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ABSTRACT This paper presents qualitative elastoplastic simulations and analyses of fretting fatigue. Three
hardening constitutive models are considered, and their effects on stick–slip conditions and
lifetime prediction are compared. The computational analysis consists of the estimation of
the shakedown limit cycle and the fatigue prediction using Dang Van or Crossland criterion.
A particular configuration, the interaction of a flat pad with rounded corners in contact
with a flat substrate made, respectively, of Inconel In718 and Titanium Ti64 alloys, is
studied. The shakedown state is analysed using the cyclic and ratcheting equivalent strain
concepts already discussed in the literature.
In the paper, different fretting maps, based on slip, shakedown and fatigue regimes, are
numerically produced and analysed. A new variable, the global slip percentage, is
proposed for the characterization of the stick–slip regimes. Analyses of a series of slip
maps show that the different hardening models do not introduce significant changes in
the stick–slip conditions. Using finite element method simulations combined with fatigue
limit criteria (Dang Van and Crossland), fretting fatigue maps are qualitatively
reproduced. The main contribution of this work is a comparative discussion on the
influence of the hardening models complexity on such maps.

Keywords fatigue; finite elements; fretting; friction; shakedown; slip; stick.

NOMENCLATURE a ið Þ
N , b ið Þ

N = material parameters for lifetime at N cycles for criterion (i)
ES = elastic shakedown
p = surface contact pressure

PS = plastic shakedown
q = shear stress

RA = ratcheting
ε = strain tensor
εc = cyclic strain
εr = ratcheting strain
εY = yield strain
σ = stress tensor
σY = yield stress

INTRODUCT ION

Fretting fatigue is associated with small cyclic tangential
movements between two surfaces in contact. The under-
lying damage mechanisms are activated by the complex
pressure and tangential surface tractions acting along
the surfaces in frictional contact.

Fretting fatigue is a serious engineering problem in
different structural components: bolts, rivets, turbine
blade fixings, bearings and so on. It has therefore attracted
the attention of engineers and researchers for decades.
The difficulty of the problem lies in the large number of
parameters, the length scales involved and the nonlinearity
induced by the frictional contact and materials behaviour.

The experimental work in this field has shown the
practical importance of the so-called fretting maps1,2

(for recent discussions and applications, see, e.g3,4). The
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fretting maps display the cyclic regime in terms of the
applied vertical force and the tangential displacement.
The nonlinear regime is qualified in terms of global
elastic or plastic shakedown (PS) or in terms of stick or slip
to characterize the state of the surfaces in contact. It permits
to establish a relation with fretting or wear damage.

The classical attempt to model this problem is based
on closed-form expressions for the strain and stress fields
obtained in the special configurations of elastic bodies in
contact. An extended presentation of closed-form
solutions is given in Refs [5,6]. Examples of recent devel-
opments of these techniques are the results presented in
Refs [7–9] where crack type singular fields describe the
stress field at the corner of the fretting pad or as in
Ref. [10] where the friction coefficient is explored.
Closed-form solutions are compared with experimental
results in a comprehensive review in Ref. [11]. Moreover,
it suggests that they can be incorporated in numerical
tools for efficient fretting fatigue lifetime predictions.

The observations on structures and specimens, as well
as the estimations of stresses in fretting problems,
illustrate the importance of the plastic strains in these
problems. Neuber type formulas can describe the evolu-
tion of the plastic strain under certain conditions, but
they cannot account for the complex phenomena in
fretting fatigue. And therefore, both researcher and
engineers rely more and more on complex finite element
computations both for the understanding of the phenom-
ena and for the lifetime predictions on structures.12–17

In a recent work, Ambrico and Begley18,19 studied how
different cyclic shakedown regimes are reached in the case
of a fretting problem defined by a sphere in contact with a
plane. They compared the solutions obtained by the finite
element method (FEM) using different elastoplastic
material behaviours.

Other recent studies20–22 discuss the microscopic–
macroscopic scale effects by conducting elastoplastic
computations on a distribution of metallic grains subject to
fretting fatigue. An interesting topic discussed in Ref. [21] is
the shakedown of the different grains under the cyclic load-
ing and the onset of the plastic strain for fatigue phenomena.

The preceding review illustrates different computa-
tional methods to estimate the stress and strain fields in
a fretting setup. In order to estimate the lifetime of a
structure, one has to adjoin a fatigue analysis to the esti-
mation of the shakedown cycle. The elastic shakedown
(ES) theorems for a large class of constitutive models
have been recently presented in Ref. [23], which has
been extended for different configurations of contact
problems in Refs [24–27]. Numerical methods28–30 have
been proposed for the numerical determination of the
shakedown cycle in contact problems. However, because
of the complex computational structure of these
methods, they will not be applied directly in our paper.

Under the assumption of a lifetime defined by a crack
initiation, the Dang Van fatigue criterion is one of the suc-
cessfully applied fretting fatigue criteria.13,31–33,15,34,12

This multiaxial criterion is based on the shakedown con-
cept and a multiscale homogenisation scheme. Its relation
to crack initiation phenomena related to mixed stick–slip
regime of fretting was discussed in Refs [32,33]. The
multiscale scheme of this criterion was further related to
the stress gradient fatigue in Ref. [35] (generated also by
the stress configuration in fretting fatigue configuration),
but we shall not extend this idea in this paper.

The present paper addresses the problems of the
influence of the hardening model (pure kinematic, pure
isotropic or combined kinematic and isotropic) on the out-
come of a fretting setup. The material parameters used
here correspond to an Inconel and a Titanium alloy.
The results are discussed in terms of the cyclic shakedown
regime, the contact stick–slip regime (introducing a new
parameter) and the criticality of the stress state in terms
of a Crossland or a Dang Van high-cycle fatigue (HCF)
criterion. The computations are performed for a large
number of loading parameters expressed as applied normal
force, horizontal displacement and friction coefficient.
Numerical maps for slip, shakedown and fatigue are
automatically generated and analysed.

A COMPLETE COMPUTAT IONAL APPROACH FOR
L I FET IME EST IMAT ION

The analysis presented next shows the point of view of a
design engineer who should estimate the lifetime of a given
part under a given cyclic loading using a computational
model. It is performed in two steps:

• A mechanical analysis provides the fatigue loading cycle
in the space of the state variables, that is, stresses,
strains and plastic strains. This analysis is generally
performed using a finite element programme.

• A fatigue analysis provides a lifetime estimation for the
complete structure. The main assumption of this
analysis is that an elastic or PS state is reached in all
points of the structure.

This lifetime estimation is based on a fatigue criterion
using the limit shakedown cycle computed beforehand as
the main input. Ratcheting (RA) is equally a possible out-
come of the mechanical analysis but has to be interpreted
using specific criteria in the lifetime procedure.

The design engineer is facing a series of constraints such
as project duration and computational environment. In
order to perform the analysis, he or she has to choose the
appropriate modelling, including constitutive and friction
laws, boundary conditions and finite element models. The
outcome as well as the computational speed of the analysis
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will depend on the demanded accuracy. A robust and rapid
computational model is therefore necessary. The robustness
is defined here in terms of the error in the lifetime associated
with the variations in the input parameters.

THE COMPUTAT IONAL MODEL

The fretting fatigue configuration studied here is a flat
punch with rounded edges sliding on the flat surface of a
substrate. The punch is subjected to a controlled vertical
force and a horizontal displacement imposed on the upper
surface of the pad. The substrate has a length of 20mm and
a height of 10mm, while the pad has a length of 2.5mm
and has rounded edges with a radius of 0.25mm. The
configuration resembles an experimental fretting fatigue
setup developed by MTU to reproduce realistic opera-
tional conditions of highly loaded blade–disk attachments
as presented in Ref. [12]. This fretting rig will not be
discussed in this work. A schematic view of the setup is
shown in Fig. 1. The materials used in the experiments
are Titanium 64 (Ti64) for the pad, and Inconel 718
(In718) or Titanium 64 for the substrate. Their standard
materials parameters are given in Table 1; they match
values from material manufacturing databases or from
literature as reported, for example, in Refs [36,37]. These
materials are usually used in parts of turbomachineries in
aeroengines. Both configurations (Ti64 on Ti64 and
Ti64 on In718) will be discussed in this paper.

The constitutive law

One of the important choices in a design procedure is the
constitutive law of the material. A series of research papers

developed sophisticated constitutive laws, which provide a
precise description of the softening or hardening behaviour
of materials during cyclic loading. A class of such models is
given by the constitutivemodels of the Armstrong–Frederick
type as explained in Lemaitre and Chaboche,38 where one
can adjust different hardening behaviours in order to fine-
tune the cyclic behaviour of the material. However, one
should remark that the computing time is increasing with
growing number of hardening models included in the
constitutive law. One of the main questions is therefore the
complexity that has to be included in the constitutive law in
order to observe a desired effect.

In order to have a better understanding of this ques-
tion, we propose in this work to compare three hardening
models associated with a von Mises elastoplastic
behaviour, each identified for the two materials under
consideration, Titanium and Inconel:

• A nonlinear isotropic hardening (denoted as ISO).

The material parameters have been identified from the
monotonic traction curve to failure.

• A linear kinematic hardening (denoted as KIN).

The material parameters have been identified from the
stabilized cycle at midlife and from cyclic material
behaviour at imposed strain.

• A combined isotropic and kinematic hardening (denoted as
COMB).

The material parameters have been identified by a least
squares fit from both a monotonic loading and the
evolution of the cycles at mid-lifetime.

Figure 2 represents the experimental stress–plastic
strain curves and the corresponding calibrated combined

Fig. 1 The finite element model of the setup with a fine mesh of the substrate.
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hardening models for both Inconel 718 and Titanium 64
at room temperature. In both cases, we have represented
the monotonic and cyclic response of the material. Both
stress and plastic strain axes have been adimensionalized
with respect to reference values for confidentiality
reasons. For a detailed discussion of rate dependent and
independent plasticity models forthe Inconel 718, one
can refer to Ref. [39].

Numerical model

The mechanical analysis is performed in 2D plane strain,
using the ABAQUS40 finite element software. The corre-
sponding mesh is displayed in Fig. 1. Four-node linear
elements (CPE4I) are used. The contact interaction
between the pad and the substrate is realized using the
ABAQUS contact pair procedure based on a master–slave
algorithm. The tangential contact behaviour is defined
by a Coulomb friction model. The pad is considered as
purely elastic. The detailed analysis is only performed
on the refined region of the substrate mesh placed under
the contact zone, where plasticity occurs.

The substrate is defined by 3420 elements and 3593
nodes, with 253 nodes in the potential contact surface
(element size of 16μm). The pad is defined by 508
elements and 603 nodes, with 51 nodes on the contact
surface. We have previously used a more refined and
converged mesh for the pad and the substrate.12 The aim
here is to perform a parametric study by varying the
friction coefficient μ, the normal load P and horizontal
displacement δ within the ranges given in Table 2. As
1680 simulations are performed and in order to keep com-
putations in reasonable time, we opted for a coarser mesh,
especially for the pad considered as elastic. This is not the
case for the substrate that is the object of the analysis in this
paper. The element size of the mesh used is compatible
with that of the process volume found by Amargier
et al.36 or the relevant representative volume element
(RVE) used for fatigue life estimation by Wackers et al.12

The accuracy of the refined mesh can be checked in
different ways. If the solution remains in the elastic regime,
a direct comparison with closed-form solutions proposed
for instance in Refs [41–43] can be performed. In the pres-
ent elastoplastic analyses, we choose an element size of
16μm, which is of the order of the fatigue RVE size.36,12

The boundary conditions are defined by the following:
(i) a normal load �P

¯
ey and (ii) a reciprocating horizontal

displacement varying between 0 and δ along
¯
e prescribed

on the upper surface of the pad (
¯
ex and ¯

ey are, respectively,
unit vectors along the x and y directions, Fig. 1). The nor-
mal displacement of these surface nodes is rigidly blocked

Table 1 Standard material properties for the Inconel 718 and the
Ti64 alloys

Material
Young modulus

(GPa)
R2%
(MPa)

Ru
(MPa)

Inconel 718 208 >1000 >1300
Ti64 114 >800 >900

Fig. 2 Experimental stress–plastic strain curves and associated corresponding hardening models for Inconel 718 and Titanium 64 at room
temperature (the axes are adimensionalized with respect to reference values, for confidentiality reasons).

Table 2 Ranges of the studied parameters: friction coefficient μ, applied normal load P and horizontal displacement δ

δ (μm) 2.2. 4.4 6.6 8.8 10. 12. 14. 16. 18. 20.
P (kN) 1. 2. 2.5 3. 4. 5. 6. 7. 7.5 8. 9. 10.
μ 0.1 0.3 0.4 0.5 0.6 0.7 0.8

Please note that all combinations between the members of the rows have been studied.
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in order to eliminate a possible rotation of the pad, as it is
the case in a series of experimental fretting setups. On the
substrate, the displacements on the faces far from the con-
tact area are rigidly blocked.

The loading is applied for 40 cycles, in order to check
if a shakedown state has been numerically reached. The
performed analysis showed that, depending on the load-
ing conditions, elastic, PS or RA states can be reached.
Although methods are available for the estimation of
the nature of long-term behaviour of structures under
cyclic loadings,18,19,44 this number of cycles has been
arbitrarily chosen and should not be considered as a
standard limit for reaching a shakedown state.

GLOBAL OBSERVAT IONS

The classical way to analyse the asymptotic regime (i.e. for
a very large number of loading cycles) stems from global
experimental observations and requires to plot the tangen-
tial force Q against the tangential displacement of the pad
δ over all cycles, as represented in Figs 3 and 4. Different
kinds of responses are possible: (i) the steady state is a
reversible cycle (i.e. a straight line in this case), the regime
is non-dissipative and is defined as an ES (Fig. 3). (ii) The
steady state is a closed cycle with a nonzero area; this loop
indicates energy dissipation and is defined as PS (even if
the dissipation may result only from friction). (iii) No
closed loop is reached for the tangential force (i.e. its
evolution changes cycle after cycle); energy dissipation is
equally present, and the regime is denoted as RA (Fig. 4).
The split between the energy dissipated in friction and in
plastic strain is a difficult task, as well as the precise numer-
ical determination of the frontier between the PS and the
RA, or of the stick–slip regime.

The disadvantage of these global graphics is that they
can only track the global shakedown or slip regimes, and
they do not permit to detect the local regimes. The
global RA example displayed in Fig. 4 must have several
nodes in a RA state. In a similar way, the global ES
presented in Fig. 3 has almost all nodes in ES but can still
have some elements in PS or RA that are not detected
with the global variables.

We shall therefore propose, in the next two sections,
several parameters that enable a precise analysis of the
shakedown state and the stick–slip regime.

THE SHAKEDOWN STATE

The estimation of the shakedown state has been
performed, after 40 loading cycles, for all points of
the refined mesh. This zone is placed beneath the
contact zone as displayed in Fig. 1. It represents the
region where plasticity is localized during the cyclic
loading as observed from the distribution of plastic
strain (Fig. 5).

In Fig. 6, the evolution of the equivalent plastic
strain magnitude (PEMAG) in the case of combined
isotropic and kinematic hardening (COMB) is
displayed with respect to the number of half cycles for
all the nodes in the refined mesh. The chosen
computation presents nodes that will have elastic or PS
or RA behaviour. This type of representation has been
used in order to classify the behaviour of the structure
for a given external load. In order to estimate
automatically the shakedown state, the definition of
Ambrico and Begley18,19 (slightly modified in Ref. [44]
for thermomechanical cases) has been used.

Fig. 3 The global fretting loop, that is, evolution of the force on in-
denter versus horizontal displacement – elastic shakedown case.

Fig. 4 The global fretting loop, that is, evolution of the force on in-
denter versus horizontal displacement – ratcheting case.
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The RA strain has been defined as the difference in
equivalent plastic strain at the last computed time step
of two consecutive cycles:

εr ið Þ ¼ εeq tf ið Þ� �� εeq tf i � 1ð Þ� �
(1)

where εeq is the equivalent plastic strain and tf(i) denotes
the last time step of the cycle i. εc(i), the cyclic strain on
the cycle i, is the equivalent strain amplitude computed
on each cycle from which the RA component has already
been extracted:

εc ið Þ ¼ max
t∈ ti ið Þ;tf ið Þ½ �

εeq tð Þ � min
t∈ ti ið Þ;tf ið Þ½ �

εeq tð Þ
 !

� εr ið Þ (2)

The meaning of both variables is graphically illustrated
in Fig. 7 on a magnified zone of the preceding Fig. 6.

Another test was equally needed to check whether the
structure has reached stabilized limit state, which will be
denoted as follows:

• ES: elastic shakedown is reached when the cycling and
the RA strain on the last cycles are both smaller than
a given tolerance dependent of the yield strain:

εc ið Þ < αεY and εr ið Þ < αεY (3)

with i the number of the cycle. The parameter α was
taken of the same magnitude as in Refs [18,19]:
α≈ 0.007. εY = σY/E is the yield strain defined as the ratio
between the yield limit (stress) and the Young modulus.

• PS: plastic shakedown is reached when the RA strain on the
last cycles is smaller than a given tolerance dependent of
the yield strain:

εc if
� �

> αεY and εr if
� �

< αεY (4)

• RA: ratcheting is reached when none of the preceding
conditions is met:

εc if
� �

> αεY and εr if
� �

> αεY (5)

Moreover, in order to refine our analysis, we check whether
the RA strain εr is stabilized at a constant value over the last
cycles. The RA is defined as stable if the increase in RA
strain on the last cycles is smaller than a given tolerance:

εr if
� �

< 1þ βð Þεr if � k
� �

(6)

Fig. 5 Typical spatial distribution of the equivalent plastic strain
(vertical axis) in the refined part of the mesh after the 40th loading
cycles (combined hardening, P =7.5 kN, δ =12.0 μmm and μ =0.3).

Fig. 6 An evolution of the equivalent plastic strain magnitude (PEMAG) with the number of half cycles in the case of combined isotropic and
kinematic hardening (COMB) showing nodes in elastic and plastic shakedown as well as ratcheting. A zoom of the rectangular region is
presented in Fig. 7.
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with if the last cycle and k a fixed number of cycles to be
analysed. The tolerance parameter β represents the percent
of RA strain increase that is considered as acceptable for a
stabilized computation. The results presented next corre-
spond to β =0.05.

Figure 6 displays a large range of behaviours for
different nodes of the mesh during the same computa-
tion. For each node, the evolution of the equivalent
plastic deformation (PEMAG) is plotted as a function
of the number of half cycles. It allows to determine
the nature of the asymptotic elastoplastic state of the
node. When the plastic deformation becomes constant
(horizontal line in Fig. 6, stated by the condition
Eq. 3), the point experiences ES. When the plastic
deformation becomes cyclic (stated by the condition
in Eq. 4), the point is in PS. Finally, when it keeps
on increasing cycle after cycle (stated by the condition
in Eq. 5), the regime is RA. The structure is in an ES,
when all its nodes are in ES (the plastic strain reaches
a horizontal limit for all nodes, Fig. 8).

We recall that even for the same external loading, the
local response will depend on the constitutive law. The
level of plastic strain reached for a given node will depend
on the constitutive law (see, e.g. in Fig. 8). For each
constitutive law, we plot the evolution of the equivalent
plastic strain and the corresponding value of εc and εr at
the critical node with respect to Dang Van fatigue crite-
rion. One can only remark that the limit values εc and εr
are different. This result is in accordance with the fact
that the strain–stress cycles stabilize in different regions
of the space, which will be discussed in the next section.

Starting from the preceding definition of the local
shakedown state ES, PS or RA, in each node, we classify
a computation as the following:

• ES: elastic shakedown when all the nodes are in ES.

• PS: plastic shakedown when at least one node is in PS, no
node in RA.

• RA: ratcheting when at least one is in a RA state.

Using this classification, we have plotted the limit state
of the structure as a function of the loading parameters
P and δ, as displayed in Fig. 9. The three plots correspond
to the three constitutive laws for a friction coefficient
μ = 0.3; each plot is based on 120 different computations.
This global behaviour has equally been recovered for the
other tested friction coefficients. This trend of similar be-
haviour between the constitutive laws will be later observed
in the stick–slip regime and fatigue predictions.

The PS zone seems to be an exception from the rule,
as it varied in each case. However, one should recall that
the limit state is defined in terms of the tolerance
constants α and β and that the variations are really small.
In order to better understand the behaviour, we propose
to explore a limit case obtained for Ti64, with P = 6 kN
and δ = 18 μm and μ = 0.3 (Fig. 10).

For each constitutive law, we choose two nodes: the
critical nodes in terms of the Dang Van fatigue criterion
and in terms of maximal cyclic strain or RA strain. Both
critical nodes correspond, in each case, either to the lead-
ing or trailing edge of the contact region, where maximal
pressure occurs. In the case of an isotropic hardening, an
ES state is almost reached. The computation has been
classified as PS because of the cyclic strain εc = 0.001,
which is just over the tolerance.

For the kinematic hardening law, the cycle is at the
lower limit of RA case, very close to a PS state, with a
RA strain εr = 0.001 just over the tolerance value. In the
combined hardening, we observe a clear RA case, where
the RA node is not the critical node in the sense of the
fretting fatigue.

Fig. 8 Evolution of plastic strain in a case of elastic shakedown, for
the three different constitutive models (kinematic, KIN; isotropic,
ISO; and combined, COMB).

Fig. 7 Zoom of the evolution of plastic strain with number of half
cycles and the illustration of the quantities εc(i) and εr(i).
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The variations of the limit behaviour might seem
troublesome at a first glance. This is related to the toler-
ances used for the characterization of the limit states,
which are very small and easily switch the final response
from one case to another one.

For the complete range of tested friction coefficients
(μ ∈ [0.1,0.8]), similar patterns of shakedown and RA are
obtained for both Inconel 718 and Titanium 64.

STRESS AND STRA IN PATH

In this section, we explore the strain–stress responses of
the critical points during the cyclic loading and the
nature of the asymptotic regime.

The critical points are located, as already mentioned,
at the leading and trailing edges of the active contact
zone and correspond to the region of maximal surface
pressure. Moreover, the plot of the spatial distribution
of equivalent plastic strain in Fig. 5, shows that plasticity
is localized on two regions beyond the critical points. In
analysing this figure, one should observe the scale
difference of depth and the contact region that are
displayed using their real aspect ratio in Fig. 1. This
pattern of plastic strain distribution has been recovered
in practically all computations, independent of the
shakedown state, which has been reached and already
reported in Ref [5].

As an example of the strain–stress path at the critical
nodes, we choose the loadings: μ = 0.3, P = 6 kN,
δ = 6.6 μm and δ = 18 μm. The loading with an imposed
displacement δ = 18 μm was extensively discussed in the
previous section, as it provided limit case of PS and RA.
The smaller imposed displacement δ = 6.6 μm leads to
an ES for all material behaviours. As a first approxima-
tion, we can state that the three constitutive laws provide
similar amplitudes of the components, but with different
mean values.

Elastic
Shakedown

Elastic
Shakedown

Plastic
Shakedown

Plastic
Shakedown

Ratcheting

Ratcheting

Fig. 9 Shakedown maps for μ = 0.3 and for the three different con-
stitutive models of Titanium: isotropic hardening (top), kinematic
hardening (middle), combined hardening (bottom).
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Fig. 10 Evolution of plastic strain in a ratcheting case for the differ-
ent constitutive models (kinematic, KIN; isotropic, ISO; and com-
bined, COMB) of Ti64.
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In the case of δ = 6.6 μm, ES is reached for all harden-
ing laws in a few elastoplastic cycles. In Fig. 11b and d,
the limit stress–strain cycles of the critical nodes
(numbered 66 and 189) located at the leading and trailing
edges of the contact are displayed . They have quite the
same amplitudes, even if their mean values are different.
This is an expected result. Indeed, in the case of ES, the
asymptotic cycle is an elastic response superposed on a
time independent residual state. This residual state is
due to the plastic deformation induced by the first load-
ing cycles and is therefore dependent on the hardening
law. The apparent dispersion of the xy stress component
is equally because of the graphical representation, where
the plot range is an order of magnitude smaller than in
the neighbouring plots for the xx component.

The case of δ = 18 μm leads, after 40 loading cycles,
to a PS for the isotropic hardening, and a RA limit
behaviour for the kinematic and the combined harden-
ing. We recall that the isotropic hardening was close

to the ES limit and the kinematic one close to the
PS limit. In Fig. 12, we present the evolution of the
von Mises equivalent shear stress J2 versus the hydro-
static stress ΣH.

Comparing the components at the two critical nodes
(located at the leading and trailing edges of the contact),
a difference between the two points is noticed. This
difference is because, as the substrate is elastoplastic, the
plastic strain generated in the first half loading cycle
creates an asymmetry that could remain, attenuate or
completely disappear after application of the following
cycles, depending on the parameters of the problem.
Indeed, the shear component xy keeps track of the slip
direction at the edges of the contact zone, while the axial
xx component is at both ends in compression. One can
also remark that there is no clear classification of the
constitutive models in terms of created plastic strain,
even if the combined hardening seems to create the
largest strain in all studied cases.

(a) (b)

(c) (d)

Fig. 11 Comparison of the strain–stress paths in elastic shakedown (b) and (d) and plastic shakedown and ratcheting (a) and (c). Panels (a) and
(b) represent the paths in the space of the shear component xy, and panels (c) and (d) represent the paths for tangential surface component xx.
The paths correspond to the critical nodes (numbered 66 and 189) at the leading and trailing edges of the contact zone.
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Finally, we can state that the reported patterns have
been observed both for Inconel and Titanium.

THE ST ICK–SL IP REG IONS AND REG IMES

It is a well accepted fact that the contact regime either full-
stick, stick–slip or full-slip has capital effect on the fatigue
behaviour. One can estimate the contact regime for each
point and each time step, by using FEM computations.
However, the obtained information is cumbersome, and
it is therefore interesting to find a practical way to monitor
and to plot the evolution of the contact regime with
increasing time. Our proposal can be summarized in the
following way.

We recall that a Coulomb friction law is assumed for
the contact:

• q<μ|p| for a point in stick and
• q =μ|p| for a point in slip.

p and q are the contact pressure and shear (in a two
dimensional computation):

p ¼ n�σ �n q ¼ t�σ �n
where n and t denote, respectively, the unit normal and
tangent vector to the surface.

Using the values of p and q provided directly by the
FEM computation, we check whether a node is in slip
or stick using these definitions. From a practical view, slip
is assumed when q> 0.99μ|p|. To visualize the contact
regime at each time instant, we associate, in a graph, a
pixel at every contact point: black for a stick and white
for slip regime (Fig. 13). The vertical axis of the plot is
indexed with respect to the computed time instants.

The computations, performed with the parameters
given in Table 2, show contact regimes ranging from
full-stick to full-slip. Gross slip has not been examined
as it corresponds to surface wear. As examples, Fig. 13
displays two plots of different cases: one in full-slip
regime (for P = 2.5 kN, μ = 0.1 and δ = 11.0 μm) and the
other in stick–slip regime (for P = 2.5 kN, μ = 0.3 and
δ = 6.6 μm).

It is important to remark that in the full-slip regime,
the surface is, at some instants, in stick and at other
instants in full-slip. The apparition of stick is inevitable
at certain instants during a cyclic loading as the change
of direction in the applied displacements requires a
complete stop of the pad. When increasing imposed
horizontal displacement for given P and μ, the regime
goes from full-stick to a partial slip regime. The partial
slip regime occurs at almost all time instants. This usual
behaviour has been observed for all computations on

Fig. 12 Comparison of the stress path in terms of J2 and ΣH, that is,
von Mises equivalent shear stress and hydrostatic stress at the critical
nodes for the three constitutive laws in the case of Titanium.
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Fig. 13 Stick–slip Plot for Ti64-combined hardening: (a)
P = 2.5 kN, μ = 0.1 and δ = 11 μm and (b) P = 2.5 kN, μ= 0.3 and
δ = 6.6 μm (1 cycle = 6 time instants).
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both Titanium and Inconel independently of the chosen
hardening model. The apparition and the length of the
slip zone will however depend on the loading parameters.

In Fig. 14, for the loading parameters P = 6 kN,
δ = 18 μm and μ = 0.6, the distribution of pressure and
shear in the contact area is plotted for two time instants
corresponding respectively to the middle of the fretting
cycle (maximal and displacement of the pad) and the
end of the fretting (zero displacement of the pad). One
can remark that the pressure peak at the trailing edge of
the pad is higher than the other one, explaining why
the slip region occurs asymmetrically starting at the
leading edge of the pad. This matches the observations
of the plastic strain, which is higher at the trailing edge
of the pad. Therefore, the trailing edge will exhibit more
frequently PS or RA than the leading edge. This fact has
equally been observed in recent experiments.45

In order to better estimate the remarkable property
that there is not important differences between the three
hardening models tested, we shall next propose a measure
of the slip region during a computation. The new
variable will be called global slip percentage and is defined
by the percentage of surface in slip with respect to the
total surface:

sg ¼ max
t

ss tð Þ=sc tð Þ (7)

where ss(t) is the area of the surface slip at time t and sc(t)
the area of the surface in contact. Note that this quantity
has a different meaning than the sliding criterion (%GS)
introduced by Heredia and Fouvry46 to estimate the
proportion of cycles in gross slip in a fretting test.

When this definition is applied to the cases plotted in
Fig. 13, we obtain the following estimations: for
δ = 6.6 μm and sg = 0.40, and for δ = 20.0 μm and sg = 0.74.

It is obvious that the global slip percentage will be a
function of the applied load and the constitutive law of
the material. In order to compare the slip behaviour of the
different constitutive laws, we propose to plot the global slip
percentage as a function of the applied horizontal displace-
ment δ and vertical load P: sg(δ,P). A usual result is displayed
in Fig. 15 for Titaniummodelled with combined hardening
and a friction of μ =0.3. Similar observations are made for
all computed friction coefficients with Titanium or Inconel
material. However, one should not forget that the frontiers
of the stick and the full-slip domains will vary with the
friction coefficient. For example, in the explored region,
we practically do not encounter stick for low friction
coefficients such as μ =0.1 and do not encounter full-slip
for high friction coefficient such as μ =0.8, which matches
the practical experience.

We can conclude by generally stating that there
were less than 15% of difference in slip between the
different models. The global pattern is stabilized after
a few number of cycles if ES in attained in the compu-
tation and does not evolve in an important manner
even if PS or RA are reached. When interpreting
these results, one should fully understand that the
explored range of imposed displacements is rather
small and that slip generally occurs only at the trailing
edge of the pad.

FAT IGUE PRED ICT IONS

In the previous sections, we analysed the results of the
fretting computations from the point of view of the
shakedown state and the stick–slip zone. In this section,
we use these results to estimate lifetimes, understood as
macroscopic crack nucleation times.

The fatigue crack initiation criterion can be defined in
a generalized framework as a local relation between the
limit mechanical state under the cyclic loading and
the number of cycles to failure. A classical form for the
fatigue criterion is

max
x

φð
¯
x;σ¼ ; ε¼ ; ε¼ p;…ÞN β

f ¼ c

where
¯
x is the point of the structure under consideration

and
¯
σ
¯
;
¯
ε
¯
;
¯
εp
¯
;… denote the history over a cycle of the

stresses, strains, plastic strains and other internal vari-
ables, respectively. Nf is the number of cycles to failure,
and β and c are two material parameters to be calibrated
from independent experiments.

contact region 2.2 mm

MID
END

horizontal pad movement

Fig. 14 Surface pressure and shear distribution on the contact re-
gion displayed for the time instants at the middle and at the end of
the fretting cycle (maximum and zero displacements, respectively).
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In the present case, we are mainly interested in the
HCF domain. This option is justified by a range of the
chosen parameters, the small fretting displacement δ
and the applied normal force P. Let us recall that in the
‘infinite’ life domain of HCF, structures are in an ES
state at the macroscopic and mesoscopic scale, while in
the finite life domain, they are subjected to plastic or
RA loading at least at the mesoscopic scale. In these two
regimes, most of the fatigue criteria are therefore based
on the macroscopic stresses.

Our choice was to analyse the results using Crossland
and Dang fatigue criterion we shortly present in the
following.

The Crossland fatigue criterion can be defined under the
generalized form:

ffiffiffiffi
J2

p
;a þ a1N max

t
ΣH tð Þ < b1N (8)

where
ffiffiffiffi
J2

p
;a is the amplitude of the deviatoric stress path

in the von Mises norm and ΣH ¼ tr
¯
σ
¯
=3 the hydrostatic

stress. a1N and b1N denote two material parameters
calibrated to predict the crack initiation after N loading
cycles. We recall that the initial Crossland criterion was
defined for N =∞≈ 106 cycles.

In a similar way, the Dang Van fatigue criterion can be
defined under the generalized form:

max
t

τ tð Þ þ aNΣH tð Þð Þ < bN (9)

where τ is the mesoscopic shear and ΣH is the hydrostatic
stress. aN and bN denote two material parameters cali-
brated to predict the crack initiation after N loading
cycles.

The Dang Van fatigue criterion has been
established for the prediction of the fatigue limit
(infinite lifetime). It is essentially on the basis of the
concept of ES at both macroscopic and mesoscopic
scales of the structure.47 It has been largely used in
fretting fatigue analyses.13,31–33,15,34,12

It is important to notice that both the classical
Crossland and Dang Van criteria can be applied to a
structure only when the structure is macroscopically in
ES. The preceding section has clearly demonstrated that
this is not always the case for the chosen loads of this
study. However, as they are defined only in terms of the
stress path, we can consider them as a fatigue criticality
measure of the stress path.

The Dang Van criticality (DVK) is defined as the
normalized distance from the critical mesoscopic stress
path to the fatigue limit line by:

DVK ¼ max
t

τ tð Þ þ aNΣH tð Þð Þ � bN
bN � aNΣH tð Þ (10)

and similarly, the Crossland criticality (CROS) by:

CROS ¼
ffiffiffiffi
J2

p
;a þ a1NmaxtΣH tð Þ � b1N
b1N � a1NmaxtΣH tð Þ (11)

A general trend is observed which is that plasticity and
damage are located near the surface at both edges of the
contact zone, with, however, the trailing edge suffering
the highest damage. The lifetime is always diminishing
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Fig. 15 Slip map for a friction coefficient μ =0.3: (a) for a combined
hardening and (b) a schematic view.
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with increasing imposed displacement. This is consistent
with experimental observation in Ref. [2]. The increase
of lifetime arrives only in the gross slip regime, which is
not explored in this work. The lifetime first decreases
and then increases with increasing friction coefficient.
The imposed normal load does not influence the lifetime
for small imposed displacements, whereas for large dis-
placements, a larger load corresponds to a smaller lifetime.

Some stress loading paths in the Dang Van diagram
are shown in Fig. 16, and the distribution of DVK along
the surface is plotted in Fig. 17. One can remark that the
general shape is practically hardening independent.
However, the levels of the pressure spikes at the leading
and trailing edges of the contact zone may vary within
15–20%. Moreover, we can equally observe that the spike

is generally higher at the leading edge than at the trailing
one, which is in accordance with experimental observations.

In Fig. 18, the DVK has been plotted for the different
hardening laws and a fixed friction coefficient μ = 0.3 in
Fig. 18. The axes of the plot are the applied horizontal
displacement δ and normal force P for μ = 0.3. One can
remark that the global shape is hardening independent
and that the values of criticality vary within a 15% range
between the laws.

However, not all the considered regions in Fig. 18 are
in ES as already discussed in the preceding sections. In
Fig. 19, we present the elastic PS and RA zones in terms
of applied loads for the same friction coefficients μ = 0.3
and compared them with the region where the Dang
Van criterion predicts fatigue. One can first remark that
the trends observed for the three constitutive laws are
quite similar. The differences are a slight shift in the
frontiers corresponding to variations of the loading
parameters of about 10%.

The computed maps (Figs 18 and 9) show a similar
shape and are consistent, for the three different constitutive
behaviours.Moreover, they reproduce the expected behav-
iour from experiments. In order to continue our analysis,
we overlap the fatigue criticality and the shakedown maps
(Fig. 19). One can remark that, on the one hand side, we
obtain a region, at low imposed displacements, where ES
dominates and fatigue criticality is negative, meaning infi-
nite lifetime is expected. On the other hand side, we obtain
a region, at high imposed displacements, where RA or PS
overlap a positive fatigue criticality, meaning that a finite
lifetime is to be expected. Both regions are consistent with
fatigue experimental observations.

Let us now analyse the boundary zone delimiting the
preceding zones. This region experiences PS or RA while
its fatigue criticality is negative, meaning infinite lifetime;
this is in contradiction with experimental facts and Dang

(a)

(b)

Fig. 16 Stress path in terms of mesoscopic shear (τ) and hydrostatic
stress (p) for the three hardening models: (a) for δ =6.6μm, μ =0.3 and
P=6kN and (b) for δ =18μm, μ =0.3 and P=6kN. (The straight lines
represent the fatigue limit for the Dang Van criterion).
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Fig. 17 Dang Van criticality along the surface – comparison be-
tween the different hardening models.
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Fig. 18 Contours plots of the Dang Van criticality for μ = 0.3 and
for the three different constitutive models of Titanium: isotropic
hardening (top), kinematic hardening (middle) and combined
hardening (bottom).
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forTitanium: isotropic hardening (top), kinematic hardening (middle),
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Van fatigue concepts.47–49 Moreover, one can equally
remark that the zone has a weird border, which is difficult
to accurately assess.

Several arguments can be proposed for the outcome of
the overlapping: the choice of the fatigue criterion and its
application or the definition of the shakedown zones. It is
obvious that a more precise meshing would lead to higher
stresses and therefore modify the negative criticality
region or that a change in the tolerance parameters of
shakedown analysis could move the border between
elastic and PS or RA.

We shall not propose a solution to remove this ambigu-
ity in this paper. However, it is important to note that care
must be exercised in matching the maps and choosing
parameters and tolerances in the computations. The final
judgewill, as always, be a comparisonwith some experimen-
tally obtained fretting maps.

CONCLUS ION

In this paper, we have explored the possibility of creating
fretting, shakedown and fatigue map from a series of
computations. The computations were performed on a
particular configuration of a fretting rig (a rounded flat
punch made of Ti64 on the flat surface of a substrate
made of In718 or Ti64) and used three constitutive be-
haviours and a large range of parameters (normal force,
tangential displacement and friction coefficients).

The analysis was based on an automatic detection of
shakedown regime, as initially proposed in Refs [18,19]
and the Dang Van or the Crossland multiaxial fatigue
criterion as a measure of damage. The chosen parameters
ranges permitted to attain various contact conditions (from
full-stick to full-slip) and limit states (from ES to RA).

The computations showed that different maps can be
obtained by the parametric computations and that their
outcome is, as expected, close to the global trends ob-
served in experimental studies. The three considered
hardening models lead to similar results in terms of slip
zones, ES and damage. Therefore, for design purpose’s,
if a combined hardening model is not available, a model
with an isotropic or kinematic hardening model can be
accepted. However it is important to understand that
the quantitative results are equally dependent of the
tolerance parameters defining the shakedown regime
and a specific study should be performed before applying
the results in a engineering design procedure. If one
questions the appropriate hardening model to be used
for a specific material configuration, we would recom-
mend to take as an input not only the material behaviour
but also to analyse the predicted results also in terms of
expected shakedown regime and slip area. This result is
consistent with those obtained by Dick et al.22 and Goh

et al.21 who showed that RA is more likely to occur near
the contact surface by using more refined viscoplastic
material models including global and crystal plasticity.

The fatigue predictions obtained using the Dang Van or
the Crossland criterion predict as expected the same critical
points, at the edges of the contact zone. The results are
models independent up to 10%, in terms of their values.
When applying fatigue criteria for industrial design
purpose, it is appropriate to adapt the criteria. The compu-
tations presented here are based on a hot-spot like approach
associated with an element size. However, taking into
account the important stress concentrations, a volumetric
or gradient type approach permits to better represent the
reality and distribute the local load on a RVE.

As a final conclusion, we can state that maps for the
lifetime prediction of fretting fatigue problems can be
generated from finite element computations. Their global
shape of the map is robust with respect to the computa-
tional parameters. However, it has been noted that care
must be exercised in matching the fine details of the com-
putations with experimental results in order to achieve a
good prediction. Several questions remain to be answered
by future studies, as for example, (i) correlation between
the elastoplastic computations and more direct elastic anal-
ysis (including different asymptotic models), (ii) fine tuning
of the tolerances defining the shakedown regimes, and (iii)
transitions between infinite and finite lifetime and the
shakedown regime in different loading regions.
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