedown. The load induces plasticity
at the root of the LET and therefore the maximum stresses take
place at a distance equal to 0.16 mm from the tip of the root of
the LET.

The Fig. 13 shows the mesoscopic shear stress and hydrostatic
pressure, evaluated along the bisector of the root of the LET. One
can notice that the maximum values of the equivalent mesoscopic
shear stress s + a1P and of the stress components are reached at
the same location. The difference between the value of the equiv-
alent mesoscopic shear stress at the tip of the root of the LET and at
the distance equal to 0.16 mm is equal to 15 MPa which is less than
4% of the value at the tip of the root of the LET. The predictions of
the fatigue lives at this two particular points leads to a reduction of
the number of cycles equal to 50%. This result highlights the diffi-
culty to estimate the fatigue life of structures in the High Cycle Fa-
tigue domain.

The direct application of the modified Dang Van fatigue lifetime
criterion (27) is then illustrated in Fig. 14, where stresses where

computed at the root of the LET of the pin. One can see that the
Dang Van criterion gives too conservative predictions with a mean
ratio between the experimental fatigue lives and the predictions of
about 15 for both values of the Make-Up torque. Note that evaluat-
ing the criterion at its most critical value from a fatigue point of
view (i.e not at the root of the LET but at a given distance from
it) would further increase the discrepancy between the prediction
and the test results. It would indeed predict even smaller fatigue
lives than those presented in Fig. 14.

Let us discuss now the possible reasons for such a discrepancy.
A first explanation is related to fatigue criterion itself. The

obtained stress state has a high hydrostatic component, as can be
observed in Fig. 12. In this region, we have no precise indication
that the original infinite lifetime criterion is still valid. This phe-
nomenon is also emphasized by the fact that the experience used
for the identification of the parameters of the criterion are done
in low hydrostatic pressure region, which may induce a lack of pre-
cision in the region of interest. Furthermore, a strong assumption
made in the present approach is the hypothesis of parallelism of
the lines defining the structure lifetime, which is presented in
(28). It is clear that replacing the a1 coefficient with a cycle depen-
dent coefficient aN could improve the prediction in this domain.
Further improvements can be obtained based on recent evolutions
of the Dang Van criterion [41] in the high hydrostatic stress region.

A second kind of explanation for the discrepancy lies in the
already mentioned size effect which is well known for geometric
discontinuities such as notches or welds. Indeed, these types of
geometric discontinuities induce a stress-gradient effect [42] as
well as a scale effect [43,44] which leads to a reduction of the
fatigue limit of the material. Therefore applying a classical fatigue
criterion on structures presenting a geometric discontinuity will
generally underestimate the fatigue lives as showed in Fig. 14 with
the Dang Van criterion.

Recently, a study of the effect of the stress-gradient on fatigue
has been performed in [45,46] using the Dang Van criterion. Based
on a numerical model of crystal plasticity it is shown that, in the

Fig. 13. Distribution of the equivalent mesoscopic shear stress s + a1P, the mesoscopic shear stress s and the hydrostatic pressure P along the bisector of the root of the LET
for Cup = 433 Nm and T = 113 kN.
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Fig. 14. Comparison between the experimental and the predicted fatigue life using the Dang Van criterion.

Fig. 15. Comparison between the experimental fatigue life and the prediction with the use of the Dang Van criterion and a reduction of the stress field equal to 11%.
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presence of a notch, only few grains in the neighborhood of the
notch tip are highly stressed. Therefore the likelihood that a grain
be oriented in such a way that its preferential slip system coincides
with the orientation of the maximum principal stresses is very
small. This kind of consideration provides an explanation to the
fact that the use of a classical fatigue criterion on such structures
provides very conservative lifetimes, as can be seen on our exam-
ple. Unfortunately such analyses are for the moment only qualita-
tive and are not yet suitable to engineering applications.

These two forementioned phenomena, namely the nature of the
fatigue criterion and stress gradient effect, provide plausible rea-
sons for the observed conservatism of our approach.

In order to take into account the notch effect, one could apply
different stress reduction techniques like the critical point tech-
nique discussed in [21,22,52] or the volumetric approach discussed
in [24,47,25,26]. In Fig. 15, we display the fatigue lifetime predic-
tions obtained with the Dang Van criterion applied after reducing
the stress field by 11%. One can remark that the predictions now
match the experimental observations and that this choice is coher-
ent with the orders of magnitudes for the corrections encountered
in the before mentioned papers.

6. Conclusions

This paper presented a methodology for fatigue lifetime predic-
tions devoted to threaded assemblies. This technique is based on a
mechanical analysis and a fatigue analysis.

The mechanical analysis provides the stabilized stress path dur-
ing the cyclic loading. This can be done by two different methods:

� a complete finite element method which takes into account the
complete elastoplastic material behavior, the exact geometry of
the threaded assembly and the contact between the two parts
of the connection in order to estimate the final elastic shake-
down state at any points of the structure,
� a closed-form solution which predicts directly the elastic stress

field developed at the root of the LET and FET of the connection.

The drawback of the finite element method is the large time
computation which makes it not practical for real time survey of
the damage during the drilling process. This is overcome by the
closed-form solution which computes stresses instantaneously.
For the time being this solution is purely elastic but it can be easily
extended to elastoplastic behavior with the use of the Neuber rules
[48] or the Zarka method [49] which have been recently employed
for example in [16].

The fatigue analysis is performed using the Dang Van criteron
which has been extended in the finite lifetime domain. In order
to validate the fatigue methodology, experimental fatigue tests
on small scale threaded connections have been performed. The re-
sults have shown that the direct application of the fatigue life cri-
terion on the most critical location near the notch root
underestimates the fatigue lives when the Dang Van criterion is
used.

This may be explained firstly by the fact that this criterion
probably needs to be adapted in the high hydrostatic pressure
domain, in order to be applied to this type of notched structures.
A second explanation is linked to a stress gradient effect, which
leads to a need of correction or averaging of the evaluated
stresses, before an application in fatigue criteria, such as the
Dang Van criterion.

As a final conclusion, we can state that further work is needed in
order to justify on a sound theoretical basis all the assumptions
and the application of classical fatigue criterion for structures
presenting geometric discontinuity and large stress gradients.
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