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An exact inversion formula
from determining a planar fault
from boundary measurements
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Abstract — This paper considers the inverse problem of determining a time-
dependent slip fault which releases shear stress elastically. The input data are the
accelerations measured on the free external surface. A new formulae for determining
explicitly the geometry of the planar fault is proposed. Potential applications to real
earthquakes are discussed.

1. INTRODUCTION

Practical applications of acoustics and elastodynamics in geophysics are clas-
sically based on several techniques: i) mechanical set-ups such as the trans-
ducers and the accelerometers which collect acceleration histories data on the
ground; ii) numerical methods such as Finite Elements Method, Boundary Inte-
gral Equations, Optimal Control theory, which search the best fitting of models
predictions to experimental data.

Exact solutions of inverse scattering problems exist in acoustics under some
assumptions: incident plane waves, Born or Kirchhoff approximations, Achen-
bach et al (1987), Bui (1994). Analytical solutions of the inverse acoustic scat-
tering of a rigid inclusion has been given by Bojarski (1981). The classical
“Elastic Wave Tomography” using the Kirchhoff approximation, the far-field
analysis and the assumption of smallness of the defects, leads to the so-called
POFFIS method (Physical Optics Far Field Inverse Scattering).

Recently, a different approach has been proposed in a series of papers giv-
ing the exact solution of the inverse problems for determining a planar crack
from boundary measurements. The first paper is devoted to planar crack for
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the harmonic equation, Andrieux and Ben Abda (1992), Bannour et al (1997).
Later, results are presented for quasi-static elasticity, Andrieux et al (1999),
heat diffusion equation, Ben Abda and Bui (2003) and transient scalar acous-
tics, Bui et al (1999). A review of these solutions can be found in the paper
by Bui et al (2003). These works are based on the use of the reciprocity gap
functional (RGF). Mathematically, the RGF provides information on the crack
geometry in the same way as an unknown function is determined by its com-
ponents with respect to a complete basis of dual or adjoint functions. The key
point is that a suitable choice of the adjoint basis of functions, allows these
components to be determined by experiments since they depend explicitly on
boundary data. The RGF provides therefore a simple method for deriving exact
solutions. Similar techniques can be found in dynamic fracture mechanics, for
determining the stress-intensity factors directly from boundary data, without
solving the forward initial boundary value problem, Bui and Maigre (1988).

Mechanically, the reciprocity gap functional is simply the principle of virtual
work known as the reciprocal relationship in linear materials. Recently a new
class of adjoint functions conducting to an instantaneous RGF, is introduced by
Bui et al (2004) for determining the “arrival time” of plane waves touching the
planar crack. The “instantaneous” reciprocity gap functional RGF determines
the crack plane and also the crack geometry in the case of a stationary con-
vex shaped crack. The “arrival time” method determines the crack plane and
geometry as the smallest possible convex hull containing the crack.

In this paper, we assume that the crack plane has already been determined,
for example by the instantaneous RGF, as proposed in Bui et al (2004) and we
will show how the time dependent geometry of the crack (or fault) Σ(t) can be
recovered in a closed form from boundary measurements. Explicit dependence
on time of the geometry Σ(t) is particularly important for potential applications
in seismology since it is precisely the case for real earthquake due to release of
shear stress in the propagation of rupture. In classical approaches by optimiza-
tion, it is difficult to deal with defect propagation. Regularization techniques
require many constraints to be imposed on the numerical solution, considered
as penalties to be added to the cost functional. These constraints are as follows
: positive slip rate, constant slip rate, bounded velocity of the rupture front,
etc. Otherwise, there is no stable numerical solution, Das and Suhadolc (1996),
Vallée (2003). One important conclusion in the first reference is that, even if the
fitting of data seems to be quite good ”the faulting process is poorly reproduced,
so that in the real case, it would be difficult to know when one has obtained the
correct solution”. The reasons for that may be twofold: flat minimum of the
functional to be minimized, existence of local minima. Therefore, it is of great
interest to derive a closed form formulae, which determines clearly the history
of the rupture from boundary measurements. Of course, the quality of the so-
lution using the proposed formulae depends always on the quality and richness
of data. The aim of this paper is also to point out the necessary and sufficient
conditions for obtaining the exact solution of the seismic inverse problem for
exact data.
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The paper is organized as follows. In Section 2.1 we set the equations for the
inverse problem in consideration. For self-consistency of the paper, we recall in
Section 2.2 the method of instantaneous reciprocity gap functional introduced
in Bui et al (2004). Section 3 presents the more general RGF for solving a class
of inverse problems. Section 4 presents two methods of solutions, the first one
based on the P-wave adjoint fields, the second one based on the S-wave adjoint
fields. We do not consider numerical analysis of the proposed method which are
beyond the scope of this paper.

2. THE FAULT IDENTIFICATION PROBLEM:
THE MODEL PROBLEM

Let Ω be a bounded solid subjected to an internal stress distribution σ0(x) in
self-equilibrium in the absence external forces (see Figure 1). At t ≥ 0, a planar
fault Σ(t) appears suddenly and starts propagating.

Let us denote by u(x, t) and σ(x, t) the displacement and respectively the
stress variation between the initial time t = 0 and the actual instant t.

The appearance of the planar fault Σ(t) for t > 0, releases an amount of
stress characterized by the traction vector σ(x, t) · n on the faces of the fault.
Where n = n± is the unit normal to the faces of the fault.

If we suppose that the fault does not open, then the movement at the faces of
the fault corresponds to an amount of tangential slip [[u(x, t)]] ·τ , where τ is an
unit vector parallel to the fault plane Π and [[u(x, t)]] denotes the displacement
jump at the crack. We recall that the displacement u(x, t) field is actually a
variation between the initial and actual state and this variation is purely elastic.

In the inverse problem defined next, we shall assume that the vector field
of accelerations ü(x, t) is measured on the external boundary of the body S =
∂Ω(t) \ Σ(t), for any time t > 0.

The inverse problem consists in finding the amount of slip, the geometry of
the propagating fault Σ(t), the stress release etc.

The displacement field u(x, t) satisfies the system of elastodynamic equa-
tions:

div (σ[u])− ρü = 0 in (Ω \ Σ)× [0,∞), (1)

σ[u] = A : ∇u in (Ω \ Σ)× [0,∞), (2)

σ[u] · n = 0 on S × [0,∞), (3)

[[u(x, t)]] · n = 0 on S × [0,∞), (4)

where A is the positive definite symmetric tensor of the elastic moduli.
It is important to notice that the main unknown of the problem is the tan-

gential slip [[u(x, t)]]·τ . Once the slip has been determined, one can remark from
that the system of equations (1), (2) together with the boundary conditions (3),
(4) and the complete set of initial conditions:

u(x, 0) = 0, u̇(x, 0) = 0 in Ω (5)
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Figure 1. The planar slip fault Σ(t) in a bounded solid Ω. The fault
plane Π is assumed to be known. Measured acceleration data on the
free surface S

that the problem transforms in a well-posed problem. The solution provides
then information on the stress release on the fault.

Let us recall the main input data of the inverse problem discussed next:
i) ü(x, t) the acceleration field on the free surface (3) and ii) the a priori knowl-
edge of a zero normal jump (4) on the fault.

Moreover we have to assume that the pair of boundary values on S, the null
stress (3) and the acceleration field ü(x, t) are a compatible data pair, in the
sense that they correspond to the same slip history on the fault.

This is an inverse problem, similar to the ones formulated in geophysics
for the determination of the slip on at the epicenter of the earthquakes. The
problem is generally ill-posed and therefore it is of interest to derive an closed
form solution which links the time-dependent fault geometry Σ(t) to the given
data.

3. THE ARRIVAL TIME METHOD
FOR THE PLANE DETERMINATION

Before explaining the identification Π of the plane of the fault by the arrival time
method, let us indicate briefly how this technique is used in the identification
of defects in classical acoustic scatterings.

Let us consider a convex defect D situate inside the solid. At a point on the
solid boundary, a device called “emitter- receiver” sends a traveling acoustic
signal inside Ω. If we denote the arrival time at a point on the defect by T
then the reflected signal is recorded at the receiver at time 2T . If the shortest
delay time between emission and recording is 2T , then T corresponds to the
travel time from the point on the boundary to the point on the defect, the path
being an orthogonal projection on the surface of the defect. The complete defect
can be reconstructed from a series of measurements obtained by changing the
position of the “emitter-receiver” over the boundary.
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Let us now consider, that the defect is capable of emitting a wave, for exam-
ple the seismic wave produced by the slip on the fault at the epicenter. Using a
similar method, one can reconstruct the position of the epicenter using different
receivers on S determine a convex hull containing the defect.

Next we will use a similar technique, but we shall enhance the efficiency
of the method by employing the the instantaneous reciprocity gap functional
(IRGF) introduced in Bui et al (2004). The IRGF is defined as:

R[u,v](t) =
∫

Σ(t)

n · σ[v] · [[u]] ds (6)

=
∫

S

{n · σ[v] · u− n · σ[u] · v} ds (7)

where u(x, t) is the current elastodynamic field and v is the adjoint wave in
the uncracked body. In (6), the second integral over S denoted by R[u,v] is a
known linear functional of v.

As adjoined waves, one can choose plane waves of the form:

v(x, t) = kY (t− 1
c2

x · p− τ) (8)

which propagates in the p direction, with the shear wave velocity c2 and τ a
parameter chosen in such a way that waves are outside the solid Ω at t = 0.
Plane waves can exist in a bounded solid if the corresponding traction field
σ[v] ·n is applied to its boundary, i. e. if the boundary tractions are equal to the
restriction of the planar 3D wave to boundary. In (8), the Heaviside function is
denoted by Y ( · ).

For the p wave, the corresponding stress field σ[v] becomes a travelling
Dirac delta impulse which does not produce any virtual work with the crack
displacement [[u]] until the adjoint field v(x, t) interacts with the crack Σ(t).

The IRGF has two expressions, one depending of the unknown field [[u]]
and the chosen adjoint field v, defined on the fault surface Σ and another one
depending of the measured boundary data and v on the external surface S.

As a function of v, the RGF depends implicitly of the parameter p: R(t) =
R(t;p). It vanishes identically for t < T (p) and begins to take a non zero
value after the arrival time T (p). The arrival times T (p) and T (−p), for all
directions p, determine the crack if the apparatus is sensitive enough to detect
the true starting time T such that R(T−) = 0, |∂tR(T+)| > 0 or |R(T+)| > 0.

A numerical computation of R(t;p) for a numerical simulation of 2D crack
which suddenly releases shear stress in shown in Figure 2, where the arrival
times are T (p) and T (−p) for waves of opposite directions. In general, in real
experiments or numerical simulations, a small value of R(t) is observed for the
arrival time, |R(t)| = ε. For small ε, the plot of different plane waves at their
arrival times shows a flat convex hull containing the crack (see Figure 3). The
mathematical instantaneous RGF acts as the physical emitter-receiver device
for measuring time arrival and therefore the instantaneous RGF method does
not work for determining defects with a concave shape.
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Figure 2. The instantaneous RGF for the identification of a 2D crack.
The time arrivals of waves T (p) and T (−p)

Figure 3. The convex hull of a 2D crack determined by the instantaneous
RGF. The bold straight line is the real crack

The determination of the fault plane in 3D is very simple. Assume that all
adjoint waves at t = 0 are at the same distance ∆ from the origin.

The function
F (p) = 2∆− c2(T (p) + T (−p)) (9)

measures the distance between the locations of the fronts of the adjoint waves
given by p and −p at their respective arrival times: T (p) and T (−p). The
solution p0 of F (p) = 0, determines the normal to the fault plane n = ±p0 and
consequently the location of the plane fault itself.

3.1. The elastodynamic RGF and the observation equation

Let us assume that the current elastodynamic field u(x, t) satisfies conditions
(1)–(5) defined in Section 1.2. The adjoint field v(x, t) is assumed to satisfy the
same wave equation in infinite medium containing no fault inside:

div (σ[v])− ρv̈ = 0 in R3 × [0,∞) (10)

The boundary values of σ[v] · n on S and Σ are simply computed from the
field v(x, t).
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The reciprocal relationship takes the form

∫ ∞

0

∫
Σ

[[u]] · σ[v] · n ds dt =
∫ ∞

0

∫
S

{n · σ[v] · u− n · σ[u] · v} ds dt

+
∫

Ω

{v · ü− u · v̈}∞0 dv. (11)

The last term vanishes if we choose the adjoint field such that: v(t = ∞) = 0,
v(t = 0) = 0: ∫

Ω

[v · ü− u · v̈]∞0 dv.

Therefore, the elastodynamic RGF defined by the right hand side of (6) is equal
to the mechanical work done by the adjoint stress field σ[v] on the jump of the
crack opening displacement [[u]]:∫ ∞

0

∫
Σ

[[u]] · σ[v] · n ds dt =
∫ ∞

0

∫
S

{n · σ[v] · u− n · σ[u] · v} ds dt. (12)

This equation can be interpreted as the “observation” equation for the un-
known [[u]].

Let us remark that the last equation is is of the general form a(u,v) = b(v)
for a linear system, with a bilinear form a(u,v) and with u satisfying conditions
of Section 1.2, for any admissible fields v as stated above.

4. EXACT FORMULAS FOR THE FAULT POSITION

The key step of the solution method is to choose suitable adjoint elastodynamic
fields which reveal the geometry of the fault in the reciprocity gap functional.
In the following we present two possible choices based on the representation of
adjoint fields either by v = ∇u(x, t) or by v = rotu(x, t). In order to simplify
the notation, we shall suppose that the coordinates have been chosen such that
the equation of plane Π is x3 = 0.

For the sake of simplicity, we restrain the presentation to the case of material
isotropy, i. e. the general form of the tensor of elastic moduli A is:

Aijkl = λδijδkl + µ(δikδjl + δilδjk) i, j, k, l = 1, 3.

4.1. Adjoint P-wave field method

To identify a vector function [[u]](x̂, t) of three variables x̂ = (x1, x2, 0) and
time t, we need to introduce an adjoint vector field v, which depends on three
parameters, denoted hereafter by ŝ = (s1, s2, 0) and q. The p-wave adjoint field
satisfying (10) is defined as follows:
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v(ŝ,q)(x, t) = ∇xΦ(ŝ,q)(x, t) (13)

Φ(ŝ,q)(x, t) = exp (iq t− εt) exp (iŝ · x) exp
(
x3

(
‖ŝ‖2 +

(iq − ε)2

c2
1

)1/2)
,

where c1 = ((λ + 2µ)/ρ)1/2 is the velocity of the pressure wave (P-wave) and ε
is a small positive number tending to zero, i.e ε = 0+.

The proposed adjoint field v(ŝ,q) together with the solution u satisfies (10),
because at t = 0:

u = 0, ü = 0

and at t = ∞:
v = 0, v̈ = 0.

In order to simplify notation we shall denote the instantaneous reciprocity gap
functional given in (6) as:

R[d; ŝ, q] = R[u,v(ŝ,q)],

where d denotes the measured data on the exterior boundary S, i. e. the dis-
palcement u|S and traction σ · n|S fields.

Taking into account that the normal of the fault is n = e3 and that the
slip [[u]] has components only in the Π plane along e1 and e2 and computing
the stress components σ13[v] and σ13[v] we obtain:

R[d; ŝ, q] =
∫ ∞

0

∫
Σ(t)

n · σ[v] · [[u]] ds dt = 2µ
[
‖ŝ‖2 +

(iq − ε)2

c2
1

]1/2

×
∫ ∞

0

∫
Σ(t)

(iŝ · [[u]]) exp (iŝ · x) exp (iqt− εt) dx1dx2 dt. (14)

Let us denote q′ = q + i0+ and by G(x; q′) = Ft(g(x, t)) the integral Fourier
transform of function g(x, t) with respect to time. The Fourier transform of a
function g+ vanishing for t < 0:

g+(x, t) = 0 if t < 0 and g+(x, t) = g(x, t) if t > 0

has the following expression:

G(x; q′) = Ft(g(x, t)) =
∫ ∞

−∞
exp (iq′t)g+(x, t) dt

=
∫ ∞

0

exp (iq′t)g(x, t) dt. (15)

Let us now introduce Fx̂ the Fourier transform with respect to spatial vari-
able x̂ = (x1, x2, 0) of a function h(x; q′):

H(ŝ; q′) = Fx̂(h(x; q′)) =
∫ ∞

−∞

∫ ∞

−∞
exp (iŝ · x)h(x; q′) dx1 dx2. (16)
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In order to express the reciprocity gap functional as a spatial and tempo-
ral Fourier transform, we extend the function [[u]] on the whole plane Π by
[[u]](x̂, t) = 0 outside the fault, i. e. x̂ 6∈ Σ(t).

Equation (14) becomes:

2µ
(
‖ŝ‖2 +

(iq′)2

c2
1

)1/2

Fx̂

(
iŝ · Ft([[u]])

)
. (17)

Remarking that
Fx̂(iŝ · Ft([[u]])) = Fx̂

(
Ft(d̂iv[[u]])

)
.

It follows from (17) that:

Fx̂

(
Ft(d̂iv[[u]])

)
=

1
2µ
RP[d; ŝ, q]

(
‖ŝ‖2 +

(iq′)2

c2
1

)−1/2

.

As a consequence, the solution for d̂iv[[u]] can be expressed by means of inverse
space and time Fourier transforms:

d̂iv[[u]] = Ft
−1F−1

x̂

( 1
2µ
RP[d; ŝ, q]

(
‖ŝ‖2 +

(iq′)2

c2
1

)−1/2)
. (18)

This is the desired formula we are expecting for, the function d̂iv[[u]] has the
same spatial support as the slip itself [[u]]. In order to complete the proof we shall
later show that the function of x̂ in the right hand side of the last expression is
a function with a compact support.

4.2. Adjoint S-wave field method

The second method is based on the adjoint function defined as follows:

v(ŝ,q)(x, t) = rot (Φ(ŝ,q)(x, t)e3), (19)

Φ(ŝ,q)(x, t) = exp (iq t− εt) exp (iŝ · x) exp
(
x3

(
‖ŝ‖2 +

(iq − ε)2

c2
2

)1/2)
,

where e3 is the normal to the fault plane Π, c2 = (µ/ρ)1/2 is the velocity of the
shear wave (S-wave). The method of derivation is the same as is given for the
P-wave in the previous section.

In order to simplify the writing, we define a vector [[u⊥]] orthogonal to [[u]]
by setting:

[[u⊥]] = (−[[u2]], [[u1]], 0). (20)

Equation (9) becomes:

2µ
(
‖ŝ‖2 +

(iq − ε)2

c2
1

)1/2

Fx̂

(
d̂ivFt([[u⊥]])

)
= RS[d; ŝ, q] (21)

or by interchanging the operators Ft and d̂iv:

2µ
(
‖ŝ‖2 +

(iq − ε)2

c2
1

)1/2

Fx̂

(
Ft(d̂iv[[u⊥]])

)
= RS[d; ŝ, q]. (22)
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As a consequence we obtain:

d̂iv[[u⊥]] = Ft
−1F−1

x̂

( 1
2µ
RS[d; ŝ, q]

(
‖ŝ‖2 +

(iq′)2

c2
2

)−1/2)
(23)

with RS[u; ŝ, q] and c2 instead of RP[u; ŝ, q] and c1. The support of the function
d̂iv[[u⊥]] is the time-dependent fault Σ(t) itself.

4.3. Compactness of the support functions

Let us give some mathematical arguments for proving that the support functions
right hand side of (18), considered as a function of x̂, is a compact support
function.

Consider equation (17):

2µ
(
‖ŝ‖2 +

(iq′)2

c2
1

)1/2

Fx̂(iŝ · Ft([[u]])) = RP[u; ŝ, q]. (24)

Let
G(x, q′) = Ft([[u]]).

If the support Σ of [[u]] is time independent, the support of G(x, q′) =
Ft([[u]]) is the same as for Σ and we have to check that suppFt([[u]]) is compact.

For the time dependent case, supp[[u]] is necessarily bounded by the solid Ω.
The compactness of suppFt([[u]]) implies the compactness of supp[[u]] =
supp (div [[u]]).

Let us check that suppFt([[u]]) is compact. Starting from equation (17) we
have:∫

Π

exp (iŝ ·x)
(
div G(x, q′)

)
dx1 dx2 = RP[u, ŝ, q]

1
2µ

(
‖ŝ‖2 +

(iq′)2

c2
1

)−1/2

. (25)

Owing to the term q′ = q + i0+, the right hand side of the last formula is
infinitely differentiable in ŝ. Consider now the analytical extension of functions
in the complex plane:

f(ŝ) −→ f(z), z ∈ C2, z = ŝ + iw,

(z1, z2) = (s1 + iw1, s2 + iw2), w = (w1, w2) ∈ R2.

Extended functions in (25) satisfy:∫
Π

exp (iz ·x)
(
div G(x, q′)

)
dx1 dx2 = RP[u, ẑ, q]

1
2µ

(
‖z‖2+

(iq′)2

c2
1

)−1/2

. (26)

If the solid Ω is bounded by the cube [−a, a]3, then the extension of the reci-
procity gap functional: RP[u, ẑ, q] satisfies the following inequalities at infinity,
i.e. for large ‖z‖:

RP[u, ẑ, q] ≤ C exp (a(‖z1‖+ ‖z2‖)) exp (a(‖z1‖2 + ‖z2‖2)) (27)
≤ C exp (2a(‖z1‖+ ‖z2‖)). (28)
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Therefore the right hand side of (26) satisfies a similar inequality with another
positive constant C ′

Z(z, q) ≤ RP[u, ẑ, q]
1
2µ

(
‖z‖2 +

(iq′)2

c2
1

)−1/2

≤ C ′ exp (2a(‖z1‖+ ‖z2‖)). (29)

This last inequality implies that the extension Z(z, q) is of the “exponential
type” with coefficient 2 a, and thus, according to the Paley—Wiener theo-
rem (Schwartz (1978), p. 271), its original Z(ŝ, q) is a tempered distribution,
belonging to the space of Fourier transform of compact support functions of
x̂ = (x1, x2, 0) on the plane Π.

The function of x̂ with compact support on the plane Π, considered here is
exactly: the function:

div G(x, q′) = Ft(div [[u]]).

This proves the compactness of supp (div [[u]]). The proof for the compactness
of supp (div [[u⊥]]) defined in (23) follows from the same arguments.

Finally, we remark that the proof does is independent of the given boundary
data and would be the same when the boundary data involves a non zero stress
vector.

5. CONCLUDING REMARKS

In this paper, we have proposed an explicit and exact formula for solving inverse
seismic problem. In contrast with different solutions previously known in the
literature for unbounded media and for the frequency domain, (Born’s approx-
imation of far-fields, Kirchhoff’s approximation of high-frequencies), we have
considered the time domain inversion for a bounded solid which releases elasti-
cally its internal stress. The solution involves time and space Fourier transforms
of quantities related to boundary measurements. It makes use of suitable ad-
joint waves fields, considered as dual bases of functions in the Reciprocity Gap
Functional. For a stress free solid which releases its internal or residual stresses
during the slip rupture process, the solution for the time-dependent fault his-
tory is exact. The method applies to a partially stress free solid, such as the
ground surface, provided that the boundary conditions on remaining part of the
external boundary, the underground part, can be estimated approximately.
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